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Abstract. The WPR-LQ-7 is a UHF (1.3575 GHz) wind pro-
filer radar used for routine measurements of the lower tropo-
sphere at Shigaraki MU Observatory (34.85◦ N, 136.10◦ E;
Japan) at a vertical resolution of 100 m and a time resolution
of 10 min. Following studies carried out with the 46.5 MHz
middle and upper atmosphere (MU) radar (Luce et al., 2018),
we tested models used to estimate the rate of turbulence ki-
netic energy (TKE) dissipation ε from the Doppler spectral
width in the altitude range ∼ 0.7 to 4.0 km above sea level
(a.s.l.). For this purpose, we compared LQ-7-derived ε using
processed data available online (http://www.rish.kyoto-u.ac.
jp/radar-group/blr/shigaraki/data/, last access: 24 July 2023)
with direct estimates of ε (εU) from DataHawk UAVs. The
statistical results reveal the same trends as reported by Luce
et al. (2018) with the MU radar, namely (1) the simple formu-
lation based on dimensional analysis εLout = σ

3/Lout, with
Lout ∼ 70 m, provides the best statistical agreement with εU.
(2) The model εN predicting a σ 2N law (N is Brunt–Vaïsälä
frequency) for stably stratified conditions tends to overes-
timate for εU . 5× 10−4 m2 s−3 and to underestimate for
εU & 5×10−4 m2 s−3. We also tested a model εS predicting a
σ 2S law (S is the vertical shear of horizontal wind) supposed
to be valid for low Richardson numbers (Ri=N2/S2). From
the case study of a turbulent layer produced by a Kelvin–
Helmholtz (K–H) instability, we found that εS and εLout are
both very consistent with εU, while εN underestimates εU in
the core of the turbulent layer where N is minimum. We also
applied the Thorpe method from data collected from a nearly
simultaneous radiosonde and tested an alternative interpreta-

tion of the Thorpe length in terms of the Corrsin length scale
defined for weakly stratified turbulence. A statistical analy-
sis showed that εS also provides better statistical agreement
with εU and is much less biased than εN . Combining esti-
mates ofN and shear from DataHawk and radar data, respec-
tively, a rough estimate of the Richardson number at a verti-
cal resolution of 100 m (Ri100) was obtained. We performed
a statistical analysis on the Ri dependence of the models. The
main outcome is that εS compares well with εU for low Ri100
(Ri100 . 1), while εN fails. εLout varies as εS with Ri100, so
that εLout remains the best (and simplest) model in the ab-
sence of information on Ri. Also, σ appears to vary as Ri−1/2

100
when Ri100 & 0.4 and shows a degree of dependence on S100
(vertical shear at a vertical resolution of 100 m) otherwise.

1 Introduction

The dissipation rate ε (m2 s−3 or W kg−1) of turbulence ki-
netic energy (TKE) is an important variable for assessing the
rate of change of TKE with time. This variable appears in
a simplified expression of the ensemble-mean TKE budget
equation (see, e.g., Stull, 1988, for a complete derivation and
for its conditions of validity):

∂TKE/∂t = P −B − ε, (1)

where P is the shear production term and B the buoyancy
flux term. Note that advection terms on the left-hand side
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have been omitted. Under steady-state conditions, the left-
hand side is zero, and there exists a balance between the
rates of shear production, buoyancy production/dissipation
and dissipation of TKE. In practice, ε can be estimated in
the atmosphere from VHF stratosphere–troposphere radar
and UHF wind profiler measurements of Doppler spectral
width, hereafter, noted 2σobs (m s−1) (e.g., Hocking, 1983,
1985, 1986, 1999; Fukao et al., 1994; Cohn, 1995, Kurosaki
et al., 1996; Bertin et al., 1997; Delage et al., 1997; Naström
and Eaton, 1997; Dole et al., 2001; Jacoby-Kaoly et al., 2002;
Satheesan and Krishna Murthy, 2002; Naström and Eaton,
2005; Wilson et al., 2005; Kalapureddy et al., 2007; Singh et
al., 2008; Dehghan and Hocking, 2011; Kantha and Hocking,
2011; Dehghan et al., 2014; Wilson et al., 2014; Hocking et
al., 2016; Li et al., 2016; Kohma et al., 2019; Jaiswal et al.,
2020; Chen et al., 2022).

Several models have been proposed to relate 2σobs to ε.
Some studies have accepted the validity of these models in
order to perform statistical analyses of the turbulence char-
acteristics in the troposphere–stratosphere (e.g., Fukao et
al., 1994; Kurosaki et al., 1996; Naström and Eaton, 1997;
Kalapureddy et al., 2007; Fukao et al., 2011; Chen et
al., 2022). Other studies have tested the consistency between
models based on spectral width measurement and their con-
sistency with other radar models based on echo power or ra-
dial wind velocity variance measurement (e.g., Cohn, 1995;
Bertin et al., 1997; Delage et al., 1997; Satheesan and Kr-
ishna Murty, 2002; Singh et al., 2008). Yet others assessed
the radar estimates from cross-comparisons with indirect es-
timates based on the Thorpe sorting method applied to po-
tential temperature profiles measured by standard radioson-
des (e.g., Clayson and Kantha, 2008; Kantha, 2010; Kan-
tha and Hocking, 2011; Wilson et al., 2014; Li et al., 2016;
Kohma et al., 2019; Jaiswal et al., 2020). However, attempts
at validations from direct in situ estimates of ε from veloc-
ity fluctuation measurements remain very rare. McCaffrey et
al. (2017) compared ε estimates derived from a UHF wind
profiler and those obtained from sonic anemometer energy
spectra made at a 300 m altitude. Shaw and LeMone (2003)
and Jacoby-Koaly et al. (2002) evaluated the performance of
UHF wind profilers from in situ ε aircraft and/or tower mea-
surements mainly in the convective boundary layer. Dehghan
et al. (2014) made ε comparisons between aircraft and the
VHF (40.68 MHz) Harrow radar with mixed results.

In addition to being rare, the above-mentioned studies did
not aim to test the same radar models. Luce et al. (2018),
hereafter denoted L18, assessed different models from com-
parisons with direct estimates of ε from air speed fluctua-
tion measurements made from highly sensitive Pitot sensors
aboard DataHawk UAVs and the VHF 46.5 MHz middle and
upper atmosphere (MU) radar observations in the lower tro-
posphere. One of the objectives of the present work is to
show that the conclusions obtained from comparisons with
the MU radar are also quantitatively valid for the WPR-LQ-
7 (Imai et al., 2007), a UHF wind profiler routinely used at

the Shigaraki MU Observatory. We also introduce and test
another model expected to be valid for weakly stratified or
strongly sheared conditions, i.e., low Richardson (Ri) num-
bers (Hunt et al., 1988; Basu et al., 2021; Basu and Holtslag,
2021) for which the static stability effects can be ignored. Ri
is defined as N2/S2, where N2

= (g/θ)dθ/dz is the squared
Brunt–Väisälä frequency (s−2), g ≈ 9.81 m s−2 is the gravi-
tational acceleration, θ (K) is the potential temperature and
S (s−1) is the vertical shear of the horizontal wind vector.

Section 2 introduces the expressions for ε used in the
present paper with a focus on the newly introduced model
in radar studies. Section 3 briefly describes the WPR-LQ-
7 and the methods used for the comparisons. Section 4 de-
scribes the results for two turbulent layers, one of which was
clearly produced by a Kelvin–Helmholtz (K–H; shear flow)
instability because of the observation of S-shaped structures
specific to this instability in both time–height MU and WPR-
LQ-7 echo power cross-sections. The results of comparisons
of ε values obtained from the different models applied to
the two radars, DataHawk measurements, and a simultane-
ous radiosonde using the Thorpe sorting method of vertical
potential temperature profiles are described for the two lay-
ers. Section 5 shows statistics on the consistency between the
estimates of ε from the different models and the DataHawks
and describes the dependence of the models on Ri. Finally,
conclusions are given in Sect. 6.

2 The radar models of ε

2.1 The models tested by L18

The different models and their conditions of application have
already been described by L18. Here, the expressions are
simply reintroduced. Assuming a vertically pointing radar
beam, the first expression is

εLout = σ
3/Lout, (2)

where σ 2 is an estimate of the variance 〈w′2〉 of the verti-
cal wind fluctuations produced by turbulence. Lout has the
dimension of a length scale and represents the scale of en-
ergy containing turbulent eddies if σ 2 is an unbiased esti-
mate of 〈w′2〉. In practice, σ 2 is obtained after removing the
non-turbulent contributions from σ 2

obs (e.g., Hocking, 1983;
Nastrom, 1997; Hocking et al., 2016, and references therein).
The practical method used in the present work is described in
the Appendix of L18. The dissipation rate is expected to vary
as σ 3 if σ and Lout are independent or when the typical scale
of turbulent eddies exceeds the dimensions of the radar vol-
ume, so that Lout would mainly be a function of these dimen-
sions (e.g., Frisch and Clifford, 1974; Labitt, 1979; Doviak
and Zrnić, 1984; White et al., 1999).

