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Abstract. Having knowledge of the drop size distribution
(DSD) is of particular interest to researchers as it is widely
applied to quantitative precipitation estimation (QPE) meth-
ods. Polarimetric radar measurements have previously been
utilized to derive DSD curve characteristics frequently mod-
eled as a gamma distribution. Likewise, approaches using
dual-frequency measurements have shown positive results.
Both cases have relied on the need to constrain the relation-
ship between the DSD parameters based on location or as-
sumed weather conditions. This paper presents a method-
ology for retrieving the DSD parameters using the dual-
frequency and polarimetric nature of measurements from a
unique data set taken at co-located S-band and C-band dual-
polarization radars. Using the reflectivity and differential-
phase measurements from each radar, an optimization rou-
tine employing particle swarm optimization (PSO) and T-
matrix computation of radar parameters is able to accurately
retrieve the gamma distribution parameters without the con-
straints required in previous methods. Retrieved results are
compared to known truth data collected using a network of
OTT Parsivel disdrometers in Taiwan in order to assess the
success of this procedure.

1 Introduction

Knowledge of the drop size distribution (DSD) for a given
location is an incredibly valuable piece of information. The
most precise rainfall estimates can be achieved with an accu-
rate assessment of the DSD. The applicability of deducing lo-
calized DSDs to quantitative precipitation estimation (QPE)
is evident. QPE provides society with many benefits. Being

able to precisely identify or even forecast heavy precipitation
can help emergency and water management services better
deploy their resources and can alert others of dangerous flash
floods, which can ultimately save lives.

The DSD provides critical information about the composi-
tion of a given volume of atmosphere in a region of interest.
It is expressed as the number of particles for each drop size
given as an equivalent sphere with a reference diameter, typi-
cally measured in millimeters. By knowing the DSD, impor-
tant measurements such as reflectivity (Z), rainfall rate, and
total water content can be derived. These parameters are only
as accurate as the DSD representation, which highlights the
value of flexibility in the model.

The Marshall–Palmer distribution is a well-known model
for describing the DSD of rain (Marshall and Palmer, 1948).
It is based on an exponential distribution and assumes that the
DSD is spatially and temporally homogeneous. The intercept
parameter of the Marshall–Palmer distribution, which is set
to 8000, determines the overall scale of the distribution.

However, research has shown that the Marshall–Palmer
distribution is limited in its applicability to different types of
precipitation and atmospheric conditions. Specifically, it has
been found that the Marshall–Palmer distribution is only ac-
curate in the stratiform precipitative region, which is a region
of moderate, steady rainfall. As the rainfall rate increases and
diverges from this mode of precipitation, the intercept factor
exhibits a large degree of variability (Sauvageot and Lacaux,
1995). While it can be a useful approximation, it has lim-
itations that should be taken into account when using it in
applications such as QPE.

A larger number of DSDs can be expressed generically
in the form of a gamma function given by Eq. (1), where
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N(D) (m−3 mm−1) is the concentration for each diameterD
(mm) and µ (unitless), 3 (mm−1), and N0 are the shaping
parameter, the exponential slope parameter, and the intercept
parameter of the distribution, respectively (Ulbrich, 1983).

N(D)=N0D
µ exp(−3D) (1)

While the gamma DSD provides more flexibility than the
exponential or Marshall–Palmer distribution, its complexity
can make it difficult to use for retrieval purposes, as three
unknown parameters must be solved, and the model is still
limited in its ability to account for the smallest drop sizes. In
the past, researchers have attempted to simplify the process
by assuming a relationship between these parameters.

Extensive research has been conducted to estimate DSDs,
with many studies utilizing measurements taken at two fre-
quencies. This is because using data from a single frequency
is typically insufficient for accurately estimating the DSD
and can only provide information about a single parameter
at a specific location (Meneghini et al., 1997). Gorgucci and
Baldini (2016) demonstrated this approach using global pre-
cipitation measurement (GPM) dual-wavelength radar mea-
surements. The surface reference technique is used to cal-
culate path-integrated attenuation for each frequency so that
a set of reflectivity and attenuation integral equations is
formed. The system can then be solved for the DSD param-
eters that best match the measurements. The disadvantage of
the approach is that it relies on assuming µ is a function of
the median volume diameter (Gorgucci and Baldini, 2016).

Williams et al. (2014) also worked to show dual-
wavelength approaches could be performed with GPM data.
The under-constrainment issue was overcome by creating a
distribution of standard deviations of the mean drop diam-
eter using a large number of surface disdrometer measure-
ments. Superior results were achieved relative to approaches
that assume µ is a constant in order to overcome the ill-
constrained nature of the retrieval (Williams et al., 2014).
Many others have shown dual-frequency measurements are
exploitable for discerning these properties (e.g., Mardiana et
al., 2004; Chandrasekar et al., 2005; Eccles, 1979; Kozu et
al., 1991; Kummerow et al., 1989; Marzoug and Amayenc,
1994; Meneghini et al., 1992).

