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Abstract. We discuss the relationships that link the observed
fluctuation spectra of the amplitude and phase of signals used
for the radio occultation sounding of the Earth’s atmosphere,
with the spectra of atmospheric inhomogeneities. Our anal-
ysis employs the approximation of the phase screen and of
weak fluctuations. We make our estimates for the follow-
ing characteristic inhomogeneity types: (1) the isotropic Kol-
mogorov turbulence and (2) the anisotropic saturated internal
gravity waves. We obtain the expressions for the variances
of the amplitude and phase fluctuations of radio occultation
signals as well as their estimates for the typical parameters
of inhomogeneity models. From the GPS/MET observations,
we evaluate the spectra of the amplitude and phase fluctua-
tions in the altitude interval from 4 to 25 km in the middle
and polar latitudes. As indicated by theoretical and experi-
mental estimates, the main contribution into the radio signal
fluctuations comes from the internal gravity waves. The in-
fluence of the Kolmogorov turbulence is negligible. We de-
rive simple relationships that link the parameters of internal
gravity waves and the statistical characteristics of the radio
signal fluctuations. These results may serve as the basis for
the global monitoring of the wave activity in the stratosphere
and upper troposphere.

1 Introduction

For the first time the regular radio occultation (RO) mon-
itoring of the Earth’s atmosphere was implemented with
the aid of the low Earth orbiter (LEO) Microlab-1, which
was equipped with a receiver of highly stable GPS sig-

nals at wavelengths of λ1 = 19.03 cm and λ2 = 24.42 cm
at a sampling rate of 50 Hz (Ware et al., 1996). In pro-
cessing RO observations, neutral atmospheric meteorologi-
cal variables are retrieved from amplitude and phase mea-
surements (Gorbunov and Lauritsen, 2004; Gorbunov et al.,
2005; Gorbunov and Lauritsen, 2006), while the ionospheric
contribution is removed by using the double-frequency lin-
ear combination at the same ray impact height (Vorob’ev
and Krasil’nikova, 1994; Gorbunov, 2002b). The impres-
sive success of the GPS/MET experiment stimulated further
development of RO satellites and constellations, including
CHAMP and COSMIC experiments. Currently, RO sound-
ing is an important method of monitoring meteorological pa-
rameters of the Earth’s atmosphere; RO data are assimilated
by the world’s leading numerical weather prediction centers
(Rocken et al., 2000; Yunck et al., 2000; Steiner et al., 2001;
Pingel and Rhodin, 2009; Poli et al., 2009; Cucurull, 2010;
Poli et al., 2010; Rennie, 2010).

The stability of GPS signals, complemented with its global
coverage and high vertical resolution, draws the attention of
researchers to the study of inhomogeneities in atmospheric
refractivity in addition to the retrieval of mean profiles (Bel-
loul and Hauchecorne, 1997; Gurvich et al., 2000; Tsuda
et al., 2000; Wang and Alexander, 2010; Cornman et al.,
2004, 2012; Shume and Ao, 2016; Gubenko et al., 2008,
2011). Occultation-based methods of sounding atmospheric
inhomogeneities have a long and successful history. Initially,
they were used for sounding the atmospheres of other plan-
ets of the solar system, using occultations of stars and ar-
tificial satellites (Yakovlev et al., 1974; Woo et al., 1980;
Hubbard et al., 1988). For the Earth’s atmosphere, occul-
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tation observations of stellar scintillations were performed
at the orbital station Mir (Alexandrov et al., 1990; Gurvich
et al., 2001a, b; Gurvich and Kan, 2003a, b). The obser-
vations of stellar scintillations indicated that the Earth’s at-
mosphere is characterized by the following two types of
inhomogeneities: (1) isotropic fluctuations and (2) strongly
anisotropic layered structures. On the basis of these data, an
empirical two-component model of 3-D inhomogeneity spec-
trum was developed: the anisotropic component described by
the model of saturated internal gravity waves (IGWs) and
the isotropic component as Kolmogorov turbulence (Gurvich
and Brekhovskikh, 2001; Gurvich and Kan, 2003a, b). The
method of the retrieval of these parameters from the obser-
vations of stellar scintillations was successfully employed
for the interpretation of the experimental data acquired at
the Mir station. This method was further enhanced and ap-
plied for the bulk retrieval of IGWs and turbulence parame-
ters from the observations made by fast photometers on the
GOMOS/ENVISAT satellite (Sofieva et al., 2007a). The re-
trievals are performed in the altitude range from 50–60 km
down to 30 km (Sofieva et al., 2007b). The upper limit was
determined by radiation shot noise, while the lower limit was
determined by the applicability condition of the Rytov weak
fluctuation–scintillation theory.

In the radio band, the amplitude fluctuations are much
smaller than in the visible band; therefore, the weak fluctu-
ation theory may be applicable down to altitudes of several
kilometers. The main limitation is due to the humidity fluc-
tuations, whose role becomes significant in the troposphere.
The upper boundary of the measurable fluctuation of RO sig-
nals is about 30–35 km, where residual ionospheric fluctua-
tions and measurement noise become dominant. Optical and
radio monitoring of atmospheric inhomogeneities comple-
ment each other in the regard of their height ranges. For the
visible band, stratospheric IGWs and turbulence make ap-
proximately equal contributions intensity fluctuations (Gur-
vich and Kan, 2003a, b; Sofieva et al., 2007b). In the radio
band, the leading cause of the inhomogeneities is saturated
IGWs, whose spectra are characterized by a steep power
spectral decrease with increasing wave number. Nowadays,
an increasing number of papers discuss the use of GPS for
the study of atmospheric inhomogeneities. Some papers link
the fluctuations of the amplitude and the phase of radio sig-
nals in the stratosphere to IGWs (Tsuda et al., 2000; Steiner
and Kirchengast, 2000; Wang and Alexander, 2010; Khaykin
et al., 2015), while other papers attribute this part to isotropic
turbulence in the lower stratosphere and troposphere (Corn-
man et al., 2004, 2012; Shume and Ao, 2016). Therefore, it
is necessary to formulate clear criteria for determining what
type of inhomogeneities, isotropic or anisotropic, dominate
radio signal fluctuations.

The aims of this paper are to clarify the role of the two
inhomogeneity types and to evaluate their actual contribu-
tions in the amplitude and phase of RO signals. Our analy-
sis is based on the phase screen approximation and the weak

fluctuation theory. In the framework of these approximations,
we obtain simple analytical relationships for the variance of
fluctuations of radio signals for anisotropic and isotropic in-
homogeneities. At this stage of our study, we confined the
analysis of experimental data to height range from 25 down
to 4 km in the middle and polar latitudes in order to exclude
the influence of complicated dynamics of lower-tropospheric
humidity. Our aim is not a quantitative study of RO signal
fluctuations but rather a demonstration of the qualitative prin-
cipal differences between the manifestations of turbulence
and IGWs in RO signals. The paper is organized as follows.
In Sect. 2, we consider the 3-D models of anisotropic and
isotropic atmospheric inhomogeneities, the phase screen ap-
proximation, the weak fluctuation theory, and the approxi-
mations. In Sect. 3, we apply these methods to derive simple
relationships for the statistical characteristics of RO signal
fluctuations. In Sect. 4, we consider the experimental vari-
ances and fluctuation spectra of the amplitude and phase for
the lower stratosphere and upper troposphere. In Sect. 5, we
discuss the relative contributions to RO signal fluctuations
of isotropic and anisotropic inhomogeneities. In Sect. 6, we
offer our conclusions.

2 Basic models and approximation

For RO signal analysis, we employ the following approxima-
tions:

1. a two-component model of the 3-D spectrum of the at-
mospheric refractivity fluctuations;

2. the approximation of the equivalent phase screen;

3. the first-order approximation of the weak fluctuation
(the Rytov approximation).

2.1 3-D models of refractivity fluctuation spectra

For the description of the wave propagation, we define the
characteristics of the random media by its 3-D spectrum
of the relative fluctuations of refractivity ν = (N −N)/N ,
where N = n− 1, n is the refractive index, and the overbar
denotes the regional and seasonal statistical average estimate.
The planetary waves and synoptic disturbances have much
larger spatial and temporal scales compared to the charac-
teristic scales of RO signal fluctuations, including the Fres-
nel zone, the outer and inner scales of the inhomogeneities.
This allows disregarding the large-scale processes. We as-
sume the regular atmosphere, N , to be locally spherically
symmetric. In the visible band, refractivity fluctuations de-
pend only on temperature fluctuations. In the radio range,
humidity fluctuations make an additional contribution into
refractivity fluctuations, which may be crucial in the lower
troposphere (Eaton et al., 1988).