The second expression (e.g., Hocking, 1983, 1999; Hock-
ing et al., 2016) is

εN = CNσ
2N, (3)
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where CN is a constant. This expression is expected to be
valid for turbulence in a stable stratification (N2 > 0) whose
outer scale is defined by the buoyancy length scale expressed
as LB =

√
〈w′2〉/N = σ/N . Equation (3) is thus equivalent

to εN = CNσ 3/LB. In a pioneering contribution, Hocking
(1983) first derived Eq. (3) from the integration of the trans-
verse 1D spectrum of vertical velocities over the inertial and
buoyancy subranges to relate ε to 〈w′2〉. In its original deriva-
tion, the author assumed roughly equal contributions to 〈w′2〉
from the inertial and buoyancy subranges. More recently,
Hocking et al. (2016) proposed a more general expression
by introducing a variable factor F , where F is the ratio of
the buoyancy contribution to the inertial subrange contribu-
tion. This factor can vary from 0.5 to 1. It affects the value of
the constant CN , and Hocking et al. (2016) recommend that
a value of (0.5± 0.25) be used, which takes into account the
variability of F , which is difficult to determine in practice.

The results of comparisons using Eqs. (2) and (3) reported
by L18 with DataHawk-derived ε showed that Eq. (2) pro-
vides the best overall statistical comparisons for Lout ∼ 50–
70 m. On the other hand, the analysis of the comparison re-
sults with εN suggested that N is not a key parameter since
the quality of the comparisons appeared to be independent of
N .

2.2 The model for strongly sheared or/and weakly
stratified flows

While it seems that the conditions of strong shear and weak
stratification have not received much attention in the radar
community, several studies showed that ε can be written as
(Hunt et al., 1988; Schumann and Gerz, 1995)

εS = CSσ
2S. (4)

Note that we do not make the distinction between σ 2 and
〈w′2〉 for simplicity. Equation (4) is equivalent to εS =

CSσ
3/LH, where LH = σ/S is the Hunt length scale. Equa-

tion (4) can be interpreted as the fact that turbulent eddies are
first stretched by shear before being affected by stratification
in strongly sheared or weakly stratified flows. This concept
was discussed by Hocking and Hamza (1997), but they did
not mention the Hunt length scale and did not go further into
it. Hunt et al. (1988) suggested that Eq. (4) can be valid up
to Ri∼ 0.5. Schumann and Gerz (1995) even proposed up
to Ri∼ 1 from large eddy simulations. Hunt et al. (1988)
proposed CS ≈ 0.45 for neutral stationary boundary layers.
Kaltenbach et al. (1994) found 0.54< CS < 0.62 from large
eddy simulations. By using Eq. (1) for a homogeneous shear
layer in steady state, i.e., ε = P −B, and similarity theory,
Basu and Holtslag (2021) re-evaluated the constant CS and
provided a generalization of Eq. (4):

ε′S = CS

(
1−Rf

Ri

)1/2

σ 2N = CS(1−Rf)
1/2σ 2S

= C′S(Rf)σ
2S, (5a)

with CS = 0.63. Rf is the flux Richardson number. It is re-
lated to the turbulent Prandtl number Pr byRf = Ri/Pr. Basu
et al. (2021) found from direct numerical simulation (DNS)
that Eq. (4) with CS ∼ 0.60 is valid up to Ri∼ 0.2 at least.
For 0< Ri . 0.25, C′S(Rf) decreases from 0.63 to 0.60, us-
ing the analytical expression (Eq. 22) of Basu and Holt-
slag (2021) for Pr(Ri). For Ri→ 0, we have Rf→ 0, then
ε′S→ εS = 0.63σ 2S. For Ri→ 1, Rf ∼ 0.25, ε′S→ 0.5σ 2N .
Therefore, Eq. (3) would be quantitatively equivalent to
Eq. (5a) for Ri of the order of 1 despite the fact that the
two approaches cannot be reconciled because, in essence,
there is no contribution from an anisotropic buoyancy sub-
range in Eq. (5a). Equation (4) removes an inconsistency in
Eq. (3), since it wrongly indicates that ε→ 0 when N→ 0
for a given σ 2. If S = 0, i.e., if the source of the instabil-
ity that generates turbulence is removed, then ε = 0, which
makes more sense.

As discussed by Basu and Holtslag (2021, Sect. 6.2) and
Basu and Holtslag (2022, their Appendix 1), the deriva-
tion of Eq. (5) does not consider the fact that the steady-
state condition (also called “full equilibrium” (FE), Baumert
and Peters, 2000) can only be reached for a single value of
Richardson number Ris, at least for large Reynolds num-
bers and large shear parameters STL, where TL is the iner-
tial timescale defined as TKE/ε (see, e.g., Mater and Ve-
nayagamoorthy, 2014). For Ri< Ris, TKE increases at sub-
critical Ri, and for Ri> Ris, TKE decreases (turbulence de-
cays) at supercritical Ri (e.g Baumert and Peters, 2000).
From large eddy simulation (LES) and DNS data, Schumann
(1994) and Gerz et al. (1989) reported RiS ≈ 0.13 for air,
consistent with the value that can be deduced from Fig. 1 of
Mater and Venayagamoorthy (2014). Schumann (1994) re-
wrote the TKE budget Eq. (1) as ∂TKE/∂t = (G−1)(ε+B)
where G= P/(ε+B) is called the growth factor. G= 1 for
FE conditions. By assuming, for simplicity, that G only de-
pends on Ri, Schumann proposed the empirical expression
G(Ri)=G(1−Ri/Ris)

0 with G0 = 1.47± 0.13 based on wind-
tunnel data analysis. By using the same procedure as Basu
and Holtslag (2021) from their Eqs. (10) to (12) but starting
with ε = P/G−B, we get

ε′′S =
0.63
G1/2 (1−GRf)

1/2σ 2S. (5b)

Equation (5b) can also be directly obtained by using
Eq. (46a) in Eq. (10b) of Basu and Holtslag (2021). For
0< Ri . 0.25, C′′S = CS/G

1/2(1−GRf)
1/2 increases from

0.52 to 0.70, i.e., ∼ 0.60 on average, for Ris ≈ 0.13 and
G0 = 1.47. The Ri dependence of C′′S is thus only a small
source of dispersion for low Ri values when comparing with
other estimates.

From the results of Baumert and Peters (2000) using a
“structural equilibrium” approach (i.e., stationarity of ra-
tios of turbulence characteristics) and based on laboratory
and LES data (their Fig. 4), we can establish εS = 0.15σ 2S

valid for Ri . 0.25. This expression is obtained by com-
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bining LH/LB = Ri1/2, LE/LO = 4.2Ri3/4 and LE/LB =

1.61 Ri1/2, where LE =

√
〈θ ′2〉/(dθ/dz) and LO =

√
ε/N3

are the Ellison and Ozmidov length scales, respectively. The
constant differs very significantly (by a factor of 3 to 4
less) from the aforementioned estimates. If we use LE/LO =

2.4 Ri3/4 as proposed by Schumann (1994) for Ri≤ 0.25,
we get εS = 0.44σ 2S with the same LE/LB ratio. These
expressions are more subject to experimental uncertainties
and are thus not considered in this paper. In Appendix A,
we propose an alternative derivation of Eq. (4), suggesting
0.45≤ CS ≤ 0.82. We retain the value of CS = 0.63 for the
comparisons between the models.

Following the spectral approach proposed by Weinstock
(1981), Eq. (4) with CS equal to CN ≈ 0.5 can also be ob-
tained from the integration of the 1D Kolmogorov (−5/3
slope) scalar kinetic energy spectrum over a spherical shell
of radius kH instead of kB, where kH(kB) is the wavenum-
ber corresponding to LH(LB). For the context of radar mea-
surements (e.g., Hocking et al., 2016), Eq. (4) can also be
obtained from the integration of the 1D transverse vertical
velocity spectrum with a −5/3 slope for large (horizontal)
wavenumbers (k > kH) and a zero slope for (k < kH), both
mathematical developments being equivalent.

Finally, εS has the advantage that it can be evaluated en-
tirely from the radar data, since the wind shear S can be es-
timated at the range and time resolutions of the radar, unlike
εN which requires N2 to be obtained from in situ or radio-
acoustic sounding system measurements.