In addition to leveraging the scattering variances across
different frequencies, there have also been efforts to re-
trieve DSD parameters using dual-polarization measure-
ments. These efforts capitalize on the characteristic oblate-
ness of raindrops, which would obviously not be available in
the case of the previously mentioned vertical profiles mea-
sured by GPM. Brandes et al. (2002) used S-band measure-
ments of reflectivity and differential reflectivity to seek the
gamma parameters. An empirical relation is assumed be-
tween µ and 3. While this relationship was applicable to
both convective and stratiform rains, it was localized to the
Florida region of the United States that was used for the
study. Similar approaches using horizontal and differential

reflectivity have also been successful in experiments in cen-
tral Oklahoma but still rely on constrained relationships of
the parameters (Cao et al., 2010).

The aim of this present work is to solve for the three vari-
ables of the gamma drop size DSD. To achieve this, mea-
surements taken at two frequencies with both vertical and
horizontal polarizations are incorporated into optimization
routines. This approach allows for the determination of DSD
solutions that accurately represent the input reflectivity and
specific differential-phase information.

This paper is organized in the following manner. Section 2
conveys the methodology of this work. High-level design
characteristics of the instruments used for data collection
are provided, including the disdrometers and the two ground
radars. Key elements of the data preprocessing routines are
provided. Prior to concluding thoughts in Sect. 4, Sect. 3
demonstrates the results through multiple examples, com-
paring the disdrometer-collected DSDs with the retrieved
results from the proposed algorithm and an evaluation of
the error when applied to QPE. A notable increase in ac-
curacy is found when estimating the rainfall rate using the
proposed algorithm when compared to the traditional Z–R-
derived rainfall rate. Furthermore, we discuss and demon-
strate a supplementary validation approach, utilizing C-band
reflectivity data previously excluded from the proposed op-
timization routines. This approach serves as an external val-
idation mechanism for the proposed algorithm and provides
a comparison of the results obtained from the algorithm with
those obtained from the C-band reflectivity data. The results
demonstrate the effectiveness of the proposed algorithm in
retrieving accurate DSDs and its potential usefulness in radar
systems that utilize more than one frequency.

2 Methods

2.1 Instrumentation

In the current work, the measurements of two co-located po-
larimetric radars, RCWF (S-band) and RCMD (C-band), are
used in the algorithm development and validation. RCWF
is an S-band dual-polarization radar that is part of Taiwan’s
operational Multi-Radar Multi-Sensor QPE system (Chang
et al., 2021). To achieve a QPE accuracy within 10 %, the
reflectivity bias must be kept within 1 dBZ. This is accom-
plished by regularly calibrating the RCWF’s reflectivity us-
ing a self-consistency algorithm (Le Loh et al., 2022). In con-
trast, RCMD is a C-band radar used experimentally and for
research purposes rather than operationally.

A photo of these two radars is shown in Fig. 1, where
RCWF and RCMD are located on the right and left, re-
spectively. The Central Weather Bureau of Taiwan operates
these two radars that provide real-time observations used for
severe weather surveillance, quantitative precipitation esti-
mation, hydrometeor classification, and precipitation micro-
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Table 1. Technical specifications of two polarimetric radars (RCWF
and RCMD) used in the current work.

Radars

RCWF RCMD

Model WSR-88D Meteor 1700C
Peak power 700 kW 250 kW
Operating band S-band C-band
Wavelength 10.5 cm 5.3 cm
Longitude 121.78° E 121.78° E
Latitude 25.07° N 25.07° N
Beamwidth 0.93° 0.90°
Range resolution 250 m 100 to 500 m
Minimum system φDP 60° 10°
Pulse repetition frequency 320–1300 Hz 250–2000 Hz
VCP 221 82

physics studies. These radars play a critical role in moni-
toring and forecasting precipitation in Taiwan and provide
key data that are useful in the research of precipitative pro-
cesses. The manufacturer models of RCWF and RCMD are
the Weather Surveillance Radar 1988 Doppler (WSR-88D)
and Gematronik, respectively. More technical specifications
about these two radars can be found in Table 1. As shown
in Fig. 1, these two radars are adjacent to each other, and
the distance between them is much less than the range reso-
lution (250 m). Since these two radars have the same polar-
ization and location, the divergence of the observed differ-
ential phase (φDP) and reflectivity (Z) can therefore be at-
tributable to only the radar frequency difference. These mea-
surement differences are the key variables utilized in the re-
trieval method.

To validate the performance of the proposed algorithm,
DSD data collected by a laser-based optical system, the OTT
Particle Size Velocity (PARSIVEL or Parsivel) disdrometer,
are used as the ground truth (Table 3). The Parsivel disdrome-
ter derives the DSD through the measured particle’s size and
velocity. There are 32 diameter and velocity bins available
to measure particles with sizes between 0.062 and 24.5 mm
and with velocities between 0.05 and 20.8 m s−1. The accu-
racy of the Parsivel disdrometer has been studied by Shep-
pard (2007) and Jaffrain and Berne (2011).