Stellar occultations indicated that the atmosphere is char-
acterized by two types of density fluctuations: (1) large-scale
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anisotropic ones and (2) isotropic ones (Gurvich and Kan,
2003a, b; Sofieva et al., 2007a). Based on these observa-
tions, Gurvich developed a 3-D model of the spectrum of
relative fluctuations of refractivity, which includes two sta-
tistically independent components: (1) anisotropic fluctua-
tions 8W and (2) isotropic fluctuations 8K (Gurvich and
Brekhovskikh, 2001; Gurvich and Kan, 2003a, b).

8ν (κ)=8W (κ)+8K (κ) , (1)

where κ is the 3-D wave number. It is assumed that the ran-
dom field ν is locally homogeneous on a sphere (Gurvich,
1984; Gurvich and Brekhovskikh, 2001). This allows taking
the anisotropy of refractivity irregularities into account.

Both components of the spectrum have a power-law inter-
val with the power of −µ, which is confined to between the
outer scale LW,K and the inner scale lW,K of the inhomo-
geneities. Both components can be expressed in the follow-
ing general form:

8=8W,K

= AC2
W,Kη

2
(
κ2
z + η

2κ2
⊥
+K2

W,K

)−µ/2
φ

(
κ

κW,K

)
,

κ2
= κ2

z + η
2κ2
⊥
, κ2

⊥
= κ2

x + κ
2
y , (2)

where C2
W,K are the structure constants determining the fluc-

tuation intensity ν, η ≥ 1 is the anisotropy coefficient de-
fined as the ratio of the characteristic horizontal and verti-
cal scales, κz is the vertical wave number, and κx and κy are
the horizontal wave numbers, the direction of axis x coin-
cides with that of the incident ray, KW,K = 2π/LW,K and
kW,K = 2π/lW,K are wave vector parameters corresponding
to the outer and inner scales, respectively. The function φ de-
termines the damping of the spectrum for the smallest scales.
We will use the following function: φ = exp

(
−κ2/κ2

W,K

)
.

In our model, C2
W,K , η, KW,K , and kW,K are considered in-

dependent parameters.
For µ= 5, η� 1, A= 1 the spectrum (2)8=8W is a 3-

D generalization of the known model of saturated IGWs with
the vertical 1-D spectrum with the slope−3 referred to as the
“universal spectrum” (Dewan and Good, 1986; Smith et al.,
1987; Fritts, 1989). We will use a model of the IGW spectrum
with a constant anisotropy η = const� 1, although the latest
studies of stellar scintillations (Kan et al., 2012, 2014) indi-
cate that the anisotropy increases and saturates with increas-
ing scale; the saturation value being about 100 for vertical
scales of about 100 m. We will show that RO signal fluctua-
tions are determined primarily by the Fresnel scale ρF and the
outer scaleL. For radio waves with λ= 20 cm at a GPS–LEO
path, ρF equals about 1 km, while the vertical outer scale
LW is several kilometers. For inhomogeneities with scales
≥ 1 km, the anisotropy η significantly exceeds its critical
value ηcr =

√
Re/H0 ≈ 30, where Re is the Earth’s radius,

and H0= 6–8 km is the atmospheric-scale height (Gurvich

and Brekhovskikh, 2001). Due to along-track curvature of
the Earth, different orientations of anisotropic layered inho-
mogeneities with respect the line of sight result in saturation
of eikonal, or phase fluctuations at η ≈ ηcr. This is explained
by the fact that for inhomogeneities inclined with respect to
the line of sight, a ray is only influenced by a limited hori-
zontal piece of each inhomogeneity. For a larger anisotropy
η� ηcr, their dependence on η degrades, and they remain
at the value corresponding to the asymptotic case of spheri-
cally layered inhomogeneities (Gurvich, 1984; Gurvich and
Brekhovskikh, 2001). In more detail, the concept of the criti-
cal anisotropy ηcr will be discussed below (see Eqs. 7 and 8).
Therefore, for RO sounding, the approximation of strongly
anisotropic IGW inhomogeneities η = const� ηcr is accept-
able. The structure characteristic for dry air C2

W,dry is ex-
pressed in terms of the conventional parameters determin-
ing the 1-D vertical spectrum of temperature fluctuations in

the IGW model, VδT /T (κz)= β
ω4

B.V.
g2 κ−3

z (Smith et al., 1987;
Fritts, 1989; Tsuda et al., 1991), as follows (Sofieva et al.,
2009):

C2
W,dry =

3βω4
B.V.

4πg2 , (3)

where β ≈ 0.1 is the coefficient introduced in the IGW
model, ωB.V. is the Brunt–Väisälä frequency, and g is the
gravitational acceleration.

More discussion on the model 8W is presented below in
Sect. 5.

To obtain the value of the structure characteristic C2
W in

the radio band, C2
W,dry must be multiplied with the coeffi-

cientK2, which takes humidity into account (Tatarskii, 1971;
Good et al., 1982; Tsuda et al., 2000). The inner scale lW may
vary in the stratosphere from several meters to several tens
of meters (Gurvich and Kan, 2003b; Sofieva et al., 2007a).
For locally homogeneous random fields, the exponent µ of a
purely power-law spectrum must lie between 3 and 5 (Rytov
et al., 1989a, b). This dictates the necessity of introduction of
the outer scale, although the variance of amplitude fluctua-
tions only indicates a weak dependence from the outer scales
up to µ < 6 (Gurvich and Brekhovskikh, 2001).

For µ= 11/3, η = 1, A= 0.033, and C2
K = C

2
n/N

2
,

where C2
n is the structure characteristic of refractivity fluc-

tuations and the spectrum (2)8=8K is a model of the Kol-
mogorov isotropic turbulence (Monin and Yaglom, 1975). In
a stably stratified atmosphere, turbulence is developed mostly
in separate layers with vertical scales from several tens of
meters to 1 km. We use the characteristic scale of these layers
as the estimate of the outer scale of isotropic turbulence. The
inner scale in the spectrum of the Kolmogorov turbulence
can be defined as lK ≈ 6.5λK = 6.5ν3/4

a ε
−1/4
k , where λK is

the Kolmogorov scale, νa is the kinematic molecular viscos-
ity, and εk is the kinetic energy dissipation rate (Tatarskii,
1971).
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2.2 Approximations of phase screen and weak
fluctuations

Due to the exponential decay of air density with the alti-
tude, a ray propagating in the atmosphere is mainly affected
by the vicinity of the ray perigee, with the effective size
along the ray of about several hundred kilometers. The dis-
tance from the perigee to the LEO is much greater, about
3000 km. This allows the approximation of the atmosphere
as a thin screen that only introduces phase variations, includ-
ing both regular and random ones, and is referred to as a
phase screen. The amplitude fluctuations are formed due to
the diffraction during the propagation in the free space from
the screen to the receiver. We position the phase screen in
the plane crossing the Earth’s center and perpendicular to
the incident rays. The occultation geometry has been dis-
cussed in many papers: Vorob’ev and Krasil’nikova (1994),
Ware et al. (1996), Gorbunov and Lauritsen (2004), Corn-
man et al. (2004), and Pavelyev et al. (2012), as well as fur-
ther references therein. The phase screen has been discussed
in Hubbard et al. (1978), Woo et al. (1980), Gurvich (1984),
and Gurvich and Brekhovskikh (2001). The use of the phase
screen allows a significant simplification of the RO signal
fluctuation analysis and makes it possible to take into ac-
count the regular variation of refraction with altitude. Only
when evaluating the phase shift (eikonal) is it necessary to
take the Earth’s curvature into consideration.

The amplitude fluctuations are considered weak if their
variance is less than unity (Tatarskii, 1971; Ishimaru, 1978).
The weak fluctuation approximation makes it possible to de-
rive simple linear relationships linking the 3-D spectrum of
the atmospheric refractivity fluctuations with the 2-D spec-
trum of amplitude and phase fluctuations of RO signal (Rytov
et al., 1989a, b; Gurvich and Brekhovskikh, 2001; Sofieva
et al., 2007a). In the visible range, fluctuations are weak
for ray perigee altitudes above 25–30 km (Gurvich and Kan,
2003a, b; Sofieva et al., 2007b). For GPS radio signals,
amplitude fluctuations are significantly weaker because the
Fresnel scale is about a thousand times greater than that in
the visible range. At low altitudes, refractive attenuation also
reduces amplitude fluctuations. Below, we will show that the
weak fluctuation condition for GPS RO observations can be
fulfilled down to an altitude of several kilometers. In the
lower troposphere, especially in the tropics, the influence of
humidity is strong, and amplitude fluctuations may become
strong due to multipath propagation. Complicated nonlinear
relationships for strong fluctuations may significantly aggra-
vate the data analysis. Some of options of the retrieval of in-
homogeneity parameters under strong fluctuation conditions
are discussed, for example, by Gurvich et al. (2006).