3 The WPR-LQ-7 and methods of comparisons with
UAV data

3.1 The WPR-LQ-7

The WPR-LQ-7 is a 1.3575 GHz Doppler radar. It has a
phased array antenna composed of seven Luneberg lenses of
800 mm diameter. Its peak output power is 2.8 kW. It can be
steered into five directions sequentially (i.e., after fast Fourier
transform (FFT) operations), vertical and 14.2◦ off zenith to-
ward north, east, south and west. The main radar parame-
ters of the WPR-LQ-7 installed at Shigaraki MU Observatory
since 2006 are given in Table 1.

The acquisition time for one profile composed of 80 alti-
tudes from 300 m a.g.l. (∼ 684 m a.s.l.) every 100 m in each
direction is 59 s after 18 incoherent integrations but for a to-
tal of 11.8 s of observations for each direction (due to the
intertwining between the directions). The time series are
processed by automatic algorithms to remove outliers (e.g.,
bats, birds, airplanes) and ground clutter as far as possible.
Low signals near and below the detection thresholds are re-
moved, and profiles of atmospheric parameters (echo power,
radial winds, half-power spectral width, horizontal and verti-
cal winds) averaged over 10 min are made available for rou-
tine monitoring (http://www.rish.kyoto-u.ac.jp/radar-group/

blr/shigaraki/data/, last access: 24 July 2023). Because of the
high data quality control, the 10 min averaged data are used
to retrieve ε with the objective to assess the routine data for
further analysis. The 59 s resolution data and those collected
by the MU radar at a time resolution (sampling) of 24.57 s
(∼ 12.3 s) were used to help identify atmospheric structures
from height–time signal-to-noise ratio (SNR) or echo power
cross-sections, such as convective cells or Kelvin–Helmholtz
(K–H) billows. Table 2 shows the acquisition time, the range
and transverse resolutions of the WPR-LQ-7 for the altitude
range of comparisons, and the range and resolutions of the
MU radar for the data used in the present work.

3.2 The methods of comparison with
DataHawk-derived ε

The DataHawk datasets were collected during two field
campaigns, called the Shigaraki UAV Radar Experiment
(ShUREX), in May–June 2016 and June 2017 at the Shi-
garaki MU observatory. The DataHawks were flying about
1 km away from the MU radar and the WPR-LQ-7. Kantha et
al. (2017) described the instruments and configurations used
during a previous ShUREX campaign in June 2015. The pro-
cessing method used to retrieve ε from Pitot sensor data is not
recalled here as it is described in detail by L18 for compar-
isons with MU radar data. The trajectories of the DataHawks
being helicoidal upwards or downwards, pseudo-vertical pro-
files of ε at a vertical sampling of ∼ 5 m typically were ob-
tained during the ascents and descents of the aircraft, from
the ground up to a maximum altitude of ∼ 4.5 km. A total of
36 DataHawk datasets collected during the two campaigns
provided 90 full or partial profiles used for the comparisons.
Section 4 describes one of these flights with one full ascent
(A1) and descent (D2) and one partial ascent (A2) and de-
scent (D1). Three DataHawk flights collected during periods
of precipitation contaminating the WPR-LQ-7 returns were
rejected. The DataHawk-derived ε profiles were smoothed
with a Gaussian window and resampled at the altitude of the
radar gates to simulate the radar range resolution. The de-
graded DataHawk 100 m resolution profiles are hereafter de-
noted εU.

The WPR-LQ-7-derived εLout , εN and εS profiles were
computed at a time resolution of 10 to 30 min, i.e., by aver-
aging up to three consecutive profiles that best correspond to
each period of DataHawk ascent or descent. εLout was calcu-
lated withLout = 70 m in accordance with the best agreement
from comparisons with the MU radar (L18) and the statistics
of Lout shown in Sect. 5. The profiles of N2 at a vertical
resolution of 100 m were estimated from pressure and tem-
perature profiles collected by the DataHawks. These profiles
were used to obtain εN (Eq. 3). εS profiles were computed
from Eq. (4) every 10 min from wind shear estimated from
radar data and then averaged up to 30 min.
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Table 1. WPR-LQ-7 parameters in routine observation mode.

Parameter

Beam directions (0◦, 0◦), (0◦, 14.2◦), (90◦, 14.2◦), (180◦, 14.2◦), (270◦, 14.2◦)
Radar frequency (MHz) 1357
Interpulse period (µs) 80
Subpulse duration (µs) 0.67
Pulse coding 16-bit optimal complementary code
Range resolution (m) 100
Number of gates 80
Coherent integration number 64
Incoherent integration number 18
Number of FFT points 128
Acquisition time for one profile (s) (antenna beam switched after FFT) 59 s
Acquisition time of the mean profile (min) 10
Velocity aliasing (m s−1) 10.8

Table 2. Time, range and transverse resolutions of the MU radar and WPR-LQ-7 for the dataset used in the present work. NINCOH refers
to the number of incoherent integrations. The range resolution is 1r= 1/2cτ , where c is the light speed and τ is the pulse duration, and the
transverse resolution is 2θ0z, where θ0 is the half-power half width of the effective (two-way) radar beam and z is the altitude as defined in
L18. The time series of MU radar signals are weighted by a Hanning window before FFT calculations.

MU radar WPR-LQ-7
(during the campaigns) (routine mode)

Acquisition time (s) (for one profile) 24.57 every 12.3 s 0.66 s (every 3.3 s) × NINCOH(18)= 11.8 s over 59 s
Range resolution (m) 150 100
Transverse resolution (m) (at z= 2000 m) ∼ 100 ∼ 150

3.3 Estimation of ε from the Thorpe method applied to
radiosonde data

The Ozmidov length scale LO =
√
ε/N3 is commonly as-

sumed to be proportional to the Thorpe length LT , 〈d′2〉1/2,
where d′ is the Thorpe displacement in the so-called Thorpe
layer. Then, we have LO = cLT and

εT = c
2L2

TN
3. (6)

The literature is very divided on the value of c to use
(0.25< c < 4) (see Kohma et al., 2019, for a review). Wi-
jesekera and Dillon (1997) showed large temporal variations
of LT/LO from observations in the ocean. Large tempo-
ral variations were also reported from DNS depending on
the stage and source of turbulence (e.g., Fritts et al., 2016).
An intermediate value of c = 1 is sometimes used by de-
fault (e.g., Kantha and Hocking, 2011). However, Mater et
al. (2013) showed that c ∼ 1 when the turbulent Froude num-
ber Fr = ε/(N TKE) is near unity (at the transition between
shear- and buoyancy-dominated regimes). The basic N2 for
the Thorpe layers is generally estimated from the sorted po-
tential temperature profile (N2

s ) or from the rms value of the
fluctuations defined as the difference between the measured
and sorted profiles (N2

rms) (e.g., Smyth et al., 2001; Wilson
et al., 2014).

Another scale, called the Corrsin length scale, is defined
as Lc =

√
ε/S3. It is the counterpart of the Ozmidov length

scale for shear flows under neutral stratification conditions.
Similarly, assuming Lc = c

′LT, we can write

εT ′ = c
′2L2

TS
3. (7)

Equation (7) is thus a possible alternative to Eq. (6), when
the Corrsin length scale is smaller than the Ozmidov length
scale. These equations are coherent with the results of Mater
et al. (2013), who showed that LT scales with (TKE)1/2/S
in the shear-dominated regime and with (TKE)1/2/N in the
buoyancy-dominated regime. Equation (7) can also be jus-
tified, and the parameter c′ can be estimated as follows.
The aforementioned ratios LE/LO = 4.2 Ri3/4 and LE/LO =

2.4Ri3/4, found for weakly stratified flows (Ri≤ 0.25) by
Baumert and Peters (2000) and Schumann (1994), respec-
tively, may be representative of LT/LO = 1/c(Ri) for flows
free of gravity wave motions. Indeed, LE = LT is obtained
if dθ/dz is a constant, which implies the absence of gravity
waves. By introducing the expressions of LT/LO = 1/c(Ri)
into Eq. (6), we obtain Eq. (7), with c′ (hereafter noted c′Sc)
equal to 1/2.4= 0.41 or c′ (hereafter noted c′BP) equal to
1/4.2= 0.24. Note that c′ is a constant, while c depends on
Ri. For a shear-dominated regime, from Fig. 3e, f, g and h
of Mater and Venayagamoorthy (2014), we can typically de-
duce 0.25< c′ < 0.5 from DNS and c′ ∼ 0.33 from experi-
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Figure 1. (a) Time–height cross-section of WPR-LQ-7 signal-to-noise ratio (dB) at vertical incidence on 18 June 2017 from 13:30 to
17:30 LT. (b) The corresponding time–height cross-section of MU radar echo power (dB) in (high-resolution) range imaging mode at vertical
incidence. “A1”, “D1”, “A2” and “D2” refer to the consecutive ascents and descents of the DataHawk UAV (DH35), emphasized by the red
lines. The blue line shows the time–altitude of the radiosonde V6 launched at 14:51 LT from Shigaraki MU Observatory.

mental data, which is very consistent with the other values.
In Appendix B, we show that c′ = 0.28 can be found from
an alternative approach based on the inference of the turbu-
lent Froude number from LE/LO for weakly stratified flow
condition (Garanaik and Venayagamoorthy, 2019).