Sampling with the OTT Parsivel disdrometer may exhibit
some degree of statistical variance, which is a common char-
acteristic of all measurements. Microphysical events are in-
herently stochastic in nature, and the physical sampling ef-
fects and noise also play roles in the deviations (Sheppard,
2007). The Parsivel data used in this data set have been
compared to more accurate 2D disdrometer data in order to
gauge the variance. The findings of Jaffrain and Berne (2011)
demonstrated that sampling uncertainty is minimal for small
to moderate drop sizes but starts to escalate for larger classes
(greater than 2.0 mm). Notably, the data set used in this study

lacks a large representation of drop sizes exceeding 2 mm,
which is advantageous as the smaller class measurements
can be assumed to be more accurate (Jaffrain and Berne,
2011). Possible error sources of OTT Parsivel were investi-
gated by Angulo-Martínez et al. (2018). It was found that un-
even power distribution over the beamwidth or any time vari-
ation can adversely affect the accuracy. Other factors, such as
the angle of the drop trajectory, coincidentally observed par-
ticles, and particles that intersect with only the edge will also
lead to biases.

The locations of the two dual-polarization radars and OTT
Parsivel disdrometers are depicted in Fig. 2 with black and
red markers, respectively. The complex terrain of Taiwan
presents a challenge due to radar beam blockage. The Cen-
tral Mountain Range (CMR) is visible in Fig. 2, running from
the north to the south of the island, with the highest peak ex-
ceeding 3800 m. To mitigate the effects of vertical variability
in radar measurements, only data from the two lowest un-
blocked tilts are used in the DSD retrieval. Additionally, two
rings with ranges of 25 and 70 km are shown in Fig. 2. The
performance of the proposed approach was validated using
only the disdrometers located within these two ranges. More
details related to the validation data selection are provided in
the following section.

The final sources of error we attempted to mitigate relate
to the radar measurement itself. Observation bias is a pri-
mary concern, stemming from the inherent differences be-
tween radar and disdrometer measurements – where radars
capture data over a large volume and disdrometers provide
point-specific observations, leading to potential discrepan-
cies in data interpretation. Additionally, vertical variations
in DSDs pose a significant challenge due to the radar’s ob-
servation volume being several hundred meters above the
ground. This discrepancy is particularly problematic for all
radar-based DSD retrieval methods. The various equipment
heights and locations are shown in Table 2. To address this is-
sue, we constrained our analysis to data from the two lowest-
elevation tilts of the radar scans. Although it does not fully
eliminate the issue, this approach helps to reduce the impact
of this error source. These aspects underscore the complexi-
ties involved in accurately retrieving DSDs and highlight the
necessity of carefully considering these factors when analyz-
ing radar and disdrometer data.

2.2 Radar and disdrometer data

2.2.1 Preprocessing of radar and disdrometer data

The Z and φDP fields from both C-band and S-band radars
are the proposed parameters for DSD retrieval, and the qual-
ities of both fields are examined and processed through a
set of quality control procedures. The quality control pro-
cess pertaining to the reflectivity field includes identifying
and removing non-precipitation radar echoes and smoothing
along the radial direction. Any gates associated with corre-
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Figure 1. RCMD (C-band, left) and RCWF (S-band, right) at the Wufenshan Weather Station.

Figure 2. Taiwan with instrument locations marked. Radii (25 and
70 km) are drawn around the radar location. Measurement stations
with disdrometers are shown in red. Terrain height is indicated in
gray scale throughout the map for reference.

lation coefficient (ρHV) less than 0.98 are considered to be
possibly produced by non-precipitative clutter, and reflec-
tivity is excluded from the subsequent average operation.
The obtained reflectivity is smoothed with a 4 km smooth-
ing window along each radial direction. The raw φDP field
of RCMD is processed with the new Selex–Gematronik fam-

Table 2. Equipment Location and height above mean sea level.
Range is calculated as the haversine distance.

Location or station Latitude Longitude Height Range
(m) (km)

RCWF and RCMD 25.07 121.78 743
466930 25.17 121.54 659 26.8
466920 25.04 121.51 8 27.9
466910 25.19 121.52 765 29.2
466880 25.00 121.43 15 35.9
466950 25.63 122.07 5 68.6

Table 3. Disdrometer characteristics.

Parsivel disdrometer

Manufacturer OTT HydroMet
Sampling area 50 cm2

Drop size range 0.06–24.5 mm
Velocity range 0.05–20.8 m s−1

ily of digital receiver and signal processor (GDRX) (Bringi
et al., 2005). The GDRX processes the raw field using the
field unwrapping, “good data” mask application, and finite
impulse response (FIR) filtering. The details of the procedure
can be found in Bringi et al. (2005). A similar procedure is
also applied on the raw φDP field from RCWF. Examples of
processed reflectivity and differential-phase fields are shown
in Fig. 3, where panels Fig. 3a (c) and Fig. 3b (d) show the
reflectivity (raw differential phase) measured by S-band and
C-band, respectively. The yellow arrow in Fig. 3a indicates
the radial path from the radars to the disdrometer location
of interest. It should be noted that the reflectivity fields from
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both frequencies are consistent, and the difference is mainly
caused by the attenuation. The differential-phase fields, on
the other hand, show significant difference, which indicates
that the differential phase is more sensitive to the radar fre-
quency. A detailed analysis of the impact from frequency on
the differential phase and specific differential phase is pre-
sented in Sect. 3.1.