Because the velocity of the ray immersion in satellite ob-
servations is large compared to the atmospheric motions as-
sociated with the refractivity inhomogeneities, it is possible
to apply the hypothesis of “frozen” inhomogeneities for map-

ping measured temporal spectra of signal fluctuations into
spatial spectra.

3 Relationships for statistical moment of ro signal
parameters

The approximations of phase screen and weak fluctuations
allow deriving simple expressions for the statistical moments
of RO signal fluctuations. In this section, we will discuss the
relationships that link the fluctuations of RO signals with
those of atmospheric refractivity for IGW and turbulence
models as well as the mean profiles of variances of RO signal
fluctuations.

3.1 Correlation functions and spectra

For a satellite-to-satellite path, using the approximations of
phase screen and weak fluctuation, it is possible to derive the
following 2-D correlation functions in the observation plane
(z0,y0) (Rytov et al., 1989b):

Bχ,S (1z0,1y0)=

=
1
2

{
B̃S (1z,1y)∓

kγ

4πx1q1/2

∫∫
B̃S
(
1z′,1y′

)
sin[

kγ

4x1q

(
1z′−1z

)2
+
kγ

4x1

(
1y′−1y

)2]d1z′d1y′
}

BχS (1z0,1y0)=

=
1
2

kγ

4πx1q1/2

∫∫
B̃S
(
1z′,1y′

)
cos[

kγ

4x1q

(
1z′−1z

)2
+
kγ

4x1

(
1y′−1y

)2]d1z′d1y′, (4)

where χ is the logarithmic amplitude, S is the phase, k =
2π/λ, axis x0 is collinear with the incident ray direction, axis
y0 is transverse, and axis z0 is vertical, γ = xt+x1

xt
, where

xt is the distance from the transmitter to the phase screen,
x1 is the distance from the phase screen to the receiver, q
is refractive attenuation coefficient, and 1z and 1y are the
scales in the phase screen, defined as the coordinate differ-
ences of the phase stationary points and linked to the cor-
responding scales in the observation plane by the following
relationships: 1z= q

γ
1z0,1y =

1
γ
1y0. B̃S (1z,1y) is the

correlation function of the phase in the phase screen and BχS
is the mutual correlation function of the logarithmic ampli-
tude and phase. The negative sign in the upper formula in
Eq. (4) applies to the amplitude, and the positive sign applies
to the phase.

Taking the Fourier transform, we arrive at the following
expressions for the 2-D fluctuation spectra of the received
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signal:

Fχ,S
(
κz,κy

)
=
k2

2

{
1∓ cos

[
x1q

kγ

(
κ2
z + q

−1κ2
y

)]
F̃ϕ
(
κz,κy

)}
FχS

(
κz,κy

)
=
k2

2
sin
[
x1q

kγ

(
κ2
z + q

−1κ2
y

)]
F̃ϕ
(
κz,κy

)
, (5)

where F̃ϕ
(
κz,κy

)
is the 2-D spectrum of the fluctuation of

eikonal ϕ = S/k in the phase screen. For the sake of conve-
nience, relationships (5) are written in terms of wave num-
bers κz,κy in the phase screen, which are linked to the wave
number in the observation plane by the inverse scale rela-
tions.

In the general case, the relationship between the 2-D spec-
trum of the eikonal fluctuations in the phase screen F̃ϕ and
3-D spectrum of the atmospheric refractivity fluctuations 8
for a random field ν that is locally homogeneous in a spher-
ical layer can be written as follows (Gurvich, 1984; Gurvich
and Brekhovskikh, 2001):

F̃ϕ
(
κz,κy

)
=9

2
∫
8
(
κz,

√
κ2
x + κ

2
y

)
exp(

−
ReH0

1+ κ2
zH

2
0
κ2
x

)
dκx√

1+ κ2
zH

2
0

, (6)

where 9 is the mean eikonal. In particular, for the expo-
nential atmosphere 9 =

√
2πReH0N . The eikonal, or the

optical path, characterizes the propagation media, while the
phase also depends on wavelength. In the RO terminology,
the excess phase (or phase excess) refers to the eikonal of the
observed field with the subtraction of the satellite-to-satellite
distance. The excess phase, therefore, characterizes the at-
mospheric effect in the observed eikonal. The excess phase
(eikonal) is modeled by the phase screen. Accordingly, in the
observation plane we study the fluctuations for both eikonal
and phase.

Formula (6) takes into account the along-track curvature
of the Earth, which is essential, if η ≥ ηcr. Figure 1 in Gur-
vich and Brekhovskikh (2001) provides a good illustration
of the influence of the curvature upon the eikonal fluctua-
tions in sounding isotropic and anisotropic atmospheric in-
homogeneities. A general expression (6) for F̃ϕ is derived
in Gurvich and Brekhovskikh (2001). Here, we will discuss
important particular cases.

1. Moderate anisotropy 1≤ η� ηcr ≈ 30. In this case the
along-track curvature of the Earth is insignificant, and,
assuming ReH0→∞ and performing integration, we
arrive at the following known relationship, applicable
for random inhomogeneities and locally homogeneous
in the Cartesian coordinate system (Tatarskii, 1971; Ry-
tov et al., 1989b), which we denote F̃ iϕ :

F̃ iϕ
(
κz,κy

)
≈9

2
√

π

ReH0
8
(
κz,κy,0

)
. (7)

For the isotropic turbulence, we substitute8=8K with
µ= 11/3 and η = 1.

2. Strongly anisotropic inhomogeneities η� ηcr. For µ=
5, this case corresponds to the model of saturated IGWs,
for the large-scale part of the spectrum. In this case, we
can write the following expression for the eikonal spec-
trum F̃ aϕ :

F̃ aϕ
(
κz,κy

)
≈

9
2
√

π

1+ κ2
zH

2
0

(
K2
W + κ

2
z + η

2κ2
y

)1/2
0
(
µ−1

2

)
η0
(
µ
2

)
8W

(
κz,κy,0

)
. (8)

For strongly anisotropic inhomogeneities, function F̃ aϕ
has a sharp peak with respect to its argument κy , and it
only differs from 0 in a small area near κy = 0; this cor-
responds to the asymptotic case of spherically symmet-
ric inhomogeneities. This function can thus be approx-
imated as F̃ aϕ (κz,κy)≈ Ṽ

a
ϕ (κz)δ(κy), where Ṽ aϕ (κz) is

the 1-D vertical spectrum of the eikonal in the phase
screen, and Ṽ aϕ (κz) is evaluated by integrating Eq. (8)
with respect to horizontal wave numbers:

Ṽ aϕ (κz)=

∫
F̃ aϕ
(
κz,κy

)
dκy =

=9
2
C2
W

√
π

1+ κ2
zH

2
0

0
(
µ−1

2

)
η0
(
µ
2

) exp(
−
κ2
z

κ2
W

)(
K2
W + κ

2
z

)−µ2+1
0

(
1
2

)
U(

1
2
,−
µ− 4

2
,
K2
W + κ

2
z

κ2
W

)
, (9)

where U(α,β; t) denotes the hypergeometric function.

The variance of the logarithmic amplitude fluctuation
is determined by the scales of the order of the Fresnel
zone (Tatarskii, 1971). The vertical Fresnel scale ρF =√
πλx1q/γ for λ= 19.03 cm varies from 1260 m at a ray

height of about 30 km to about 500 m at a ray perigee height
of 2 km; therefore, in our case ρF� lW . The variances of
eikonal and refraction angle fluctuations and the mutual cor-
relation function of amplitude and phase for such a steep 3-
D spectrum (µ= 5) are determined by scales of the order
of the outer scale LW . Therefore, for the IGW model, the
fluctuations of all the RO signal parameters under discussion
are determined by inhomogeneities with relatives large verti-
cal scales, significantly exceeding the inner scale: κz� κW .
Then, using the expansion of the hypergeometric function for
small arguments t , it is possible to derive the following ex-
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pression (Gurvich, 1984):

Ṽ aϕ (κz)≈ 2π92
C2
W

(
K2
W + κ

2
z

)−µ2+1

(µ− 2)
√

1+ κ2
zH

2
0

. (10)

In this case, the vertical fluctuation spectrum of ν, which
corresponds to relative temperature fluctuations δT /T for
dry atmosphere, V aW (κz), and the eikonal fluctuation spec-

trum Ṽ aϕ (κz)/9
2 in the phase screen are linked by the fol-

lowing relationship (Gurvich, 1984):

V aW (κz)= 4πC2
W

(
K2
W + κ

2
z

)−µ2+1

(µ− 2)

=

√
1+ κ2

zH
2
0

Ṽ aϕ (κz)

9
2 . (11)

Relationship (11) is written for single-sided spectra for κz ≥
0.

