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Abstract. A great interest is growing about methods that
combine measurements from two or more instruments that
observe the same species either in different spectral re-
gions or with different geometries. Recently, a method
based on the Kalman filter has been proposed to com-
bine IASI (Infrared Atmospheric Sounding Interferome-
ter) and TROPOMI (TROPOspheric Monitoring Instrument)
methane products. We show that this method is equivalent to
the Complete Data Fusion method. Therefore, the choice be-
tween these two methods is driven only by the advantages of
the different implementations. From the comparison of the
two methods, a generalization of the Complete Data Fusion
formula, which is valid also in the case that the noise error
covariance matrices of the fused products are singular, is de-
rived. This comment uses several equations reported in the
preprint version of Schneider et al. (2022); therefore, refe-
rence is made to the preprint version of this paper.

1 Introduction

Remote atmospheric measurements are obtained with re-
trieval techniques (Rodgers, 2000) that determine the distri-
bution of an atmospheric parameter by fitting forward model
simulations to the available observations. Generally, the fit-
ting procedure consists of the minimization of a cost func-
tion made of the summation of two terms. The first term is
the square of the differences between observations and simu-
lations, weighted with the inverse covariance matrix (CM)
of the observations, and the second term is a constraint that

reflects our a priori knowledge of the distribution of the at-
mospheric parameter. When two or more instruments sound
the same portion of the atmosphere and observe the same at-
mospheric parameter either in different spectral regions or
with different geometries, the problem arises of how to iden-
tify the best strategy to combine the different measurements
in order to exploit all the information that is provided by the
observations in presence of the retrieval constraints.

Recently, Schneider et al. (2021) presented a method for
the combined use of the individual retrieval products of
IASI (Infrared Atmospheric Sounding Interferometer) and
TROPOMI (TROPOspheric Monitoring Instrument). The
method is based on the Kalman filter (Rodgers, 2000) and, as
stated by the authors, is largely equivalent to using the spec-
tra of the different sensors together in a single retrieval pro-
cedure (simultaneous retrieval). A method based on the same
principle, i.e., the application of the Kalman filter for com-
bining different satellite sensor observations, was already
presented in Warner et al. (2014) and used to combine CO
products of AIRS (Atmospheric InfraRed Sounder) and TES
(Tropospheric Emission Spectrometer), as well as of AIRS
and MLS (Microwave Limb Sounder).

The purpose of this comment is to study the relationship
between the method presented in Schneider et al. (2021) and
the Complete Data Fusion (CDF) method presented in Cec-
cherini et al. (2015). CDF also uses the output of the individ-
ual retrievals and, in the case that the linear approximation
holds in the range of the retrieved products, provides pro-
ducts equivalent to those of the simultaneous retrieval.

The formulae of the two methods are algebraically differ-
ent, but the connection of both methods to the simultaneous
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retrieval suggests a close relationship between them. It is im-
portant to understand whether the two methods are equiva-
lent (that is, if they provide the same results) and otherwise
to identify the reasons of the differences because this analy-
sis allows us to highlight the advantages of using one method
or the other. In effect, in Sect. 2 we prove the equivalence
between the two methods, and in Sect. 3 we draw the conclu-
sions.

2 Equivalence between data fusion with Kalman filter
and CDF

In this section, we prove the equivalence of the method pro-
posed in Schneider et al. (2021) and the CDF method pro-
posed in Ceccherini et al. (2015).

We start from Eq. (A9) of Schneider et al. (2021) as fol-
lows:

x̂a
= x̂b

+M
[
x̂o
−Hx̂b

]
, (1)

where x̂a is the analysis state, x̂b is the background state, x̂o

is the new observation, M is the Kalman gain matrix, and H is
the measurement forward operator. In our case, this equation
determines the product of the fusion of two measurements
(the analysis state) by combining the first measurement (the
background state) with the information provided by the sec-
ond measurement (the new observation).