Figure 3 serves as a visual representation of the data used
in the DSD retrieval algorithm and demonstrates the differ-
ences in the data between the S-band and C-band radars. Fig-
ure 4 shows the preprocessed (dashed) and post-processed
Z (solid), without any attenuation correction, and φDP fields
along the yellow arrow of Fig. 3, contrasting the difference
between the post-processed differential-phase profiles (solid)
and the profiles prior to unfolding and smoothing (dashed).
The measurements from S-band and C-band are shown in
blue and red, respectively.

The DSD parameters are derived from the Parsivel dis-
drometer observations through the approach proposed by
Raupach and Berne (Raupach and Berne, 2015). In this ap-
proach, data concerning individual raindrops, including their
diameters and fall velocities, and the effective sampling areas
of the instrument are recorded. The drops are binned into di-
ameter classes, and the concentration is then calculated using
Eq. (2), where Ni is the drop concentration for the ith equiv-
olume diameter class, S is the effective sampling area, V is
the particle velocity, and1Di and1t are the class width and
sampling period, respectively.

Ni =
1

1Di1t

M∑
j=1

1
SjVj

(2)

2.2.2 Data selection

The algorithm development and validation were based on
10 d of data collected by RCMD and RCWF. These days in-
cluded 1 June and 11–17 June 2017 and 7 January and 7 May
2018. The majority of these days correspond to the Meiyu
season in Taiwan and represent events of light to moderate
precipitation which were observed in the region covered by
the two radars. These days provided data representative of
multiple precipitation intensities.

One challenge in using both RCWF and RCMD is
that they operate under different volume coverage patterns
(VCPs). As a result, there can be a slight time lag between
scans from these two radars when observing the same lo-
cation. To minimize the retrieval biases caused by the DSD
variation during the time lag, the time stamp differences be-
tween scans from the two radars were limited to within 1 min.
This time limitation helped ensure that the radar data adhere
to an acceptable degree of synchronization.

In this work, the differences in both reflectivity and
differential-phase fields obtained from the S-band and C-
band radars play critical roles in the DSD retrieval. Sufficient
differences are expected from the two frequencies for differ-

ential phase. If the differences are too small, the algorithm
may result in a biased or inaccurate retrieval of the DSD.
Thus, it is crucial to carefully select the observation range
such that enough differential-phase difference has been ex-
perienced by the radar return.

Another important factor to consider is that biases in the
retrieved DSD can accumulate along the range. This means
that the farther the distance is between the radar and the tar-
get area, the larger the potential error in the retrieved DSD
will be. The presence of atmospheric attenuation is also a
predictable issue in radar data processing, and it also under-
scores the importance of carefully selecting the range of in-
terest when estimating the DSD.

To achieve reasonable results, the following criteria for
candidate data are therefore used for the terminal gate of the
retrieval that contains the disdrometer:

– 25 km< range< 70 km,

– ZS> 25 dBZ.

This set of criteria is designed to strike a balance between
creating sufficient deviation between C- and S-band differen-
tial phases for an accurate DSD retrieval, while also prevent-
ing excessive error accumulation and minimizing the vertical
separation between the radar observation volume and ground
location. Additionally, a reflectivity threshold of 25 dBZ is
imposed to ensure that there is enough observable precipi-
tation in the terminal gate where the disdrometer is located.
These criteria are primarily chosen to increase the quality
of the data for development and validation; however, similar
standards would need imposed if the algorithm were to be
operationally applied to address the error accumulation and
elevation differences.

2.3 Drop size distribution with an artificial intelligence
method

The flowchart of the proposed DSD retrieval algorithm
is presented in Fig. 5. Three variables, S-band reflectiv-
ity (ZS(r,θ)) and differential phase from both S-band and
C-band (φS

DP(r,θ), φ
S
DP(r,θ)), are implemented as inputs,

where r and θ are the coordinate of range and azimuthal an-
gle, respectively. The analysis exclusively employs S-band
reflectivity as it is considered a more dependable variable
than ZC in the data set since RCWF is utilized operationally
and is well calibrated. Although S-band reflectivity does ex-
perience atmospheric attenuation, ZC is much more vulnera-
ble to this effect and is therefore not used as an input to the
algorithm. Since ZC displays high correlation with ZS, it is
unlikely that the inclusion of C-band reflectivity would fur-
nish any additional useful insights into the retrieval. More-
over, the exclusion of ZC from the process serves as an addi-
tional validation parameter, as discussed further in Sect. 3.