In the observations, we obtain a 1-D realization of the
signal along the receiver trajectory. During a RO event, the
changes of the satellite positions are small with respect to
their distance from the phase screen. Moreover, the fluctua-
tion correlation scale along the ray significantly exceeds the
correlation scale in the transverse direction (Tatarskii, 1971).
Therefore, a measured realization corresponds to the ray dis-
placement in the phase screen by distance s along the projec-
tion of the satellite trajectory arc. In the phase screen model,
we have to take into account the refractive deceleration of ray
immersion, and the vertical compaction of the scales. The ob-
servation geometry will be determined by the obliquity angle
α of the occultation plane, defined as the angle between the
immersion direction of the ray perigee and the local vertical
in the phase screen. One-dimensional spectra of amplitude
and phase fluctuation measured along oblique path s at angle
α can be expressed as follows (Gurvich and Brekhovskikh,
2001):

Vχ,S (κs)=∫
Fχ,S

(
κs sinα+ κ ′ cosα,κs cosα− κ ′ sinα

)
dκ ′. (12)

Angle α = 0◦ corresponds to a vertical occultation, and α =
90◦ corresponds to a horizontal, or grazing, occultation. The
frequency of amplitude fluctuations, f , is linked to the wave
number κs by the following relationship:

κs = 2πf/vs, (13)

where vs is the velocity of the ray perigee projection to the
phase screen.

For isotropic inhomogeneities, the characteristic frequen-
cies are determined by the corresponding scales and oblique
velocity vs in the direction at angle α. Strongly anisotropic
inhomogeneities are intersected by the line of sight, effec-
tively, in the vertical direction, because the effect of the hor-
izontal velocity component is much smaller. The condition

of such effectively vertical occultations is as follows (Kan,
2004): tanα < η. For η ≥ 50, this condition is fulfilled up
to angles α ≈ 89◦, which applies, eventually, to any occulta-
tion. For strongly anisotropic inhomogeneities, the 1-D verti-
cal spectra of amplitude and phase fluctuations at the receiver
are described by the following simple relationships:

V aχ,S (κz)=
k2

2

[
1∓ cos

(
x1q

kγ
κ2
z

)]
Ṽ aϕ (κz) , (14)

where Ṽ aϕ (κz) is determined by Eq. (10). As above, the neg-
ative sign applies to the amplitude, and the positive sign ap-
plies to the phase.

3.2 Variance of logarithmic amplitude fluctuations

For the fluctuations of logarithmic amplitude in both models
of the 3-D spectrum of inhomogeneities, the principle scale
is the Fresnel scale ρF, which significantly exceeds the in-
ner scale. In addition, assuming that the outer scale is much
greater than ρF, we can omit the outer and inner scale in
Eq. (2) for the 3-D spectrum and use it as a pure power law.

In the case of strongly anisotropic inhomogeneities, η�
ηcr, using Eqs. (10), (14), and condition κzH0�1, we can
derive the following expression for the variance of logarith-
mic amplitude (Gurvich, 1984):

σ 2
χ (η� ηcr)≈

k2

2

∫∫ {
1− cos

[
x1q

kγ

(
κ2
z + q

−1κ2
y

)]}
Ṽ aϕ (κz)δ

(
κy
)

dκydκz =

=
π2C2

W9
2
k2

2H0 (µ− 2)0
(
µ
2

)
sin
(
π
µ−2

4

)(qz1

γ k

)µ
2−1

, (15)

which, for µ= 5, corresponds to the model of saturated
IGWs.

For a moderate anisotropy, 1≤ η� ηcr, the corresponding
expression can also be found in Gurvich (1984):

σ 2
χ (η� ηcr)=

k2

2

∫∫ {
1− cos

[
x1q

kγ

(
κ2
z + q

−1κ2
y

)]}
F̃ iϕ
(
κy,κz

)
dκydκz =

=
Aπ2√πC29

2
k2η

4
√
ReH00

(
µ
2

)
sin
(
π
µ−2

4

)(qz1

γ k

)µ
2−1

. (16)

ForC2
= C2

K ,µ= 11/3,A= 0.033, and η = 1, Eq. (16) cor-
responds to a locally homogeneous turbulence.

In order to analyze the influence of anisotropy upon am-
plitude fluctuations, consider the ratio of Eqs. (15) and (16)
with the same power exponent µ:

σ 2
χ (η� ηcr)

σ 2
χ (η� ηcr)

=
2

√
π (µ− 2)

ηcr

η
. (17)
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For η = 1 and µ= 5, this ratio equals 12, and for µ= 11/3
it equals 20. Therefore, the variance of logarithmic ampli-
tude fluctuations increases with increasing anisotropy η for
η < ηcr and saturates for η ≈ ηcr, and for the extreme case of
spherically layered inhomogeneities, η ≈ 100� ηcr, the ra-
tio in question is about 10–20. This is a consequence of the
geometry of occultations: rays are oriented lengthwise with
respect to prolonged inhomogeneities.

3.3 Variance of phase (eikonal) fluctuations

The main contribution into phase fluctuations comes from
inhomogeneities with vertical scales close to the outer scale.
Therefore, it is possible to use the geometric optical approx-
imation for Eqs. (5) and (14). To this end, we expand the
cosine for small arguments into series and neglect the inner
scale.

For the variance of phase fluctuations for strong anisotropy
η� ηcr and outer scale K−1

W ≈H0/2π , we obtain

σ 2
S (η� ηcr)≈

2π
√
πk2C2

W9
2
0
(
µ−2

2

)
(µ− 2)H00

(
µ−1

2

) K
−µ+2
W . (18)

For µ= 5, the variance depends on the outer scale as K−3
W .

For a moderate anisotropy η� ηcr, using Eqs. (5) and (7),
we obtain the following expression:

σ 2
S (η� ηcr)≈

2π
√
πk2AC29

2
η

(µ− 2)
√
ReH0

K
−µ+2
K . (19)

For C2
= C2

K , µ= 11/3, A= 0.033, and η = 1, this corre-
sponds to the model of isotropic turbulence. In this case, the
variance of phase fluctuations depends on the outer scale as
K
−5/3
K (Tatarskii, 1971). The ratio of Eqs. (18) and (19) for

the same µ, similar to amplitude fluctuations, is proportional
to the ratio of ηcr/η.

3.4 Variance of ray incident angle fluctuations

For a strong anisotropy, η� ηcr, the incident ray direction
fluctuations are nearly vertical. The vertical fluctuation spec-
trum of the ray incident angle is equal to that of eikonal, mul-
tiplied by κ2

z . Then, replacing the cosine in Eq. (14) by unity,
we arrive at the following expression for the variance of ray
incident angle fluctuations:

σ 2
α (η� ηcr)≈

4πC2
W9

2

(µ− 2)(µ− 4)H0
K
−µ+4
W , (20)

and, for µ= 5, the variance depends on the outer scale as
K−1
W .
For the case η = 1, the variance of incident angle fluctua-

tions is determined by the inner scale of inhomogeneities, un-
like the case of a strong anisotropy. Moreover, the term with
the cosine in Eq. (5) gives a small contribution compared to

1 if x1qκ
2
K

kγ
� 1. Using Eq. (5) and neglecting the cosine term,

we arrive at the following expression for the fluctuations of
the full incident angle θ :

σ 2
θ (η = 1)≈

π
√
πAC2

K9
2
0
(
2− µ

2

)
2
√
ReH0

κ
−µ+4
K . (21)

For the Kolmogorov turbulence, the variance of incident an-
gle fluctuations depends on the inner scale as κ1/3

K . Introduc-
ing the effective thickness of the atmosphere along the ray,
which equalsLef =

√
πReH0 ≈ 400 km, we see that Eq. (21)

coincides with the corresponding formula in Tatarskii (1971)
for an observation distance of Lef in a homogeneously ran-
dom medium.

3.5 Mutual correlation of logarithmic amplitude and
phase

For the case of a strong anisotropy η� ηcr, the single-point
correlation 〈χS〉 = BχS(0) is determined by the outer scale
of inhomogeneities. Using Eqs. (5) and (10), and expanding
the sine into series, we arrive at the following formula:

〈χS (η� ηcr)〉 =
2πC2

W9
2
k2

H0 (µ− 2)(µ− 4)
x1q

kγ
K
−µ+4
W . (22)

For µ= 5, the correlation depends on the outer scale asK−1
W ,

which is the same dependence as that of variance of bending
angle fluctuations.