Equations (6) and (7) are equivalent if Eq. (5) is written as

εT = c
′2Ri−3/2L2

TN
3. (8)

Equations (4) and (7) have in common that they are formally
independent of N2 when Ri . 0.25. If they were both to be
confirmed by experimental analysis, they would constitute a
coherent whole.

4 Two case studies

Figure 1a shows the time–height cross-section of WPR-LQ-7
SNR (dB) at vertical incidence and a time and range resolu-
tion of 59 s and 100 m, respectively, on 18 June 2017 from
13:30 to 17:30 LT and in the altitude range [0.685–7.0 km]
a.s.l. (a.s.l.= a.g.l.+ 0.385 km). Figure 1b shows the corre-
sponding cross-section of MU radar echo power (dB) at ver-
tical incidence and a time resolution of ∼ 12 s after doing
range imaging with Capon processing (e.g., Luce et al., 2017)
in the altitude range [1.275–7.0 km]. Radar echoes from a
DataHawk, called “DH35” in reference to the flight number-
ing, are visible after ∼ 14:30 and before ∼ 15:40 LT on both

images. They are the signatures of two ascents (“A1”, “A2”)
and two descents (“D1”, “D2”) of a DataHawk. Four red seg-
ments emphasize them in Fig. 1b. Incidentally, radar echoes
from another DataHawk (DH36) can be noted after 16:30 LT.
A Vaisala RS92-SGP radiosonde, called “V6”, was launched
at 14:51 LT from the observatory. Its time–height position is
indicated by the blue line in Fig. 1b. It roughly coincides with
A1.

An approximately 800 m deep enhanced echo power layer
with S-shaped structures, signature of Kelvin–Helmholtz bil-
lows, is clearly visible in both images in the altitude range
[3.0–4.0 km] until ∼ 16:00 LT at least. The layer is denoted
by “KHI” on the images. DH35 crossed the layer four times
during A1, D1, A2 and D2 between 15:00 and 15:30 LT.
DH35 sampled the most obvious case of K–H instability dur-
ing the entire two campaigns. Since a necessary condition
for the development of K–H billows is Ri< Ric = 0.25 at
the critical level, their observation suggests that it was ful-
filled when sampled by the instruments. Another focus will
be given to a turbulent layer between 2100 and 2500 m, sam-
pled twice by DH35 during A1 and D2, even though it is
not clearly visible in the radar echo power images (Fig. 1).
For this layer, Ri is expected to be & 1 according to various
estimates and layer properties described in Sect. 4.2.

The analysis of these two cases is done to illustrate the dif-
ferences in the ε behavior of the three different radar mod-
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els applied to two radars, possibly at different Richardson
numbers (Ri . 0.25 and & 1), compared to the DataHawk-
derived ε.

4.1 The K–H layer

4.1.1 Comparisons between DataHawk-derived ε,
εLout , εN and εS

Figure 2a shows the four DataHawk-derived ε profiles dur-
ing A1, D1, A2 and D2 (dotted black lines) and the profiles of
εLout , εN and εS in the height range [2000–3900] m obtained
from the WPR-LQ-7 data (solid red, blue and green lines, re-
spectively) and MU radar data (dashed red, blue and green
lines, respectively). Figure 3a, b and c show the same infor-
mation for the three models but separately. For clarity, be-
cause they are virtually identical during D1, A2 and D2, the
radar-derived ε profiles are shown for A1 (15:00–15:20 LT)
only. The sources of errors and uncertainties on radar esti-
mates are multiple (e.g., Dehghan and Hocking, 2011), and
confidence intervals for each individual estimate are difficult
or even impossible to establish. However, the consistency be-
tween the estimates from successive independent segments
of data and concordant temporal evolution as shown in Fig. 4
and Table 3 gives some credence to the significance of the
comparisons. Table 3a and the corresponding figure, Fig. 4,
show ε, εLout , εN and εS values averaged over the depth of the
K–H layer for A1, D1, A2 and D2. The DataHawk-derived
ε values peak in the range of the K–H layer and vary lit-
tle during the ascents and descents over ∼ 30 min: typically
∼ 2 mW kg−1. During A1, the DataHawk-derived ε profile
shows a narrower peak between 3200 and 3600 m. The Data-
Hawk may have sampled a thinner region of the K–H layer
(∼ 400 m), perhaps associated with the edge of a K–H billow.
This could also be the case for V6 as the Thorpe analysis sug-
gests a ∼ 300 m deep layer at the altitude of ∼ 3.3 km (and
an additional thinner layer around the altitude of ∼ 3.6 km).
If we exclude the difference in layer depth during A1, εLout

and εS estimated from both radars coincide very well with
DataHawk-derived ε both in shape and levels during A1, D1,
A2 and D2, with very similar variations in time (Table 3a and
Fig. 4), indicating that the two radar models are satisfactory
and are equivalent in these circumstances. In contrast, the εN
profiles exhibit the worst agreement with DataHawk-derived
ε near the center of the K–H layer where they show a min-
imum (Figs. 2a and 3b, solid and dashed blue lines). This
feature is similar to the one reported by L18 (their Fig. 12)
for a turbulent layer generated by a convective instability at
a mid-level cloud base. Table 3a and Fig. 4 confirm that 〈εN 〉
values are lower than the other estimates by a factor of 2 to
3 approximately during A1, D1, A2 and D2 for both radars.
This disagreement, occurring repeatedly on the two radars,
confirms the inadequacy of the εN model for this layer.

4.1.2 Comparison between DataHawk-derived ε and
εT

The altitude and depth of the turbulent layers identified by
the Thorpe method from V6 and εT (Eq. 6) with c = 1 are
shown by the dots and the solid vertical segments, respec-
tively, in grey in Fig. 2a and in magenta in Fig. 3d. In Fig. 3d,
ε′T values (Eq. 7) with c′ = 1, c′BP = 0.24 and c′Sc = 0.41 are
also shown for the K–H layer at 3.33 km and the turbulent
layer at 2.37 km discussed in Sect. 4.2. N2

s and N2
rms for the

K–H layer are 7.7× 10−6 and 7.1× 10−6 s−2, respectively,
i.e., 7.4× 10−6 s−2 on average. Because LT = 130 m in the
K–H layer, we obtain εT ≈ 0.35 mW kg−1, which is about
7 times lower than DataHawk-derived ε (2.4 mW kg−1) (Ta-
ble 3a). The hypothesis that V6 passed through the K–H layer
in a region where ε was much lower is not consistent with
the low variability (stationarity) of the dissipation rates esti-
mated from DataHawk and radar data for more than 40 min
(see Table 3a and Fig. 4). We therefore assume that εT must
be ≈ 2.4 mW kg−1. To achieve this condition with Eq. (6),
we must have c = 2.6.

On the other hand, estimating ε′T (Eq. 7) requires the re-
trieval of S, but there is no prescribed method to compute
the vertical shear of horizontal wind from balloon data in
the Thorpe layers. Here, we estimated S from the differ-
ence of the wind vectors at the extremities of the Thorpe
layer and from a linear interpolation of the zonal and merid-
ional wind components in the Thorpe layer. We found S =
0.013 and 0.010 s−1, respectively, i.e., 0.0115 s−1 on aver-
age, so that Ri≈ 0.055. This value is close to the mean
value (〈Ri〉 = 0.09) obtained at a vertical resolution of 20 m
(Fig. 2b). The relevance of εT ≈ 0.35 mW kg−1 obtained
with c = 1 from Eq. (6) can be tested from Eq. (8) with
c = c′Ri−3/4

= 1 using c′BP = 0.24 and c′Sc = 0.41. We get
Ri= 0.15 and Ri= 0.30, respectively. These values are sig-
nificantly larger than 0.055. For S = 0.0115 s−1 and c′ = 1,
we get εT′ ≈ 25.7 mW kg−1, i.e., about 11 times larger than
DataHawk-derived ε. We must have c′ = 0.31 to be con-
sistent with the DataHawk-derived ε value. c′Sc = 0.41 and
c′BP = 0.24 (and c′ = 0.28 found in Appendix B) reasonably
meet the necessary correction, giving credence to the valid-
ity of Eq. (7). As a corollary, for Ri= 0.055, we would get
c = c′Ri−3/4

= 2.7, i.e., the required value of c for Eq. (6) to
be valid. The various estimates of εT′ for the Thorpe layer
are shown in Fig. 3d. Although based on a fragile hypothe-
sis (ε from Thorpe analysis of the radiosonde data is equal
to DataHawk-derived ε), Eq. (7) appears to be more adapted
than the standard model (Eq. 6). It also has the major ad-
vantage over Eq. (6) that c′ is a true constant, at least when
Ri< 0.25, although its value remains to be defined more pre-
cisely.
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Figure 2. (a) DataHawk-derived ε (m2 s−3) profiles in the height range [2000–3900] m during A1, D1, A2 and D2 of DH35 on 18 June
2017 (dotted black), εS(LQ-7) profile (solid red), εLout(LQ-7) profile (solid green), εN (LQ-7) profile (solid blue), εS(MU) profile (dashed
red), εLout(MU) profile (dashed green) and εS(MU) profile (dashed blue) derived from radar data between 15:00 and 15:20 LT. Grey dots
and lines show εT (Eq. 6) with c = 1, the depth and altitude of the Thorpe layers. (b) Richardson number profiles estimated from RS92-SGP
Vaisala radiosonde V6 data at a vertical resolution of 20 m (black) and 100 m (red).