The radar variables from a given gate are first preprocessed
with the routine described in Sect. 2.2.1, and the processed
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Figure 3. Panels (a) and (b) show the reflectivity measured in S-band and C-band, respectively. The yellow arrow in panel (a) indicates
the radial path from the radars to the disdrometer location of interest. Panels (c) and (d) contain the raw differential-phase measurements
recorded in S-band and C-band.

data are then used to retrieve three parameters as described
in Sect. 2.3.2.

2.3.1 T-matrix computation of radar parameters

In the retrieval procedure, a set of DSD parameters (Eq. 1)
is first initialized within commonly observed ranges of the
following parameters (Zhang et al., 2001):

– 102 <N0 < 1010,

– 0< µ< 10,

– 0<3< 15.

With the initial parameters, the DSD (N(D)) is calcu-
lated, and radar variables (ZS, KS

DP, KC
DP, and specific atten-

uation, A) are then calculated with the following equations
integrated from 0 to a maximum diameter (Dmax) of 8 mm

(Ryzhkov et al., 2013):

Z =
4λ4

π4|Kw|
2

Dmax∫
0

∣∣f πb (D)∣∣2N(D)dD, (3)

KDP =
0.18λ
π

Dmax∫
0

Re
{
f 0
b (D)− f

0
a (D)

}
N(D)dD, (4)

A= 8.686× 10−3λ

Dmax∫
0

Im
{
f 0
b (D)

}
N(D)dD. (5)

In these equations, vertical polarization scattering ampli-
tudes, f 0

a (D) (f πa (D)), and horizontal polarization scatter-
ing amplitudes, f 0

b (D) (f πb (D)), are calculated with the T-
matrix method (Waterman, 1965), where 0 and π indicate
forward and backward directions, respectively. These formu-
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Figure 4. The data along the radial indicated in Fig. 3 before and after processing. Raw radar data (dashed lines) are contrasted with post-
processed data (solid lines). Processed C-band reflectivity is not used as a retrieval input but is useful for validation purposes as discussed in
Sect. 3.1.

Figure 5. The algorithm applied to each gate seeks DSD parameters
that produce reflectivity and estimated specific differential-phase
values that correspond to the radar reflectivity and differential-phase
values observed at the disdrometer location by RCMD and RCWF.
The calculated values are indicated as ZS′, φS′

DP, etc., as opposed to
the radar-observed values, which are indicated as ZS, φS

DP, etc.

lations make use of a simplification with zero canting an-
gle, which will introduce only a small error due to the lim-
itation of elevation tilts. The dielectric constant of water is
referenced at 10 °C, which is a reasonable temperature for

the radar volume situated between the melting layer and the
ground-level temperature of Taiwan during these dates.

With the obtained KDP field, the φDP fields from both
the S-band and C-band radars were then calculated through
Eq. (6), where 1R represents the range difference between
the ith gate and the previous gate. φsys

DP is the system φDP
found in Table 1 for both radars.

φDP (ri,θ)= 2 ·KDP1R+φDP (ri−1,θ)+φ
sys
DP (6)

2.3.2 Optimization routine

The estimation of radar variables can be achieved by adjust-
ing a parameterized DSD in order to reduce the difference be-
tween the estimated and observed values. As this difference
decreases, the optimization problem gradually approaches a
minimum value, ultimately resulting in the retrieval of the
desired information. Essentially, the retrieval problem can be
considered an optimization problem where the goal is to find
the optimal set of parameters that minimize the difference
between the estimated and observed values.

Multiple methods exist for minimizing the error between
the simulated radar variables and the measured variables. A
relatively simple approach that was first used is the Gauss–
Newton method. While it can quickly converge to a solution,
the technique will often only find local minima rather than
the global minimum of the solution space. Another early at-
tempt used the genetic algorithm (GA), which very reliably
found better solutions. The GA, however, was very compu-
tationally intensive and relied on fine-tuning of the crossover
and mutation factors to efficiently solve for the DSD.
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Figure 6. Particle swarm optimization for the gate of interest. The
dashed box on the left denotes the calculations for each particle that
has an independent set of gamma-distribution-defining variables
that is used to estimate reflectivity and specific differential-phase
values using the T-matrix method. Range differentials and the pre-
viously determined differential phase are used to produce estimated
parameters that can then be applied to a cost function relative to the
observed values.

Particle swarm optimization (PSO) was ultimately used for
this work since it is comparatively more efficient at seeking
the most representative DSD. Figure 6 shows the organiza-
tion of the PSO application. For a gate with preprocessed re-
flectivity and differential-phase measurements, particles with
random N0, µ, and 3 are initialized. Ranges for the particle
positions are chosen according to commonly observed inter-
vals (Zhang et al., 2001). In this manner, a coordinate space
is created in which each DSD parameter is a dimension.

The three coordinates of each particle position collectively
define a DSD that is used to calculate ZS and φS,C

DP . Various
cost functions that measure the distance from the truth data
were tried. The fitness function given by Eq. (7) allows for
relative weightings to be applied to each variable. Experi-
mentally determined values (α= 5, β = γ = 1) led to reliable
retrievals. It should also be noted that ZS is expressed as a
logarithmic value rather than in linear units.