For isotropic inhomogeneities, η = 1, the most important
scale determining the correlation of the logarithmic ampli-
tude and phase is the Fresnel scale ρF� lK . Under the as-
sumption that ρF is small compared to the outer scale, it is
sufficient to consider a 3-D spectrum 8K in a purely power
form. This results in the following formula:

〈χS(η = 1)〉 =
π2√πAC2

K9
2
k2

4
√
ReH00

(
µ
2

)
cos

(
π
µ−2

4

)(x1q

kγ

)µ
2−1

= σ 2
χ (η = 1) tan

(
π
µ− 2

4

)
. (23)

For µ= 11/3, the relation between correlation 〈χS(η = 1)〉
and the variance of amplitude fluctuations is the same as for
a homogeneously random medium (Tatarskii, 1971).

3.6 Model variance profiles

The profiles were evaluated for a GPS–LEO system with or-
bit altitudes of 20 000 and 800 km, respectively, for a wave-
length of 19.03 cm. The parameters of the regular atmo-
sphere, including refractive indexN , the height scale of a ho-
mogeneous atmosphere H0, the average eikonal 9, bending
angle ε, and refractive attenuation coefficient q, correspond
to the standard model of the atmosphere.
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The structure characteristic of the relative fluctuations of
refractive index was specified for the model of saturated
IGWs in a dry atmosphere, according to Eq. (3). Numerous
radiosonde profiles and observations of stellar occultations
indicate that this relation is met with a good accuracy for the
troposphere and stratosphere. For the radio band, the struc-
ture characteristic was multiplied by K2 in order to take hu-
midity into account. We were using the humidity profile, typ-
ical for spring and autumn in middle latitudes, with a scale
height of 2.5 km. As shown above, the inner scale of the in-
homogeneities is insignificant in the IGW model. The outer
scale, corresponding to vertical scale of dominant waves,
was assumed to equal LW = 4 km (Smith et al., 1987; Tsuda
et al., 1991).

For the isotropic turbulence at heights of 4–15 km, we used
numerous data of radar measurements of the structure char-
acteristic performed during years 1983–1984 in Platteville,
Colorado (Nastrom et al., 1986). From the monthly averaged
profiles of C2

n shown in Fig. 10 of the cited paper, we chose
the maximum values that mostly correspond to August in
order to obtain the upper estimate of turbulent fluctuations
of RO signals. For heights of 15–30 km, where humidity is
negligible, we used model data C2

n from Gracheva and Gur-
vich (1980), which generalize the results of numerous ob-
servations and models for the optical turbulence (Gurvich
et al., 1976), as well as retrievals of C2

n from stellar occul-
tations (Gurvich and Kan, 2003b; Sofieva et al., 2007a). For
the outer scale we used the largest possible value of 1 km in
order to obtain an upper estimate of the isotropic turbulence
contribution to RO signal fluctuations. The inner scale is as-
sumed to increase from 4 cm at 4 km to 0.75 m at 30 km. The
mean value of refraction angle ε and refractive attenuation
coefficient q were evaluated using the exponentially decay-
ing atmospheric air density profile:

ε =−
9

H0
, q =

(
1−

x1

γ

ε

H0

)−1

. (24)

Figure 1 shows the model profiles of root mean square
(RMS) fluctuations of the logarithmic amplitude, eikonal,
and incident angle, as well as the correlation of the logarith-
mic amplitude and eikonal, for saturated IGWs and isotropic
turbulence. For the assumed parameters of the 3-D inhomo-
geneity spectra, all RMSs for saturated IGWs exceed the
corresponding values for the isotropic turbulence by an or-
der of magnitude or even more, and this difference increases
with the altitude. This especially applies to the eikonal fluc-
tuations and amplitude–eikonal correlation, where the differ-
ence in RMS exceeds 2 orders of magnitude. The knee of
the profiles at an altitude of 10 km for the turbulence model
is linked to the peculiarity of the measured profiles of C2

n

(Nastrom et al., 1986). In Nastrom et al. (1986) it is, how-
ever, noted that the increase of C2

n above 10 km is not cor-
roborated by other observations in Platteville (Ecklund et al.,
1979) and can be attributed to measurement noise. For the

IGW model, the knee is explained by the abrupt change of
the Brunt–Väisälä frequency near the tropopause, according
to Eq. (3).

For the turbulence model, we assumed the outer scale to
be equal to 1 km. However, for stable stratification, which is
typical for the stratosphere, the outer scale may be signifi-
cantly less than this value, down to hundreds or even tens of
meters (Wheelon, 2004). The saturation of the 3-D spectrum
of turbulence at the outer scale, which is less than the Fresnel
zone size, will result in the decrease of the turbulent fluctu-
ations of RO signals as compared to the estimates for 1 km,
and the difference with IGW fluctuations will be even larger.
Due to the fact that the averaging over the Fresnel scale re-
sults in much smaller amplitude fluctuations of RO signal as
compared to the visible band, the weak fluctuation condition
is fulfilled down to the lower limit of the altitude range under
discussion.

It is known that local profiles of atmospheric inhomo-
geneities exhibit large natural variability. Furthermore, even
their average profiles significantly vary depending on lati-
tude, season, orography, and region. The turbulence struc-
ture characteristic for different observations, even in a free
atmosphere, may vary by up to 2 orders of magnitude (e.g.,
Gracheva and Gurvich, 1980; Wheelon, 2004). Significant
variability is observed for the intensity of saturated IGWs
(e.g., Sofieva et al., 2007a, 2009), which depends both on
the sources producing the waves and on the propagation and
breaking conditions. Equation (3) for the saturated IGWs
only reflects the most general relation between the struc-
ture characteristic and the atmospheric stability. The latitu-
dinal variability of the structure characteristic significantly
exceeds that ofω4

B.V. (Sofieva et al., 2009). However, on aver-
age, the variations of refractivity fluctuations and, therefore,
the amplitude fluctuations are determined by the exponential
decay of the atmospheric density with altitude. Because our
work is aimed at a qualitative distinction of the contribution
of turbulence and IGWs to the fluctuations of RO signals,
we consider only averaged vertical profiles of the structure
characteristic of turbulence and IGWs for the theoretical es-
timates. Quantitative studies of IGW parameters and wave
activity for different latitudes, seasons, and regions in the
stratosphere and upper troposphere are planned for the future
work. Despite possible inaccuracies in the assumed values of
the structure characteristic, the variance estimates obtained
in this work definitely indicate the dominant role of saturated
IGWs under the conditions in question.

4 Experimental fluctuation spectra of amplitude and
phase

The most important difference between turbulence and sat-
urated IGWs is the anisotropy of the latter. The variances
of RO signal parameter fluctuations, being single-point char-
acteristics, do not contain an immediate information on the
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Figure 1. RMS fluctuations of logarithmic amplitude, eikonal, incident angle, and single-point correlation of logarithmic amplitude and
phase for the model of saturated IGWs (blue lines) and for the model of turbulence (red lines).

anisotropy of the 2-D field of RO signal fluctuation in the
observation field. This information can be extracted from an
ensemble of 1-D spectra of RO signal fluctuations measured
at different obliquity angles, when categorized according to
frequency or to vertical wave number. For turbulence, due
to its isotropy, the fluctuation frequencies f of the signal are
determined by the characteristic scales and the oblique move-
ment velocity vs of the line of sight defined as the velocity of
the projection of the ray perigee to the phase screen plane.
For anisotropic IGW inhomogeneities, the fluctuation fre-
quencies of the signal are determined by the vertical velocity
vv for the majority of occultations. These velocities and fre-
quencies coincide for a vertical occultation, but they may dif-
fer several tens of times for a highly oblique occultation. This
frequency discrimination of isotropic and anisotropic fluctua-
tions in oblique occultations allows for a separate estimate of
their contribution into signal fluctuation spectra (Gurvich and
Kan, 2003a, b; Sofieva et al., 2007a; Sofieva et al., 2007b).

Figures 2 and 3 show the spectra of relative fluctuations
of the amplitude for the wavelength λ1 = 19.03 cm from
GPS/MET observations acquired on 15 February 1997. Fig-
ure 2 shows the spectra for the low stratosphere at altitudes
from 25 km down to the upper boundary of the tropopause

located at 9–13 km. Figure 3 shows the spectra for the up-
per troposphere at altitudes from 8–12 km down to 4 km. As
noted above, the analysis is based on occultation events with
different obliquity angles, in middle and polar latitudes. We
selected events with a low level of ionospheric fluctuations
at altitudes below 60–70 km. Under these conditions, below
25–30 km neutral atmospheric signal fluctuations will super-
sede the ionospheric fluctuations and measurement noise.
Noise correction was performed under the assumption that
the noise source is the receiver, and the noise properties re-
main constant during an occultation event. The noise spec-
trum was estimated from the occultation data records at alti-
tudes of 70–50 km with a low level of neutral atmospheric
and ionospheric fluctuations. The mean amplitude profiles
were determined by linear fitting. Figures 2 and 3 (as well
as Figs. 4 and 5 below) show 30 examples of stratospheric
events and 20 examples of tropospheric events. For the strato-
sphere, the obliquity angles changed within the range of 20–
87◦, while for the troposphere they changed in the range of
35–88◦. Therefore, for strongly anisotropic inhomogeneities,
these occultations were effectively vertical.