We substitute in Eq. (1) the different quantities, as given in
Appendix A2.3 of Schneider et al. (2021). From Eqs. (A14),
(A15), and (A13) we have, respectively, the following:

x̂b
= x̂1− xa, (2)

x̂o
= x̂2− xa (3)

and

H= A2 , (4)

where x̂1 and x̂2 are the two individual retrieval products, xa
is the a priori state vector, and A2 is the averaging kernel ma-
trix of x̂2. The Kalman gain matrix M is given by Eq. (A17),
which, using Eq. (A4), becomes the following:

M=
(

F1+F2+S−1
a

)−1(
F2+S−1

a

)
, (5)

where Sa is the a priori CM, and we have introduced the
Fisher information matrices (Fisher, 1935; Ceccherini et al.,
2012) F1 and F2, which are given by the following:

Fi =KT
i S−1

yi ,nKi = ATi S−1
x̂i ,n

Ai = S−1
x̂i

Ai i = 1,2, (6)

where Ki are the Jacobian matrices of the forward models,
Syi ,n are the CMs for noise on the measured radiances yi ,
Sx̂i ,n are the noise error CMs of the retrieved states, and Sx̂i
are the a posteriori CMs. The Fisher information matrices

are useful quantities that fully describe the information pro-
vided by the observations on the state vectors and are easily
obtained using either the quantities that characterize the ob-
servations or those that characterize the measurements. In the
case that the matrices Sx̂i ,n are singular, Eq. (6) is still valid
if we replace the matrices S−1

x̂i ,n
with the generalized inverse

matrices (Kalman, 1976) S#
x̂i ,n

, as shown in the Appendix
of Ceccherini et al. (2012). Equations (5) and (6) show that
the Kalman gain matrix takes into account the uncertainties
of both measurements and the a priori state vector when we
combine them using Eq. (1).

In analogy with Eqs. (2) and (3), we introduce the quantity
x̂f, such as the analysis state x̂a is the difference between x̂f
and xa as follows:

x̂a
= x̂f− xa. (7)

Substituting Eqs. (2)–(5) and (7) in Eq. (1), we obtain the
following:

x̂f− xa = x̂1− xa+
(

F1+F2+S−1
a

)−1(
F2+S−1

a

)
[
x̂2− xa−A2

(
x̂1− xa

)]
. (8)

Using Eqs. (A2)–(A3) of Schneider et al. (2021) and
Eq. (6), we have the following:

Ai =
(

Fi +S−1
a

)−1
Fi i = 1,2. (9)

Therefore, Eq. (8) can be written as follows:

x̂f− xa =
[

I−
(

F1+F2+S−1
a

)−1
F2
](
x̂1− xa

)
+

(
F1+F2+S−1

a

)−1 (
F2+S−1

a

)(
x̂2− xa

)
=
(

F1+F2+S−1
a
)−1

[(
F1+S−1

a

)(
x̂1− xa

)
+

(
F2+S−1

a

)(
x̂2− xa

)]
. (10)

Consistent with Eq. (3) of Ceccherini et al. (2015), we in-
troduce the αi quantities, as follows:

x̂i − xa = αi −Aixa i = 1,2, (11)

and Eq. (10) becomes:

x̂f− xa =
(

F1+F2+S−1
a

)−1[(
F1+S−1

a

)
(α1−A1xa)

+

(
F2+S−1

a

)
(α2−A2xa)

]
=

(
F1+F2+S−1

a

)−1[(
F1+S−1

a

)
α1

+

(
F2+S−1

a

)
α2−F1xa−F2xa

]
=

(
F1+F2+S−1

a

)−1[(
F1+S−1

a

)
α1

+

(
F2+S−1

a

)
α2+S−1

a xa

]
− xa , (12)
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when we have used Eq. (9).
Using Eqs. (A2) and (A5) of Schneider et al. (2021), we

can write the noise error CMs as follows:

Sx̂i ,n =
(

Fi +S−1
a

)−1
Fi
(

Fi +S−1
a

)−1
i = 1,2. (13)

In the case that Sx̂i ,n are not singular matrices, from Eq. (9)
the following results:

ATi S−1
x̂i ,n
=

(
Fi +S−1

a

)
i = 1,2, (14)

and, using Eqs. (6) and (14), from Eq. (12) we obtain the
following:

x̂f =
(

AT1 S−1
x̂1,n

A1+AT2 S−1
x̂2,n

A2+S−1
a

)−1

[
AT1 S−1

x̂1,n
α1+AT2 S−1

x̂2,n
α2+S−1

a xa

]
, (15)

which is the equation of the CDF reported in Eq. (5) of Cec-
cherini et al. (2015), proving the equivalence of the Kalman
filter method reported in Schneider et al. (2021) with the
CDF method reported in Ceccherini et al. (2015). The form
of Eq. (15) highlights that the combination of the two mea-
surements is a generalization of the weighted mean, where in
the weighting not only the CMs but also the averaging ker-
nel matrices are taken into account. The expression coincides
with the weighted mean in the case that the averaging kernel
matrices are equal to the identity matrices.

In the case that Sx̂i ,n are singular matrices, we cannot write
Eq. (15). However, using Eq. (A4) of Schneider et al. (2021)
and Eq. (6), from Eq. (12) we obtain the following:

x̂f =
(

S−1
x̂1

A1+S−1
x̂2

A2+S−1
a

)−1

[
S−1
x̂1
α1+S−1

x̂2
α2+S−1

a xa

]
. (16)

Equation (16) is valid also when Sx̂i ,n are singular matrices
and fully maintains the equivalence with the method pro-
posed in Schneider et al. (2021). Furthermore, it is equivalent
to Eq. (15) when Sx̂i ,n are not singular matrices. Therefore,
Eq. (16) is more general than Eq. (15) that was proposed for
the CDF in Ceccherini et al. (2015).

3 Conclusions

The equivalence between the method for the synergetic use
of data acquired by different instruments proposed in Schnei-
der et al. (2021) and the CDF method proposed in Ceccherini
et al. (2015) has been proved. However, the original CDF for-
mula can only be used in the case that the noise error CMs of
the fused products are not singular. The full equivalence of
the two methods exists only in the case of the revised CDF
formula that has been here derived and given in Eq. (16).

The CDF method was also proved (Ceccherini, 2016) to
be equivalent to the measurement–space–solution data fu-
sion method (Ceccherini et al., 2009) that explicitly consid-
ered the case of measurements made in an incomplete space.
Therefore, the three methods are equivalent among them-
selves, and for linear and moderately nonlinear problems,
they are all equivalent to the simultaneous retrieval. Con-
sequently, we expect that the choice of which among these
three methods can be more efficiently used in an operational
data fusion depends only on the implementation advantages.
Studies that assess the implementation convenience of the
three methods for different data fusion problems would be
very useful. A significant difference in the implementation
between the method proposed in Schneider et al. (2021) and
the other two methods occurs when we have to combine more
than two measurements. In this case, while the Kalman fil-
ter method requires a sequential approach in which we add
one measurement at a time, the CDF and the measurement–
space–solution data fusion methods have the advantage that
they can be implemented by fusing all the available measure-
ments in a single step.

Data availability. No data sets were used in this article.

Competing interests. The author has declared that there are no
competing interests.

Disclaimer. Publisher’s note: Copernicus Publications remains
neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Acknowledgements. The author is grateful to Bruno Carli, for the
useful discussions.

Review statement. This paper was edited by Russell Dickerson and
reviewed by Juying Warner, Matthias Schneider, and one anony-
mous referee.

References

Ceccherini, S.: Equivalence of measurement space solution data fu-
sion and complete fusion, J. Quant. Spectrosc. Ra., 182, 71–74,
2016.

Ceccherini, S., Raspollini, P., and Carli, B.: Optimal use of the infor-
mation provided by indirect measurements of atmospheric verti-
cal profiles, Opt. Express., 17, 4944–4958, 2009.