Figure 3. Same as Fig. 2a but with separate plots for each model: (a) εLout , (b) εN , (c) εS and (d) εT, respectively. Panel (d) shows the results
in magenta for εT (Eq. 6) with c = 1 (solid line), ε′T (Eq. 7) with c′ = 1 (dashed line), and ε′T (Eq. 7) with c′ = 0.41 and c′ = 0.24 (dotted
line).

4.1.3 Comparison of turbulence scales estimated from
radar data

Table 4a shows the Hunt, Corrsin, buoyancy and Ozmi-
dov length scales for the K–H layer calculated from WPR-
LQ-7-derived and MU-radar-derived ε, σ and S during A1,
D1, A2 and D2. N2 is computed from balloon data at the
radar resolutions (100 m for the WPR-LQ-7 and 150 m for
the MU radar). Once the scales are calculated, they are
averaged over the altitude range 3000–3600 m of the K–
H layer to compare them with the Thorpe length. All the
radar-derived scales reveal the same behaviors between the

segments A1, D1, A2, and D2 and do not show substan-
tial differences between the radars, reinforcing the reliabil-
ity of numerical results and their interpretations. Only the
average values for A1, D1, A2 and D2 are discussed. We
get 〈LH〉 = 46 m, 〈LC〉 = 38 m, 〈LB〉 = 105 m and 〈LO〉 =

131 m. 〈LH〉 and 〈LC〉 are substantially smaller than 〈LB〉

or 〈LO〉, indicating the latter should not be the scales to con-
sider, as expected from the analysis of Sect. 4.1.1. Depend-
ing on the flight segment (A1, D1, A2, D2), c = 〈LO〉/LT
was found between 0.65 and 1.56 and ∼ 1 on average. In
contrast, we get 〈LC〉/LT = c

′
≈ 0.23–0.37. It is smaller than

c′Sc = 0.41 but close to c′BP = 0.24 and the value obtained in
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Table 3. Mean values of TKE dissipation rates (mW kg−1) according to the different models and instruments for the K–H layer (a) and for
the turbulent layer (TL) between 2100 and 2500 m (b).

(a) K–H < εU > < εLout > < εS > < εN > < εLout > < εS > < εN > εT
MU radar MU radar MU radar LQ-7 LQ-7 LQ-7 (c = 1)

A1 2.42 2.43 2.38 0.94 2.62 2.81 1.30 0.37/0.32b

D1 1.91 2.11 2.30 0.83 2.57 2.22 1.30
A2 2.54 2.06 2.53 0.81 2.52 2.62 0.61
D2 3.14 6.56 6.04 1.75 6.51 4.84 1.48

(b) TL < εU > < εLout > < εS > < εN > < εLout > < εS > < εN > εT
MU radar MU radar MU radar LQ-7 LQ-7 LQ-7 (c = 1)

A1 0.39 0.41 0.09a 0.18 0.37 0.24 0.33 0.19/0.23b

D2 0.12 0.10 0.05 0.08 0.11 0.09 0.12

a This low value is due to a MU-radar-derived wind shear about 2 times smaller than LQ-7- and balloon-derived wind shear. It is doubtful and
will affect LH and LC in Table 4.
b (sorted/rms).

Figure 4. Graphical representation of the averaged estimates of TKE dissipation rates (mW kg−1) (1 mW kg−1
= 10−3 m2 s−3) shown in

Table 3 for the K–H layer (3000–3600 m) sampled four times (top) and the layer between 2100 and 2500 m sampled twice during A1
(segment no. 1) and D2 (segment no. 4) (bottom). The horizontal black line at 0.5 mW kg−1 separates the two cases, and each radar-derived
value has been successively shifted to the right by 0.025 with respect to segment numbers for clarity.

Appendix B (c′ = 0.28) and the needed value of 0.31. We
obtain (〈LH〉/〈LB〉)

2
= 〈Ri〉 = 0.19 and

(
c′/c

)4/3
= 〈Ri〉 =

0.28. Both radar estimates are significantly larger than Ri es-
timated from balloon data with the Thorpe analysis but are
close to 〈Ri〉 = 0.33 estimated from balloon data at the verti-
cal resolution of 100 m (Fig. 2b). The quantitative disagree-
ments result mainly from comparisons between estimates
made with different techniques (radar and in situ) and reso-
lutions. Nevertheless, it is interesting to note that these com-
parisons tend to corroborate the conclusions obtained from
in situ measurements alone (Sect. 4.1.2).

4.2 The turbulent layer between 2100 and 2500 m

Using the same methods as for the K–H layer, we obtain
〈Ri〉 = 0.75 (14.5) at a vertical resolution of 20 (100) m from
V6 data (Fig. 2b), Ri≈ 2.0 from Thorpe analysis of V6 in
the altitude range [2100–2500 m] (not shown) and 〈Ri〉 = 4.6

from N2 calculated at a vertical resolution of 100 m from V6
data and S calculated from WPR-LQ-7 data during A1 and
D2 (Table 4b). Therefore, the Richardson number strongly
varies according to the method and data used, but all the esti-
mates are consistent with a Ri value significantly larger than
for the K–H layer and likely larger than 1 (Sect. 4.1). There-
fore, the weakly stratified condition (Ri< 0.25) for which
the alternative Eqs. (4) and (7) are valid is likely not verified
for this layer. DataHawk-derived ε is about 1 order of magni-
tude lower than for the K–H layer: ∼ 0.2 mW kg−1 on aver-
age (Table 3b). The mean value is less reliable during D2.
Many values of DataHawk-derived ε are missing because
the algorithm did not detect a −5/3 subrange in the veloc-
ity spectra (see L18). Figure 2a, Table 3b and Fig. 4 show
that εLout and εN and their mean values derived from both
radars and εT are close to each other (within a factor of less
than ∼ 2) and are very consistent with DataHawk-derived ε.
All the radar and DataHawk estimates together show a tem-
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Table 4. Mean values of Hunt, Corrsin, buoyancy and Ozmidov
length scales for the K–H layer (a) and for the turbulent layer (TL)
between 2100 and 2500 m (b).

(a) (< LH > / < LB > )
2
=< Ri>= 0.19 during A1.

K–H < LH > < LC > < LB > < LO > LT
LQ-7/MU LQ-7/MU LQ-7/MU LQ-7/MU

A1 42/46 32/37 70/90 70/103 130
44 34 80 87

D1 52/41 45/31 69/90 68/101

A2 43/36 34/26 144/89 206/100

D2 60/49 56/40 154/130 228/179

Mean 46 38 105 131

(b) (< LH > / < LB > )
2
=< Ri>= 4.6 during A1.

TL < LH > < LC > < LB > < LO > LT
LQ-7/MU LQ-7/MU LQ-7/MU LQ-7/MU

A1 69∗/204 72∗/331 39/80 31/82 64
136 202 60 56

D2 55/91 49/104 32/43 22/34

Mean 105 139 49 42

∗ Doubtful (see Table 3).

poral decrease by a factor of 3 to 4 in the 40 min between A1
and D2 (Fig. 4), giving credence that the agreements between
the various estimates during A1 and D2 are not fortuitous.
The temporal decrease of ε is consistent with a decaying tur-
bulence when Ri> 1. 〈εS〉 shows the largest discrepancies
with DataHawk-derived ε, perhaps because the model is not
valid for large Ri values. 〈LH〉 and 〈LC〉 (136 m and 202 m,
respectively) exceed 〈LB〉 = 60 m and 〈LO〉 = 56 m, which
are close to LT (64 m) (Table 4b). Therefore, 〈LH〉 and 〈LC〉

should not be the turbulence scales to consider. From the
Thorpe analysis, N2

≈ 1.4× 10−5 s−2 and S ≈ 0.0026 s−1

(Ri≈ 2). From Eq. (6) with c = 1, εT ≈ 0.2 mW kg−1 (Ta-
ble 3b), i.e., very close to the mean value of DataHawk-
derived ε or only 2 times lower than the value during A1. It
is consistent with the fact that LT can be assimilated to LO.
From Eq. (7) with Ri= 2, c′Sc = 0.41 and c′BP = 0.24, we ob-
tain ε′T ≈ 0.012 and 0.004 mW kg−1, respectively, which is
much less than 0.2 mW kg−1. The various estimates of ε′T are
shown in Fig. 3d. As expected ε′T fails because it is expected
to be valid for Ri< 0.25 only.