The amplitude fluctuation spectra are represented as the
product of wave number and spectral density, normalized
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Figure 2. Amplitude fluctuation spectra for the lower stratosphere: (a) spectra as functions of the oblique wave number corresponding to
the isotropy hypothesis (Kolmogorov turbulence); (b) spectra as functions of the vertical wave number corresponding to the anisotropy
hypothesis (saturated IGWs). The color map red–green–blue corresponds to the increasing obliquity angles, which are subdivided into three
groups. The black solid line in panel (b) presents the theoretical vertical spectrum for the saturated IGW model; the dashed lines present the
asymptotics of this spectrum for low and high frequencies. The low-frequency asymptotic is evaluated for LW →∞. For the comparison,
red dashed lines show the high-frequency spectral asymptotic of the Kolmogorov turbulence model.
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Figure 3. Amplitude fluctuation spectra for the upper troposphere: (a) spectra as functions of the oblique wave number corresponding to
the isotropy hypothesis (Kolmogorov turbulence); (b) spectra as functions of the vertical wave number corresponding to the anisotropy
hypothesis (saturated IGWs). The notations are the same as in Fig. 2.

to the variance. Such a product will be hereinafter referred
to as the spectrum, as distinct from the spectral density.
The spectra indicate a maximum corresponding to the Fres-
nel scale. The theoretical spectra for both inhomogeneity
types have asymptotics with a slope of +1 for low frequen-
cies; for IGWs, the asymptotics corresponds to the condition
LW →∞. For the high frequencies, at the diffractive de-
cline, the slope of the spectra is−µ+2, i.e.,−3 for the IGW
model, according to Eqs. (10) and (14), and −5/3 for tur-
bulence (Tatarskii, 1971; Gurvich and Brekhovskikh, 2001;
Woo et al., 1980). For the chosen fragments of realizations,
we used the Hann cosine window. This window allows the
minimization of distortions of spectra with a steep decrease

(Bendat and Piersol, 1986). The Fourier periodograms were
averaged with a spectra window with a variable width 1f :
first with a window of a constant quality f/1f = 2 and then
with a window of a constant width. The spectra were normal-
ized to the variance, evaluated as the integral of the spectral
density over frequency. The spectra in Figs. 2 and 3 are plot-
ted in two forms. In panel a, they are plotted as functions of
the oblique wave number according to the isotropy hypoth-
esis; in panel b, they are plotted as functions of the vertical
wave number according to the anisotropy hypothesis for ef-
fectively vertical occultations. The ray perigee velocities and
obliquity angles were evaluated from the satellite orbit data.
The wave numbers were normalized on the Fresnel scale in
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the corresponding direction, i.e., the values along the hori-
zontal axis are 2πκsρF(α) for the isotropy hypothesis and
2πκzρF(α = 0) for the anisotropy hypothesis. For this nor-
malization, the spectral maxima must correspond to the ar-
gument equal to 1.

Figures 2 and 3 indicate that for the isotropy hypoth-
esis (panel a) the spectral maxima are spread over about
1.5 decades of frequencies. With the increasing obliquity
angle, the maxima systematically shift to lower frequen-
cies although the oblique velocities, in contrast, increase. In
panel b, all the spectra are peaked near wave number 1, which
represents the first Fresnel zone. This favors the anisotropy
hypothesis. For the verification of the isotropy–anisotropy
hypotheses, strongly oblique occultations should be most in-
formative. If the amplitude spectra contained a significant
isotropic component, it should manifest itself in oblique
spectra as an additional maximum at higher frequencies.
In stellar scintillation spectra, such a double-hump struc-
ture is typical (Gurvich and Kan, 2003a, b; Sofieva et al.,
2007a). The absence of the second high-frequency maxi-
mum in Figs. 2 and 3 indicates that the amplitude fluctua-
tions caused by the isotropic turbulence in these measure-
ments were significantly weaker compared to those caused
by the anisotropic inhomogeneities. The experimental am-
plitude spectra in panel b are in a good agreement with
the theoretical spectrum (10) and (14). The variance of am-
plitude fluctuations weakly depends on the outer scale LW
when it significantly exceeds the Fresnel scale. Nevertheless,
the influence of LW results in a faster than +1 decrease of
the spectrum at low frequencies. This effect was utilized for
the retrieval of internal gravity wave and turbulence parame-
ters from stellar scintillations (Sofieva et al., 2007a). For the
theoretical spectrum in the stratosphere, we used the value
of LW = 2.0 km; for the troposphere, we used the value of
LW = 1.2 km. The fringes of the theoretical spectrum in the
high-frequency region are caused by diffraction on the phase
screen. The slope of the spectrum at high frequencies agrees
with the theoretical value −3; note that the diffractive slope
of the spectral density equals−4. The fact that all the spectra
in panel b group together means that all the obliquity angles
α met the condition of effectively vertical occultations. For
αmax = 88◦, we can estimate anisotropy η > tan(αmax)≈ 30
for the inhomogeneities, whose vertical scale equals the Fres-
nel scale.

The measured RMS values of the relative fluctuations of
the amplitude in the stratosphere are 0.08–0.20, which is
in a fair agreement with the IGW model (Fig. 1), which
equals 0.17 in the middle of the height range. For the upper
troposphere, the measured RMS values are 0.12–0.35 and,
therefore, they mostly exceed the theoretical estimate, which
equals 0.16. The experimental RMS values proves the ap-
plicability of the approximation of weak fluctuations for the
interpretation of these data.

The phase in RO observations is presented as the excess
phase, which equals the difference between the full eikonal

and the straight-line satellite-to-satellite distance. We will re-
fer to the excess phase as the eikonal. Double-frequency ob-
servations allow for the exclusion of the ionospheric com-
ponent of the eikonal under the assumption that the trajec-
tories of the two rays coincide. The ionospheric corrected
eikonal consists of two components: (1) the neutral atmo-
spheric eikonal evaluated as the integral along a straight ray,
which in Sect. 3 was denoted as9, and (2) the addition to the
geometrical length of the ray due to refraction (Vorob’ev and
Krasil’nikova, 1984; Gurvich et al., 2000). The second com-
ponent is approximately equal to the first one at a height of
15 km, and it rapidly increases for lower altitudes. In the first-
order approximation of the perturbation method, the eikonal
variations are determined by the refractive index variations of
the neutral atmosphere (Vorob’ev and Krasil’nikova, 1984).
Strong regular variations of the eikonal with the altitude, and
its relatively small fluctuations, which amount to tenths of
a percent, aggravate the separation of fluctuations, especially
due to the difficulty of the evaluation of the mean eikonal pro-
file (Gurvich et al., 2000; Cornman et al., 2012; Tsuda et al.,
2000). In this study, we use the smooth eikonal profile evalu-
ated for the MSIS-E-90 model (Hedin, 1991) complemented
with a simple model of humidity: the relative humidity has a
constant value of 80 % below 15 km. These profiles are eval-
uated for the real observation geometry and they correctly
represent both the atmospheric eikonal and the geometrical
length of the ray. Still, both before and after the subtraction
of the model profiles, the eikonal realizations contained low-
frequency trends due to the model inaccuracy. We applied an
additional detrending square-polynomial term to the eikonal
deviation from the model. This procedure smooths the spec-
tral components with scales exceeding the half-length of the
realization. Similar to the amplitude spectra, we also used
the Hann cosine window for the eikonal (Bendat and Piersol,
1986).

Figures 4 and 5 present the normalized spectra of the at-
mospheric fluctuations of the eikonal for the same events and
altitude ranges as for the amplitude spectra. The eikonal fluc-
tuation spectra are also represented as the product of wave
number and spectral density. In this representation, the slope
of the theoretical eikonal spectra equals −µ+ 2 and, corre-
spondingly, it equals −3 for IGWs and −5/3 for turbulence.
The eikonal spectra normalized according to the anisotropy
hypothesis have a somewhat large spread compared to the
amplitude spectra; still, they also corroborate the dominant
role of anisotropic inhomogeneities. These spectra are in fair
agreement with the theoretical vertical spectrum (14). For
the evaluation of the theoretical spectrum, we used the same
value of the outer scale as for the amplitude spectra.