Cost = α

∣∣∣∣∣ZS
simulated−Z

S
measured

ZS
measured

∣∣∣∣∣
+β

∣∣∣∣∣φ
S
DP, simulated−φ

S
DP,measured

φS
DP,measured

∣∣∣∣∣
+ γ

∣∣∣∣∣φ
C
DP, simulated−φ

C
DP,measured

φC
DP,measured

∣∣∣∣∣ (7)

For a gate’s retrieval, the cost of every particle is calcu-
lated, and the iteration’s current best solution and the global
best solution of all iterations are recorded. The particle po-
sitions are then updated according to Eq. (8), where ε is the

local acceleration factor, ζ is the global acceleration factor,
r1 and r2 are random numbers between zero and one that
are generated for each particle, and i denotes the current it-
eration. This allows the particles to move towards the cur-
rent and global best solutions and possibly find better solu-
tions along the path. The convergence speed must be weighed
against the possibility of “over-shooting” viable candidate
solutions. ε and ζ were determined experimentally, and val-
ues of 0.15 and 0.0015 were used for processing the overall
data set.N0
µ

3


i+1

=

N0
µ

3


i

+ε


[
N0
µ
3

]
iteration

best

−

[
N0
µ
3

]
i

r1

+ζ


[
N0
µ
3

]
global
best

−

[
N0
µ
3

]
i

r2
(8)

The swarm consists of 5000 particles which are allowed
400 iterations for each retrieval. It should be noted that the
setting of 400 iterations is intended solely for prototype algo-
rithm development, and computational efficiency has not yet
been addressed. A simple iteration control algorithm could
be implemented to terminate the computation once the root-
mean-square error reaches the predefined threshold. Any em-
bedded solution should take advantage of speed improve-
ments gained from parameter tuning or even substituting a
more efficient technique in place of PSO.

2.3.3 Retrieval along radial

The goal of the retrieval process is to obtain a DSD similar
to the disdrometer measurement. To achieve this, the PSO re-
trieval algorithm is applied iteratively starting from the gate
nearest the radar. Initially, the first gate is assumed to be unat-
tenuated, and its measured reflectivity and differential phase
are directly input into the PSO algorithm. After completing
the retrieval for a gate, attenuation is calculated using Eq. (5),
and the reflectivity for the next farthest gate is adjusted. In
this manner, each gate’s input reflectivity accounts for at-
tenuation experienced between the radar and that gate. This
process, illustrated in Fig. 7, continues at 4 km intervals until
reaching the disdrometer location.

2.4 Simulation

The role of the additional frequency in providing extra infor-
mation is one of the key questions addressed in this study.
We demonstrate the viability of employing dual-polarization
measurements at C-band and S-band for rainfall estima-
tion through simulations. The algorithm was evaluated under
ideal conditions by extracting disdrometer-recorded distribu-
tions and fitting each to a DSD with gamma parameters as
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Figure 7. The retrieval along radial process that begins with the first gate that is assumed to be unaffected by attenuation. The reflectivity
and differential-phase information serve as inputs to the PSO of each gate and produce DSD values that can be used to calculate the local
attenuation. The next gate’s observed reflectivity value is updated with any previously accumulated attenuation before being used in the next
optimization. The process continues until the final gate’s values are determined.

discussed in Sect. 2.3.1. For each distribution, Z and KDP
values were calculated using Eqs. (3) and (4). A total of 700
distributions were generated.

These calculated Z and KDP values were treated as true
observations, devoid of confounding factors such as elevation
differences, noise, or unaccounted attenuation discussed in
Sect. 2.1. Rainfall rates were calculated using the fitted DSDs
according to Eq. (9) with v(D) given by Eq. (10), whereD is
given in mm and v(D) is in mm s−1 (Ulbrich, 1983). These
rates are considered true if perfectly observed.

R =
π

6

Dmax∫
0

D3N(D)v(D)dD (9)

v(D)= 9650− 10 300exp(−0.6D) (10)

The cost function, defined in Eq. (7), was modified to op-
erate directly on specific differential phase rather than differ-
ential phase, according to Eq. (11) with simplified weights:
α = β = γ = 1.

Cost = α

∣∣∣∣∣ZS
retrieval−Z

S
true

ZS
true

∣∣∣∣∣
+β

∣∣∣∣∣K
S
DP, retrieval−K

S
DP, true

KS
DP, true

∣∣∣∣∣
+ γ

∣∣∣∣∣K
C
DP, retrieval−K

C
DP, true

KC
DP, true

∣∣∣∣∣ (11)

The retrieval process was conducted using this study’s
dual-frequency approach on a single gate. For compari-
son, retrievals were also performed using a single frequency
by setting γ to zero, thus discarding the C-band contribu-
tion. Additionally, retrievals incorporated a µ−3 constraint
(Eq. 12, which Seela et al., 2018 demonstrated to be accurate

for Taiwan rain systems during summer months). Rain rates
for each retrieval method were calculated and compared to
true values using relative absolute error (RAE), as defined in
Eq. (13), where Rd represents the truth rain rate and R de-
notes the rainfall rates from the methods being compared.