5 Statistical analysis

5.1 Justification of the application of Lout = 70 m in
Eq. (2)

Figure 5 shows the histogram of log10(L), where L=

〈σ 2
〉
3/2/εU for 〈σ 2

〉
3/2 > 0.01 as in L18 obtained from the

Figure 5. Histogram of log10 (Lout) for 〈σ 〉3/2 > 0.01 as in L18 for
MU radar data.

WPR-LQ-7 from data collected during 36 flights (corre-
sponding to 90 profiles). The peak of the distribution has a
mean (median) value of 67 m (71 m). These values are al-
most identical to those obtained from comparisons with MU
radar, i.e., 75 m (61 m) (Fig. 7a of L18). This result seems to
indicate that the empirical expression εLout with Lout = 70 m
is not specific to the MU radar but at least to any radar with
similar resolution volume (Table 2). However, the acquisition
time of the MU radar and WPR-LQ-7 data differs by a fac-
tor of ∼ 2.5 (Table 2). It is likely fortunate that the statistical
values of εLout (and thus σ ) coincide so well.

5.2 Statistical evaluation of the models from
comparisons with εU

Figure 6a, b and c show the scatter plots of log10(εU)

vs log10(εLout), log10(εS) and log10(εN ) with Lout = 70 m,
the shear estimated from WPR-LQ-7 data and N from
DataHawk data at a height resolution of 100 m. Figure 6d
and e show the results assuming a constant shear (〈S〉 =
7.7 m s−1 km−1) and a constant N (〈N2

〉 = 6.7× 10−5 s−2).
Of course, Fig. 6d and e differ only in the constant 0.64/0.5.

The correlation coefficients are fortuitously ∼ 0.66 for all
the cases except for εN for which the correlation is ∼ 0.60
only. This is an additional clue of the inadequacy of εN . The
red lines show the results of linear regressions after reject-
ing dissipation rate values smaller than 1.6× 10−5 m2 s−3 as
in L18, even though the quantitative threshold has no rea-
son to be the same since the comparison methods differ.
The slope of the regression line between log10(εLout) and
log10(εU) is ∼ 1.0 (Fig. 6a), confirming the statistical σ 3 de-
pendence of ε when no discrimination is made on the con-
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Figure 6. Scatter plots of log10 (εU) vs (a) log10
(
εLout

)
, (b) log10 (εS), (c) log10 (εN ), (d) log10 (εS) with constant S and (e) log10 (εN ) with

constant N . The red lines are the result of a line regression (whose slope value is indicated in the panel) for εU > 1.6× 10−5 m2 s−3, and R
is the correlation coefficient.

ditions under which turbulence occurs. The regression slope
obtained with log10(εN ) or log10(εS) for S or N equal to a
constant (Fig. 6d, e) is 0.60, i.e., close to 2/3, as expected
because the two models vary as σ 2. However, the regres-
sion slope between log10(εU) and log10(εN ) with measured
N (Fig. 6c) is significantly lower than 0.66 (0.50), and the
regression slope between log10(εU) and log10(εS) with mea-
sured S (Fig. 6b) is significantly larger than 0.66 (0.73).
The regression slope between log10(εU) and log10 (εN ) us-
ing MU radar data was 0.55 (L18), i.e., virtually identical to
the present case (Fig. 6c). All the regression slopes depend
on the quantitative threshold on ε, and, in Fig. 6a, it varies
from ∼ 0.9 to ∼ 1.1 for different thresholds, excluding small
values. However, all other slope estimates vary in concert, so
that the observed trends remain valid for a different thresh-
old.

1. A regression slope between log10(εU) and log10(εS)

that is closer to 1 than the slope between log10(εU)

and log10(εN ) indicates that εS provides estimates more

consistent with εLout than εN . Figure 7a and b show a
comparison between the radar models, i.e., log10(εLout)

vs log10(εN ) and log10(εLout) vs log10(εS), respectively,
for εU > 1.6×10−5 m2 s−3. The red lines are the results
for constant N and constant S. The blue lines show the
results of a linear regression. The blue and red lines ob-
viously coincide (slope= 0.60) for εN . A slope of 0.77
is obtained with εS, indicating a greater equivalence be-
tween εLout and εS, as expected from Fig. 6b. Conse-
quently, our results suggest that εS is more relevant than
εN and should be used instead of εN for operational use
if the empirical model εLout is not chosen.

2. We checked that generating a normal random distribu-
tion of N or S with a mean and standard deviation sim-
ilar to the observed distributions produced a regression
slope close to 2/3, similar to Fig. 6d and e. Therefore,
the observed slopes with measured S and N (Fig. 6b, c)
must reveal a statistical dependence of σ with 1/N and
S, respectively. The equivalence between εLout and εS

https://doi.org/10.5194/amt-16-3561-2023 Atmos. Meas. Tech., 16, 3561–3580, 2023



3572 H. Luce et al.: TKE dissipation rate: assessment of radar models

described in Sect. 4 for the K–H layer implies that σ is
simply proportional to S (σ = 0.64LoutS) ifLout is con-
stant. There is a canonical value of Lout (∼ 70 m), but
since Lout is not constant and is unknown (and can vary
by 2 orders of magnitude at least; Fig. 5), the correla-
tion between σ and S can only be established for a fixed
value of Lout (and for any other variable on which σ de-
pends). Figure 8 shows the same information as Fig. 7
but after dividing by σ 2 to remove the self-correlation
between the variables and to show the relationship be-
tween log10(σ/Lout) and log10(0.5N) (Fig. 8a) and be-
tween log10(σ/Lout) and log10(0.64S) (Fig. 8b). The
two scatter plots show negative and positive correla-
tion coefficients (−0.36 and 0.12, respectively). The
correlations are weak but significant according to the
P value. If no threshold on εU is applied, the cor-
relation coefficients are −0.26 and +0.22. This sug-
gests that σ increases to some extent as S increases
and N decreases. It is quite intuitive, but, to our knowl-
edge, this is the first study to suggest and highlight
this. The results may reveal a Richardson number de-
pendence. Figure 9a shows scatter plots of σ vs Ri1/2100,
where Ri100 (S100) now explicitly refers to the Richard-
son number (shear) calculated at the vertical resolution
of 100 m. The red (black) dots show the results with-
out and with a threshold on S100 (S100 > 5 m s−1 km−1),
respectively. The (negative) correlation coefficient is
slightly stronger with the threshold (−0.34 instead of
−0.21). The high values of Ri100 are mainly associated
with a weak shear (S100 < 5 m s−1 km−1) and with the
largest variability in σ (Fig. 9a). However, this prop-
erty may not be significant because the uncertainty on
Ri increases as the shear tends to zero. Therefore, we
focus on the scatter plot obtained with the threshold on
the shear (black dots). It seems to show a linear de-
pendence between log10(σ ) and log10(Ri−1/2

100 ), at least
down to log10(Ri1/2100)≈−0.2, i.e., for Ri100 < 0.4. At-
tempts of linear regression analysis do not confirm the
linear trend, likely due to the strong dispersion and weak
correlation. However, the time series obtained from
the concatenation of all the profiles of log10(Ri−1/2

100 )

and log10(σ ) after removing their mean values reveal
a more obvious dependence between the two variables
(Fig. 9b). The curves reveal similar variations and dy-
namics, especially for records [0− 200], compatible
with σ 2 inversely proportional to Ri100, at least to a
first approximation. For log10(Ri1/2100).−0.2, i.e., for
low values of Ri100(< 0.4), log10(σ ) appears to have
very little dependence on log10(Ri1/2100). If meaningful,
it would be consistent with the fact that N does not play
a significant role for low Ri values, as suggested by the
εS model.