For the stratosphere, the measured RMS values of the
eikonal fluctuations are 3–10 cm, while their estimate was
5 cm. For the upper troposphere, the measured RMS were
4–15 cm, while their theoretical was about 7 cm.

The atmospheric inhomogeneity models have not only dif-
ferent anisotropy but also a different slope, −µ, of the 3-D
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Figure 4. The normalized eikonal fluctuation spectra for the lower stratosphere: (a) spectra as functions of the oblique wave number cor-
responding to the isotropy hypothesis; (b) spectra as functions of the vertical wave number corresponding to the anisotropy hypothesis.
The black solid line in panel (b) represents the theoretical vertical spectrum for the saturated IGW model; the dashed line represents its
asymptotics. For the comparison, red dashed lines show the high-frequency spectral asymptotic of the Kolmogorov turbulence model; cf. the
caption of Fig. 2.
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Figure 5. The normalized eikonal fluctuation spectra for the upper troposphere. (a) Spectra as functions of the oblique wave number corre-
sponding to the isotropy hypothesis; (b) spectra as functions of the vertical wave number corresponding to the anisotropy hypothesis. The
notations are the same as in Fig. 4.

spectra, which determines the diffractive decay−µ+2 in the
presented spectra of RO amplitudes and phases. Due to the
fast decay, the noise limits the spectral range, which aggra-
vates the derivation of accurate estimates.

Nevertheless, Figs. 2–5 indicate that the diffractive decays
of the experimental spectra are in a better agreement with the
IGW model, as compared to the turbulence model.

5 Discussion

In this study, we discussed the 3-D spectra of atmospheric
inhomogeneities of two types: (1) isotropic Kolmogorov tur-
bulence and (2) anisotropic saturated IGWs. For RO obser-

vations, in the approximations of the phase screen and weak
fluctuations, we derived the relationships that link the ob-
served 1-D fluctuation spectra of the amplitude and phase
with empirical 3-D inhomogeneity spectra. This allowed us
to obtain the analytical expressions for the variances of the
amplitude, phase, and ray incident angle fluctuations as well
as the single-point amplitude-phase correlation for both inho-
mogeneity types. The theoretical estimates of the variances
of RO amplitude and phase fluctuations for different values
of the parameters of atmospheric inhomogeneity model, in-
cluding the structure characteristics and vertical scales, for
middle latitudes in the stratosphere and upper troposphere,
indicate that the major contribution into RO signal fluctua-
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tions comes from saturated IGWs. The contribution of the
Kolmogorov turbulence, under these conditions, is small.
Even taking into account a significant spread of possible val-
ues of the structure characteristics and typical scales of in-
homogeneities, it is hard to expect that this can compensate
the difference between the IGWs and turbulence in this al-
titude range. Moreover, the averaging of RO signal fluctu-
ations along the whole ray inside the atmosphere damps the
influence of intermittence, which is typical for turbulence un-
der stable stratification conditions.

For anisotropic inhomogeneities we employ an empirical
model of saturated IGWs (Eq. 2). Models of this type are
widely used for the analysis of stellar and radio scintilla-
tions, the angular dependence of the back scattering of radar
signals, the retrieval of model parameters from occultations,
etc. 1-D vertical and horizontal spectra of this model follow
the−3 power. However, airborne observations (e.g., Nastrom
and Gage, 1985; Bacmeister et al., 1996) indicate that the
horizontal spectra of temperature fluctuations in the tropo-
sphere and stratosphere have a power spectrum with a slope
close to −5/3 in a wide range of scales from several kilome-
ters to several hundred kilometers (see also the “saturated-
cascade” model in Dewan, 1994). In addition, the model (2)
has a constant anisotropy. As noted in Sect. 2.1, observations
of stellar occultations with grazing geometry (Kan et al.,
2014), together with the data about the anisotropy of domi-
nant IGWs (e.g., Ern et al., 2004, the description of CRISTA
experiment) and GPS occultations in Wang and Alexander
(2010) have revealed that the anisotropy coefficient is not
uniform. It increases from about 10–20 for the IGW break-
ing scale (10–20 m in the vertical direction) to the saturation
value of several hundred for dominant IGWs.

The use of the simple model (2) for the problem in ques-
tion is justified as follows. As shown above, the most impor-
tant scales for the IGW model (the Fresnel scale and the outer
scale), which determine the RO signal fluctuations, equal or
exceed the value of about 1 km in the vertical direction. For
inhomogeneities with such vertical scales, the anisotropy sig-
nificantly exceeds the critical value. Therefore, the ampli-
tude and phase fluctuations do not any longer depend on
the anisotropy values and reach the saturation level, as if the
inhomogeneities were spherically symmetric. This explains
why it is possible to use the model with a strong constant
anisotropy. Due to this, the RO observation geometry can
be assumed effectively vertical, and the amplitude and phase
fluctuations only depend on the vertical structure of saturated
IGWs (Eqs. 10 and 14), which is adequately described by
model (2). In some cases, for strongly oblique occultation
events, the condition of effectively vertical observation ge-
ometry may be broken, in the lowest few kilometers, due to
the strong refraction, which decreases the vertical component
of the ray immersion velocity.

Following the ideas of Dalaudier and Gurvich (1997), Gur-
vich and Chunchuzov (2008) developed an empirical 3-D
model of saturated IGWs, with the anisotropy increasing as

a function of the vertical scale. The vertical spectrum fol-
lows the −3 power law, while the horizontal spectrum can
have the −5/3 power law for the corresponding choice of
anisotropy parameters. This model is in a good agreement
with the known airborne observations of horizontal spectra
of IGWs. Scintillation spectra evaluated on the basis of the
variable anisotropy model (Gurvich and Chunchuzov, 2008)
are in a good agreement with those evaluated on the basis
of the constant anisotropy model (2) for effectively vertical
occultations (Kan, 2016).

Joint observations of the amplitude and phase of RO sig-
nals open new pathways in the development and application
of radio holographic methods. These methods allow enhanc-
ing the retrieval accuracy and resolution (e.g., Gorbunov and
Gurvich, 1998a, b; Gorbunov, 2002a; Gorbunov and Laurit-
sen, 2004) as well as obtaining new information on the struc-
ture of the atmosphere (Pavelyev et al., 2012, 2015, and ref-
erences therein). In particular, Pavelyev et al. (2015) demon-
strated the potential of the locality principle for the localiza-
tion and estimation of the parameters of layered structures as
well as the separation of the contributions of layered struc-
tures and turbulence in RO signals. In our study, we use the
power spectra of the observed fluctuations of the amplitude
and phase, correlated with the obliquity angle, in order to es-
timate and separate the contributions of anisotropic inhomo-
geneities (saturated IGWs) and isotropic turbulence. The ap-
plication of radio holographic methods for the enhancement
of the accuracy and resolution is our plan for future work.

From GPS/MET data acquired on 15 February 1997, we
evaluated the variances and spectra of the relative fluctua-
tions of amplitude and the fluctuations of phase for the lower
stratosphere, comprising the altitudes from 25 km down to
the upper boundary of the tropopause, and for the upper tro-
posphere, comprising the altitudes from the lower boundary
of the tropopause down to 4 km. For analysis, we chose RO
events in middle and polar latitudes with different occulta-
tion trajectories: from vertical ones with obliquity angle near
0◦ to strongly oblique ones with obliquity angles up to 88◦.
The experimental spectra of the amplitude and phase fluc-
tuations, presented as a function of vertical wave numbers
for the anisotropy hypothesis or oblique wave numbers for
the isotropy hypothesis, indicate strong anisotropy of the at-
mospheric inhomogeneities. This, along with the theoretical
estimates, signifies the dominant role of saturated IGWs for
RO signal fluctuations. The experimental estimates of vari-
ances of amplitude and phase fluctuations mostly agree with
evaluations based on the IGW model.

In comparison with the visible band, the radio band is char-
acterized by a much greater Fresnel scale ρF. This, together
with the strong refractive attenuation at low altitudes, accord-
ing to Eq. (15), significantly reduces the amplitude fluctua-
tions and, therefore, the weak fluctuation condition is met
for altitudes down to a few kilometers. This is corroborated
by the measured variance of relative amplitude fluctuation.
The upper boundary of the RO monitoring of atmospheric
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inhomogeneities is close to the lower boundary of visible oc-
cultations. Therefore, radio and visible occultations, together
with the simple approximations, permit a diagnosis of wave
activity over the whole stratosphere and upper troposphere.