3= 0.0235µ2
+ 0.472µ+ 2.394 (12)

RAE=
|Rd −R|

Rd
(13)

As a final comparative benchmark, rain rates were also
calculated using varying Z–R relationships. Equation (14)
represents perhaps the most common meteorological radar
relationship (Ulbrich and Lee, 1999), Eq. (15) is specific to
Taiwan as proposed by Chang et al. (2021), and Eq. (16) is
derived from fitting calculated Z and R values found in the
initial steps of the simulation.

Z = 300R1.4 (14)

Z = 207R1.45 (15)

Z = 324R1.35 (16)

Figure 8 illustrates the cumulative distribution of errors
for each method. In this plot, the cumulative portion of er-
rors is shown on the y axis, while the sorted error values
of each method are displayed on the x axis. As an exam-
ple interpretation of the plot, 90 % of current study’s errors
(blue) are less than 0.2 in terms of RAE, while 90 % of the
Taiwan Z–R-based errors (dashed black) are not contained
until an error level of 0.78 RAE. Interpreting the plot from
the constant RAE perspective, 65 % of the current study’s
errors are below 0.1, while 60 % of µ–3 (purple) method’s
errors and 30 % of the Taiwan Z–R (black) method’s errors
are below 0.1 RAE. The conclusion of the simulations can be
drawn from the plots: the dual-frequency approach provides
a modest improvement over single-frequency retrievals, even
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Figure 8. The distribution of errors (cumulative) associated with
each approach are plotted. The results of this study’s proposed
methodology using two frequencies (blue circles) shows modest im-
provement when compared to single-frequency retrievals with (pur-
ple triangle) and without (red square) assumed µ–3 constraints. A
more significant improvement is seen when compared to the var-
ious errors associated with Z–R rain rate estimations, which are
indicated with the dashed lines.

with a relevant µ–3 constraint, and a significant improve-
ment compared to all Z–R-based rates. Under these ideal
simulated conditions, the median RAE of the dual-frequency
approach was 0.0623, while the µ–3 single-frequency ap-
proach was 0.0725. The median RAE of the best-performing
(at the 50th percentile)Z–R relationship (Z = 207R1.45) was
0.1861.

At the parameter level, the benefit of an additional fre-
quency can also be investigated while still using the gamma
model assumption. Distributions with varying µ and 3 val-
ues, while keeping N0 constant, can be used to calculate spe-
cific differential-phase values at two wavelengths (10.0 cm
for S-band and 5.0 cm for C-band). These values are depicted
in Fig. 9. This simulation highlights that specific differential-
phase values exhibit distinct separations at the two wave-
lengths. This simulation underscores the potential of using
dual-polarization measurements at C and S radar bands for
DSD retrieval.

3 Performance evaluation

The evaluation of the proposed algorithm was carried out
through both qualitative and quantitative methods. Initially,
the retrieved DSDs were subjectively compared to the DSDs
measured by the disdrometers at the times nearest to the radar
scans. This qualitative comparison provides a preliminary
measure of the algorithm’s overall accuracy as adjustments
were made to its parameters. A subsequent discussion of the
role of using two frequencies rather than a single-frequency
approach highlights the value of using the C-band reflectivity
(unused in the retrieval) for further validation of the along-
radial results. Following the fine-tuning of the cost function

Figure 9. KDP is simulated for DSDs of varying µ and 3 values
with fixedN0= 8000. A separation between theKDP values is clear
at the two radar bands.

and PSO parameters, a more rigorous quantitative analysis
was performed. This involved calculating the rainfall rates
based on the disdrometer-recorded DSDs, which were con-
sidered the benchmark, and comparing these rates to those
obtained from the retrieved DSDs. Additionally, the calcu-
lated rainfall rates were contrasted with those derived us-
ing the traditional Z–R relationship methodology, offering
a comprehensive evaluation of the algorithm’s performance.

For the performance validation of this study, data span-
ning 10 d from 2017 and 2018 were utilized. A potential
case is defined as one plan position indicator (PPI) scan of
each radar. The stringent criteria for time synchronization
narrowed the data set to 167 cases that not only met the syn-
chronization requirements of the radar scans but also had the
requisite data quality and fell within the disdrometer range
requirement.

3.1 Qualitative assessment

Figure 10 showcases a representative selection of the re-
trieved DSDs the algorithm generated as compared to the
disdrometer data. Cases were systematically sampled across
the data set’s collection period to accurately reflect the al-
gorithm’s retrieval performance. These cases strictly adhere
to the time synchronization criteria established by our data
quality standards and exhibit reflectivity values at the termi-
nal gate that exceed the minimum threshold. The radar scan
time tags are specified with precision down to the second,
whereas disdrometer measurements are recorded on a per-
minute basis. Consequently, both the preceding and subse-
quent disdrometer timestamps are presented (red and green,
respectively), in addition to the closest time (blue). This ap-
proach acknowledges instances where these adjacent times-
tamps may more accurately represent the radar data.