Ceccherini, S., Carli, B., and Raspollini, P.: Quality quantifier of
indirect measurements, Opt. Express, 20, 5151–5167, 2012.

https://doi.org/10.5194/amt-15-4407-2022 Atmos. Meas. Tech., 15, 4407–4410, 2022



4410 S. Ceccherini: Comment on Schneider et al. (2022)

Ceccherini, S., Carli, B., and Raspollini, P.: Equivalence of data fu-
sion and simultaneous retrieval, Opt. Express, 23, 8476–8488,
2015.

Fisher, R. A.: The logic of inductive inference, J. R. Stat. Soc., 98,
39–54, 1935.

Kalman, R. E.: Algebraic aspects of the generalized inverse of a
rectangular matrix, in: Proceedings of Advanced Seminar on
Generalized Inverse and Applications, Nashed, M. Z., Academic,
San Diego, CA, USA, 111–124, https://doi.org/10.1016/B978-0-
12-514250-2.50006-8, 1976.

Rodgers, C. D.: Inverse Methods for Atmospheric Sounding:
Theory and Practice, Vol. 2 of Series on Atmospheric,
Oceanic and Planetary Physics, World Scientific, Singapore,
https://doi.org/10.1142/3171, 2000.

Schneider, M., Ertl, B., Diekmann, C. J., Khosrawi, F., Röhling, A.
N., Hase, F., Dubravica, D., García, O. E., Sepúlveda, E., Bors-
dorff, T., Landgraf, J., Lorente, A., Chen, H., Kivi, R., Laem-
mel, T., Ramonet, M., Crevoisier, C., Pernin, J., Steinbacher,
M., Meinhardt, F., Deutscher, N. M., Griffith, D. W. T., Ve-
lazco, V. A., and Pollard, D. F.: Synergetic use of IASI and
TROPOMI space borne sensors for generating a tropospheric
methane profile product, Atmos. Meas. Tech. Discuss. [preprint],
https://doi.org/10.5194/amt-2021-31, in review, 2021.

Schneider, M., Ertl, B., Tu, Q., Diekmann, C. J., Khosrawi, F., Röh-
ling, A. N., Hase, F., Dubravica, D., García, O. E., Sepúlveda, E.,
Borsdorff, T., Landgraf, J., Lorente, A., Butz, A., Chen, H., Kivi,
R., Laemmel, T., Ramonet, M., Crevoisier, C., Pernin, J., Stein-
bacher, M., Meinhardt, F., Strong, K., Wunch, D., Warneke, T.,
Roehl, C., Wennberg, P. O., Morino, I., Iraci, L. T., Shiomi, K.,
Deutscher, N. M., Griffith, D. W. T., Velazco, V. A., and Pollard,
D. F.: Synergetic use of IASI profile and TROPOMI total-column
level 2 methane retrieval products, Atmos. Meas. Tech., 15,
4339–4371, https://doi.org/10.5194/amt-15-4339-2022, 2022.

Warner, J. X., Yang, R., Wei, Z., Carminati, F., Tangborn, A., Sun,
Z., Lahoz, W., Attié, J.-L., El Amraoui, L., and Duncan, B.:
Global carbon monoxide products from combined AIRS, TES
and MLS measurements on A-train satellites, Atmos. Chem.
Phys., 14, 103–114, https://doi.org/10.5194/acp-14-103-2014,
2014.

Atmos. Meas. Tech., 15, 4407–4410, 2022 https://doi.org/10.5194/amt-15-4407-2022

https://doi.org/10.1016/B978-0-12-514250-2.50006-8
https://doi.org/10.1016/B978-0-12-514250-2.50006-8
https://doi.org/10.1142/3171
https://doi.org/10.5194/amt-2021-31
https://doi.org/10.5194/amt-15-4339-2022
https://doi.org/10.5194/acp-14-103-2014

	Abstract
	Introduction
	Equivalence between data fusion with Kalman filter and CDF
	Conclusions
	Data availability
	Competing interests
	Disclaimer
	Acknowledgements
	Review statement
	References