Satellite observations of stellar occultations indicate that
in the visible band, at the perigee height about 30 km, IGWs
and the Kolmogorov turbulence give comparable contribu-
tions into the variance of intensity fluctuations (Gurvich and
Kan, 2003a, b; Sofieva et al., 2007a; Sofieva et al., 2007b).
In the radio band, due to the larger Fresnel scale, the role of
large-scale inhomogeneities with a steeper 3-D spectrum in-
creases. Such inhomogeneities are attributed to IGWs (Kan
et al., 2002). This follows from Eqs. (15) and (16): the de-
cay of variance with increasing wavelength, σ 2

χ ∝ λ
µ/2−3, is

stronger for turbulence, λ−7/6, than for IGWs, λ−1/2. The
relative contribution of IGWs into the variance of amplitude
fluctuations with respect to that of isotropic turbulence in the
radio band, compared to the visible, increases proportionally
to (λGPS/λopt)

2/3
≈ 5× 103. This difference is also seen in

Fig. 1, which shows the amplitude RMS at an altitude of
30 km, if we recollect that in the visible band, the amplitude
fluctuations due to IGWs are additionally restrained by the
inner scale of IGWs that exceeds the Fresnel scale by about
an order of magnitude.

The statistical analysis of eikonal fluctuations is aggra-
vated by the fact they are nonstationary, and one of the main
problems is the determination of the mean profile. We evalu-
ated the eikonal spectrum using two different mean profiles:
(1) the model profile and (2) the profile obtained by the slid-
ing averaging of the eikonal profile over an altitude windows
with a half-width of 1h, with the subsequent detrending the
eikonal fluctuations. The use of a mean eikonal obtained by
sliding averages with 1h= 5 km>LW and the model pro-
file resulted in very similar spectra.

For strongly anisotropic inhomogeneities, RO signal fluc-
tuations are determined primarily by the vertical structure of
inhomogeneities and, accordingly, by the vertical velocity of
the ray immersion for different obliquity angles α. The com-
parison of amplitude records taken as a function of time or
as a function of perigee height clearly indicates that for dif-
ferent α, the temporal dependencies have different charac-
teristic frequencies, while the altitudinal dependencies have
nearly the same periods. In the tropical lower troposphere,
below the altitude of 7 km, the type of the vertical depen-
dence of the amplitude abruptly changes: the fluctuation fre-
quencies increase, and their magnitude significantly exceeds
that at the same altitudes in middle and polar latitudes (e.g.,
Sokolovskiy, 2001). In order to obtain a qualitative estimate
of the humidity influence, we additionally analyzed the am-
plitude spectra in the upper and lower troposphere from the
COSMIC data in the tropics (May 2011) and in middle and
polar latitudes (January 2011). For each latitude band, we
chose 30 occultations, with obliquity angles varying from 45
to 89◦. In the tropics and upper troposphere, at altitudes from

13 down to 8 km, the dominant role in the amplitude spec-
tra is played by anisotropic IGWs. In the lower troposphere,
at altitudes from 6 down 1 km, however, the spectra mostly
agree with the Kolmogorov turbulence, although some of the
spectra have maxima located at higher frequencies compared
to what is predicted by the theory. This may be a consequence
of strong fluctuations, because the relative amplitude fluc-
tuation RMS in the tropics, in this altitude range, is close
to unity. A similar analysis for altitudes from 6 to 1 km, for
middle and polar latitudes in January, where the humidity in-
fluence was much smaller, indicates that the amplitude spec-
tra mostly correspond to the IGW model, and the fluctua-
tion RMS was smaller than in the tropics, equal to 0.2–0.6.
This indicates that in the framework of the thin phase screen
and weak fluctuation approximations, for the lower tropo-
sphere, it is only possible to infer rough estimates of the at-
mospheric inhomogeneity parameters. A strict quantitative
analysis would require more advanced techniques.

The main result of this study consists in the statement
that at altitudes above 4–5 km for middle and polar latitudes,
and above 7–8 km in the tropics, the dominant contribution
into RO signal fluctuations comes from anisotropic inhomo-
geneities described by the saturated IGW model. This was
demonstrated previously by Steiner et al. (2001), who, for
the stratosphere in the altitude range 15–30 km, showed that
the temperature fluctuation spectra obtained from GPS/MET
observations in the vertical scale range 2–5 km are in a satis-
factory agreement with the saturated IGW model. Pavelyev
et al. (2015) analyzed a series of CHAMP occultation events
and showed that layered inhomogeneities, as compared to
turbulence, play a dominant role in the RO amplitude fluc-
tuations in the stratosphere and the diffractive slope of the
intensity spectra for these inhomogeneities is close to that
predicted by the saturated IGW model. Wang and Alexan-
der (2010) and McDonald (2012), analyzing collocated tem-
perature profiles from COSMIC observations, showed that
in the stratosphere, the most large-scale dominant tempera-
ture perturbations are of wave nature. Gubenko et al. (2008,
2011) developed a method for the determination of the basic
characteristics of dominant IGWs, including their intrinsic
frequency and phase velocities from vertical profiles of tem-
perature. The method was validated on high-resolution ra-
diosonde observations of temperature and wind and then ap-
plied to the analysis of IGWs based on temperature profiles
retrieved from RO observations in COSMIC and CHAMP
missions.

In contrast, Steiner et al. (2001) only analyzed filtered
temperature profiles with scales exceeding 1.5–2 km. The
RO signal spectra, as shown in Figs. 2–5, have a signifi-
cantly higher resolution, and the main limitation is imposed
by noise. The principle parameters of IGWs are their struc-
ture characteristic C2

W and outer scale K−1
W . Our estimates

indicate that humidity fluctuations in middle and polar lati-
tudes are significant below altitudes of 5–6 km; for high al-
titudes, temperature fluctuations dominate. The relation be-
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tween C2
W,dry with the traditional IGW parameters is given

by Eq. (3). The outer scale is introduced in our model in
such way that the inhomogeneity spectrum is saturated to a
constant for κz <KW (Smith et al., 1987). The temperature
variance in the IGW model can be inferred from Eq. (11)
(Sofieva et al., 2009):

σ 2
δT /T =

4π
3
C2
W,dryK

−2
W , (25)

which, in turn, determines the specific potential energy of
waves:

Ep =
1
2

(
g

ωB.V.

)2

σ 2
δT /T . (26)

Along with a wide spectrum of saturated IGWs, sepa-
rate quasi-monochromatic perturbations are detected from
spikes in stellar scintillation spectra (Gurvich and Chunchu-
zov, 2005; Sofieva et al., 2007a). They are, however, rarely
observed and do not influence the estimates of statistical mo-
ments.

Tsuda et al. (2000), de la Torre et al. (2006), and Khaykin
et al. (2015) (further references can be found in these pa-
pers) studied the global morphology ofEp in the stratosphere
using σ 2

δT /T evaluated from temperature profiles retrieved
from GPS/MET data. The wave activity can be monitored
directly from measurements of amplitude and phase fluctua-
tions of RO signals, using the simple relationships that link
them to IGW parameters. A simultaneous determination of
structure characteristics and outer scale from RO signal fluc-
tuations allows a more detailed study of IGWs. Adjusting
the method of the IGW parameter retrieval from stellar oc-
cultations (Gurvich and Kan, 2003a; Sofieva et al., 2007a,
2009), it is possible to derive the structure characteristic and
outer scale from amplitude spectra. These parameters can
also be inferred from eikonal spectra. Still, it is preferable
to use amplitude spectra, which are much more sensitive to
refractivity fluctuations: phase variations are proportional to
refractivity variations, while amplitude variations are propor-
tional to their second derivative (Rytov et al., 1989b). In ad-
dition, strong regular variations of the eikonal with the al-
titude may introduce significant uncertainties in the lower-
frequency region of the eikonal spectrum. However, for quick
estimates, it possible to use variances only. The amplitude
variance permits the determination of the structure charac-
teristics (Eq. 15); the eikonal variance, together with the es-
timate of the structure characteristics, allows the estimate of
the outer scale (Eq. 18). The maximum frequency of ampli-
tude spectra may indicate what inhomogeneity type is essen-
tial for the RO signal fluctuations.

6 Conclusions

In this study, we presented simple relationships and theoreti-
cal estimates of the amplitude and phase variances of RO sig-

nal for typical parameters of 3-D spectra based on two mod-
els: (1) the Kolmogorov turbulence and (2) saturated IGWs.
For GPS/MET observations in the altitude range of 4–25 km
for middle and polar latitudes, we derived the amplitude and
phase fluctuation spectra. Both theoretical and experimental
results indicate a dominant role of saturated IGWs in forming
the variances and spectra of amplitude and phase fluctuation
of RO signals in the stratosphere and upper troposphere, at al-
titudes above 4–5 km in middle and polar latitudes, and above
7–8 km in the tropics. Simple relationships that link IGW pa-
rameters and RO signal fluctuations may serve as a basis for
the global monitoring of IGW parameters and activity from
RO amplitude and phase observations in the stratosphere and
upper troposphere.
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