Figure 10 shows the scatter plots of log10(εLout/εU),
log10(εN/εU) and log10(εS/εU) vs log10 (Ri100) applying

two thresholds on εU: 1.6× 10−5 m2 s−3 in Fig. 10a, b
and c and 5.0× 10−4 m2 s−3 in Fig. 10d, e and f. The lat-
ter is introduced to analyze the dependence of the results
on the levels of considered dissipation rates. The red and
blue curves show the values averaged in bandwidths of 0.3
from log10 (Ri100)=−1.7. For εU > 1.6× 10−5 m2 s−3, the
mean curves of log10(εLout/εU) and log10(εS/εU) do not re-
veal a significant dependence on log10 (Ri100), at least up
to log10 (Ri100)∼ 1, and are almost identical and close to 0
(Fig. 10a, c). Therefore, the applicability of the two mod-
els does not seem to depend significantly on the Richardson
number on average. For εU > 5.0× 10−4 m2 s−3, the curves
produced by two models remain close and almost unchanged
for log10 (Ri100) < 0 (Fig. 10d, f). However, the mean val-
ues of log10(εS/εU) now tend to decreases as log10 (Ri100)

increases. Therefore, when log10 (Ri100) > 0, εS tends to un-
derestimate εU when εU exceeds ∼ 5.0× 10−4 m2 s−3 and
inversely when εU < 5.0×10−4 m2 s−3. The fact that we ex-
perimentally observe that εS is not appropriate for large val-
ues of Ri100 is consistent with the expected domain of ap-
plicability of the model, even if it is not clear why it is in
this way. For log10 (Ri100) < 0, log10(εN/εU) is less than 0
and decreases as log10 (Ri100) decreases for both thresholds
(Fig. 10b, e). This experimental observation is a confirma-
tion of the inadequacy of εN when the Richardson number
is low. The results with εLout are difficult to interpret when
log10 (Ri100) > 0. The model is consistent with εS when
εU > 1.6×10−5 m2 s−3 (Fig. 10c) and seems to be more con-
sistent with εN than with εS when εU > 5.0× 10−4 m2 s−3

(Fig. 10e, f). It may be vain to interpret the properties of
this model, since it is only an empirical model for which
Lout = 70 m only represents a canonical value of a function
of multiple variables, including the shear and N .

6 Conclusions

The objective of this work was to test the suitability of
TKE dissipation rate models based on Doppler radar spectral
width measurements from comparisons with in situ estimates
(εU) derived from high-resolution Pitot tube measurements
aboard DataHawk UAVs. We showed the following:

1. The models applied to the 46.5 MHz MU VHF radar
by L18 produce statistically identical results on the
1.357 GHz WPR-LQ-7.

a. The empirical model εLout = σ
3/Lout with Lout ∼

70 m (as for the MU radar) provides the best sta-
tistical agreement with εU, at least for ε & 2×
10−5 m2 s−3 (Table 2). If Lout really depends on the
size of energy containing eddies, it is then indepen-
dent of radar parameters (assuming σ 2 is a true in-
dication of 〈w′2〉 in both radars).

b. The model εN predicting a σ 2N law for stably strat-
ified conditions fails to reproduce εU. The biases
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Figure 7. Scatter plots of (a) log10
(
εLout

)
vs log10 (εN ) and (b) log10

(
εLout

)
vs log10 (εS) for εU > 1.6×10−5 m2 s−3. The red lines show

the results for constant N (a) and constant S (b). The blue lines show the results of a linear regression (whose slope value is indicated in the
panel).

Figure 8. Scatter plots of (a) log10(0.5N) vs log10(σ/Lout) and (b) log10(0.64S) vs log10(σ/Lout) for εU > 1.6× 10−5 m2 s−3. R is the
correlation coefficient, and P is the result of the P test.

are nearly quantitatively identical to those obtained
with the MU radar: εN tends to overestimate when
εU . 5× 10−4 m2 s−3 and to underestimate when
εU & 5× 10−4 m2 s−3.

2. Applying εN to both radars to a turbulent layer at-
tributed to a K–H instability with Ri< 0.25 strongly
underestimates εU in the core of the layer when N2 is
minimum. On the other hand, in agreement with the
statistical results, εN provided values consistent with
the other estimates in a turbulent layer, likely associ-
ated with larger Ri (& 1). These two observations are
rather consistent with the domain of validity of εN ac-
cording to the theoretical derivations (Eq. 5), leading
to the newly introduced expression of εS expected to

be valid for weakly stratified or strongly sheared condi-
tions (e.g., Basu et al., 2021).

3. The application of εS to the K–H layer (Ri< 0.25) us-
ing both radars leads to a good agreement with εU. Its
application to the turbulent layer associated with larger
Ri slightly underestimates εU, again in accordance with
Eq. (5).

4. The statistical comparisons between εS and εU using all
data show much better agreement than between εN and
εU, although a bias of the same nature as that observed
with εN is also noted but to a lesser degree. Empirical
εLout remains the most consistent model compared with
εU. Lout ∼ 70 m is likely a canonical value that results
from all the hidden contributions of the various param-
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Figure 9. (a) Scatter plots of log10

(
Ri1/2100

)
vs log10 (σ ) for εU > 1.6× 10−5 m2 s−3 without the threshold on the shear (grey) and for

S100 > 5 m s−1 km−1. (b) The corresponding time series of log10

(
Ri−1/2

100

)
(grey) and log10(σ ) (black) after subtracting their mean.

eters that a most general (and unknown) model should
include.

5. The equivalence between εS and εU for the K–H layer
associated with a low Ri necessarily implies that σ is
proportional to S: σ ∼ 0.64LoutS. For all the layers
with the same value of Lout, then σ linearly depends on
S. This is a necessary condition if agreement is observed
with two models that predict a σ 3 and a σ 2 dependence.
For a wide distribution of log10(Lout) as in Fig. 5, which
includes values for all Ri, this linear dependence should
be strongly “blurred” because Lout is variable, and Ri is
not necessarily low. Moreover, an additional source of
dispersion is that the wind shear calculated at the radar
resolution S100 and at a time resolution of 10–30 min is
not necessarily the most effective shear to be considered
because S is a scale-dependent parameter (in the same
way as Ri). As a result, a very weak, but yet significant,

correlation between σ and S100 was found (Fig. 8). This
weak correlation is responsible for the better agreement
obtained with εS than with εN . However, because the
results are based on a limited amount of data and be-
cause some degree of coincidence cannot be ruled out,
further studies are necessary to analyze the dependence
between σ and S100, in particular under more suitable
conditions (i.e., low Ri).

6. Reciprocally, σ has a statistical degree of dependence
on 1/N , as revealed by the poorer statistical agreement
between εN and εU, leading to a regression slope of less
than 2/3 (0.50, almost identical to 0.55 obtained from
MU radar data by L18) (Fig. 6).

7. The combination of points (5) and (6) leads to the con-
clusion that, to some extent, σ depends on Ri−1/2

100 , at
least for Ri100 & 0.4 (Fig. 9). This dependence does not
seem to be valid for lower Ri100 (Fig. 8a), in accordance
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Figure 10. Scatter plots of log10(Ri100) vs (a, d) log10(εLout/εU), (b, e) log10(εN/εU) and (c, f) log10(εS/εU) for εU > 1.6×10−5 m2 s−3

and εU > 5.0× 10−4 m2 s−3, respectively.

with the fact that N should not affect turbulence when
the Richardson number is low (Eq. 4).

8. The analysis of the three models, εLout , εN and εS, with
εU vs Ri100 (Fig. 10) confirms the good agreement be-
tween (εLout , εU) and between (εS, εU) and the inade-
quacy of εN for Ri100 . 1. The underestimation of εN
increases as Ri100 decreases. The results for Ri100 & 1
are more difficult to interpret and more puzzling, but
εS and εLout lead to comparable results and do not show
substantial bias as a function of Ri100. In any case, all re-
sults involving large Ri (> 1) must be taken with caution
because the turbulence may be intermittent. In principle,
the interpretation of the results should consider this.

9. The classical model εT = c
2L2

TN
3 (Eq. 6) based on

the equivalence between the Thorpe length LT and the
Ozmidov length scale LO (c = 1) fails to reproduce
DataHawk-derived ε in the K–H layer for which Ri is
expected to be less than 0.25. Although the disagree-
ment can be due to several factors (e.g., an inappro-
priate choice of c, horizontal inhomogeneity), it can
also be due to the fact the model involves the Ozmi-
dov length scale defined for a turbulence affected by the
stable stratification. In essence, LT cannot be related to
LO anymore by a constant if the stratification effects
can really be neglected for low Ri. Therefore, an alter-
native approach using the Corrsin length scale LC in-
stead of LO was introduced, leading to ε′T = c

′2L2
TS

3

(Eq. 7), compatible with studies showing a Ri3/4 depen-
dence of LT/LO for Ri< 0.25. Contrary to c, c′ is a true
constant (with respect to Ri) for low Ri. It is worth not-
ing that Eqs. (7) and (4) form a coherent pair of models
independent of N for a weak stratification or strongly
sheared flows. Using values of c′ deduced from the liter-
ature, ε′T provides estimates consistent with DataHawk-
and radar-derived ε (expect εN ) for the K–H layer. On
the other hand, ε′T fails for a decaying turbulent layer
(Ri> 1) as the model is not expected to be valid for
Ri> 0.25. εT with c = 1 shows a better agreement with
DataHawk- and radar-derived ε (including εN ), coher-
ent with the fact that the stable stratification should af-
fect the turbulence for large Ri. These results need to be
confirmed by statistical studies.

Appendix A

The turbulent Froude number Fr = ε/Nk, where k refers to
TKE for a simple and standard notation, is often used to char-
acterize turbulent mixing (e.g., Ivey and Imberger, 1991). A
strong and weak stratification is associated with Fr < 1 and
Fr > 1, respectively. TL = k/ε is called the inertial timescale
and is a characteristic time of TKE dissipation. The corre-
sponding timescales associated with the turbulence produc-
tion by the wind shear and with the conversion into potential
energy are S−1 and N−1, respectively. When the stratifica-
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tion is weak, i.e., when NTL = Fr−1 < 1, then TL (dissipa-
tion time) and S−1 (production time) should be of the same
order, i.e., the shear parameter STL =O(1), for stationary
turbulence. Several studies (e.g., Mater and Venayagamoor-
thy, 2014, and references therein) reported a critical value for
weakly stratified and stationary flows:

STLc ≈ 3.33. (A1)

By dividing Eq. (A1) by 3.33NTLc, we obtain

0.3S/N = 1/NTLc

(
⇔ Fr = 0.3/

√
Ri
)
. (A2)

From the definition of Fr, Eq. (A2) reads

ε = 0.30kS. (A3)

Assuming isotropy, k = 3/2〈w′2〉, where 〈w′2〉 is the ver-
tical velocity variance (assumed to be σ 2 in the paper). We
obtain

ε = 0.45〈w′2〉S. (A4)

For (anisotropic) shear-generated turbulence, k ≈ 2〈w′2〉,
so that

ε = 0.60〈w′2〉S, (A5)

i.e., virtually Eq. (4) with CS = 0.63. These expressions are
valid for Fr > 1, i.e., Ri< 0.09, according to Eq. (A2).

For k ≈ 2.74〈w′2〉 when 0< Ri< 0.2 (Eq. 28, Basu and
Holtslag, 2021), we get

ε = 0.82〈w′2〉S. (A6)

Appendix B

From Fig. (3) of Garanaik and Venayagamoorthy (2019),
showing the turbulent Froude number Fr vs LE/LO (or
LT/LO) from DNS, we obtain, for weakly stratified condi-
tions (Fr > 1),

Fr = α(LT/LO)
−2/3, (B1)

with α ≈ 0.7. Note that this coefficient is deduced from their
Fig. (3) using the linear trend shown by the authors. They
did not explicitly refer to this value. By using the definitions
Fr = ε/Nk (see Appendix A) and LO =

√
ε/N3, Eq. (B1)

can be re-written as

ε = (Fr/α)3L2
TN

3. (B2)

For Fr > 1 or NTL = Fr−1 < 1, STL ≈ 3.33 (see Ap-
pendix 1 and Fig. 1 of Mater and Venayagamoorthy, 2014).
Therefore, Fr ≈ 0.3S/N , so that

ε = (1/α)3L2
TS

3
= c′2L2

TS
3, (B3)

with c′ = 0.28. This value agrees well with the values re-
ported in the main text.

In addition, by replacing Fr by its definition, Eq. (B2) can
be re-written as ε = α−3L2

Tε
3/k3, so that

ε ≈ k3/2/(1.5LT) . (B4)

Equation (B4) provides a way to relate the isotropic turbu-
lent length scale Lk defined as the scale of the largest ed-
dies weakly affected by the buoyancy and the shear to the
Thorpe length: Lk ∼ 1.5LT. It also provides an expression
of the master length scale LM defined as (2k)3/2/B1ε (e.g.,
Mellor and Yamada, 1982) with 11.9≤ B1 ≤ 27.4 (Table 2,
Basu and Holtslag, 2021). We obtain LM = 4.24/B1LT.

On the other hand, for strongly stratified conditions (Fr <
1), we can write, from Fig. (3) of Garanaik and Venayag-
amoorthy (2019),

Fr = α′(LT/LO)
−2, (B5)

with α′ ≈ 0.6 according to the figure, or, purposely, 0.66=
2/3. We obtain

ε = 3/2FrL2
TN

3,

so that

k = 3/2L2
TN

2. (B6)

For k = 3/2 〈w′2〉, then, 〈w′2〉 = L2
TN

2 or

LB =

√
〈w′2〉/N = LT. (B7)

If k = β〈w′2〉, then LB =
√

1/(α′β)LT. Equation (B5)
demonstrates that the equivalence (at least the proportional-
ity) between the buoyancy length scale and the Thorpe length
is valid for strongly stratified conditions only (i.e., for con-
ditions for which stability affects the vertical motions before
being affected by the wind shear). For a weak stratification,
the vertical TKE cannot be fully converted into potential en-
ergy because the parcels cannot move vertically over a length
of LB (but LH only). Therefore, the basic stability does not
intervene anymore in the variance of the vertical velocity
fluctuations as in the case of a neutral stratification.
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Appendix C: List of symbols

α: constant defined in Eq. (B1)
α′: constant defined in Eq. (B5)
a.g.l.: above ground level
a.s.l.: above sea level
B: buoyancy production/destruction term

in Eq. (1)
β: coefficient of proportionality between

TKE and the variance 〈w′2〉 defined
in Appendix B.

c: constant in Eq. (6)
c′: constant in Eq. (7)
c′Sc: constant in Eq. (7) for Schumann

(1994) model
c′BP: constant in Eq. (7) for Baumert and

Peters (2000) model
CN : constant in Eq. (3)
CS: constant in Eq. (4)
C′S: pseudo-constant (depending on Rf)

in Eq. (5a)
C′′S : pseudo-constant (depending on Rf

and G) in Eq. (5b)
DH: DataHawk UAV
DNS: direct numerical simulation
d ′: Thorpe displacement
ε: TKE dissipation rate (general term)
εLout : ε estimated from radar data from Eq. (2)
εN : ε estimated from radar data from Eq. (3)
εS: ε estimated from radar data from Eq. (4)
ε′S: ε estimated from radar data from Eq. (5a)
εT: ε estimated from balloon data from Eq. (6)
εT′ : ε estimated from balloon data from Eq. (7)
εU: ε estimated from UAV data
F : fraction of the inertial and buoyancy

subrange contributions in Eq. (3)
FE: full equilibrium
Fr: Froude number
FFT: fast Fourier transform
g: gravitation acceleration
G: growth factor
G0: growth factor for Ri= 0
k: an alternative notation for TKE (Appendix)
kB: buoyancy wavenumber
kH: Hunt wavenumber
KHI: Kelvin–Helmholtz instability
L: 〈σ 2

〉
3/2/εU (Sect. 5.1)

LB: buoyancy length scale
LC: Corrsin length scale
LES: large eddy simulation
LE: Ellison length scale
LH: Hunt length scale
LM: master length scale defined in Appendix B
Lout: an apparent outer scale of turbulence

LO: Ozmidov length scale
LT: Thorpe length
MU: middle and upper atmosphere (radar)
N : Brünt–Vaïsälä frequency
Ns: Brünt–Vaïsälä frequency estimated

from sorted θ profile
Nrms: Brünt–Vaïsälä frequency estimated

from the rms θ fluctuations
NINCOH: number of incoherent integrations
P : shear production term in Eq. (1)
Pr: turbulent Prandtl number
R: correlation coefficient
Rf: flux Richardson number
Ri: Richardson number
Ric: critical Richardson number
Ris: Richardson number at the FE condition
Ri100: Richardson number estimated at

a vertical resolution of 100 m
S: vertical shear of horizontal wind
S100: S estimated at a vertical resolution

of 100 m
ShUREX: Shigaraki UAV Radar EXperiment
σ 2: radar estimate of the variance 〈w′2〉 of

the vertical wind fluctuations
produced by turbulence

σobs: half the measured Doppler spectral width
SNR: signal-to-noise ratio
θ : potential temperature
θ0: half-power half width of the two-way

radar beam
TKE: turbulence kinetic energy
TL: inertial timescale
τ : radar pulse duration
UAV: uncrewed aerial vehicle
UHF: ultrahigh frequency
VHF: very high frequency
WPR-LQ-7: LQ-7 wind profiler
z: altitude (a.g.l.)

Data availability. The WPR-LQ-7 data are available at http://www.
rish.kyoto-u.ac.jp/radar-group/blr/shigaraki/data/ (RISH, 2023).
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