Six of these eight cases show a high degree of agreement
across the spectrum of drop sizes, with particularly strong
correlation observed for the measurements of moderate drop
sizes. It can be found from Fig. 10 that the retrieved DSD
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Figure 10. The retrieved DSD is shown in black in each plot with its gamma distribution equation. The DSD of the closest disdrometer
record is plotted in blue, while the previous record and next record time are shown in red and green, respectively. The median rainfall rate of
the three disdrometer collections is indicated in mm h−1.

fits the disdrometer observations very well for larger drops
(D> 0.5 mm). Deviations can be found in cases such as
20170613 – 08:04:49 UTC and 20180107 – 09:26:32 UTC
for smaller drops (D< 0.5 mm). This is a predictable result
given the retrieval input parameters are heavily dominated by
contributions of larger diameters. Not all disdrometer sizes
need to be equally prioritized for accurate fitting. Examina-
tion of Eqs. (3) and (4) reveals that the contribution to radar
parameters from each diameter increases with the size of the
drop. Furthermore, previous research evaluating the accuracy
of disdrometers across various drop sizes indicated that drops
of 0.6 mm and larger are the first reliably measured sizes by
optical disdrometers (Tokay et al., 2001). This finding sup-
ports the notion that inaccuracies in measuring smaller drop
sizes do not significantly impact the calculations of reflectiv-
ity or DSD-derived metrics such as rain rate and attenuation.
While some researchers have proposed that the goal of a re-
trieval should be to fit the predominance of the size spectrum
(Adirosi et al., 2013), it is clearly more important to represent
medium to large diameters when the integrated parameters
are the focus.

To ensure the accuracy of the retrieval algorithm, one can
utilize the C-band parameters obtained from the retrieved
DSDs to validate the S-band parameters. To accomplish this,
the attenuation that is calculated from the retrieved DSDs
can be applied to correct the C-band reflectivities affected
by the large attenuation experienced over the path. Figure 11

suggests that the S-band reflectivity is less affected by atten-
uation as expected. The dashed blue lines in the plots rep-
resent the raw reflectivity values measured by the S-band
radar, which demonstrates the relatively low attenuation at
this wavelength. The solid blue line in the plot represents the
attenuation-corrected reflectivity values measured by the S-
band radar. The corrected C-band reflectivities are shown as
the solid red line in each plot and are seen to match well
with the S-band values. This indicates that the attenuation
factor derived from the retrieved DSD is effective in con-
verting the C-band reflectivities to equivalent S-band values.
By using this correction factor, we can confirm that the re-
trieved DSD accurately predicts the atmospheric effects at
both radar bands, and thus the corrected C-band reflectivity
serves as a “sanity check” for the along-radial retrieval. The
input (dashed) and retrieved (solid) differential-phase pro-
files are also provided for each example.

3.2 Quantitative assessment

A comprehensive quantitative analysis was conducted on the
167 cases, utilizing the disdrometers in Table 2, with a par-
ticular focus on the algorithm’s accuracy in QPE, where the
importance of accuracy is most prominently showcased.

At the parameter level, Fig. 12 demonstrates the retrieval
routine produces DSDs corresponding to radar parameters
which effectively match the inputs. The x axis represents
the inputs to the retrieval based on measurements, taking
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Figure 11. The S-band raw reflectivity (dashed blue line) and the attenuation-corrected reflectivity values indicated by solid blue. The
corrected C-band reflectivity is shown with solid red lines relative to the uncorrected (dashed red) reflectivity. The input (dashed) and
retrieved (solid) differential-phase profiles of each case are included for each example.

into account attenuation in the case of Z. The y axis rep-
resents the parameters output by the algorithm retrievals for
the final gate containing the disdrometer. Metrics for the re-
trieval pairs are indicated for each parameter: the mean bias
(MB), root-mean-square error (RMSE), and the correlation
coefficient (CC). These are defined as follows: the mean
bias MB= 〈XRetrieved〉

〈XObserved〉
; the root-mean-square error RMSE=〈

(XRetrieved−XObserved)
2〉1/2; and the correlation coefficient

CC= 〈(XRetrieved−〈XRetrieved〉)(XObserved−〈XObserved〉)〉
σXRetrievedσXObserved

, where angle
brackets indicate the mean, XRetrieved is the algorithm out-
put for the given parameter (ZS, KS

DP, KC
DP), XObserved is the

observed input value for the parameter, and σ is the standard
deviation of the parameter.

In the context of QPE, rainfall rates were calculated using
the retrieved DSDs according to Eq. (9) with v(D) given by
Eq. (10) as in Sect. 2.4. For comparison, the S-band reflec-
tivity data were applied using Eq. (15), which is the region-
specific relationship also referenced in Sect. 2.4 (Chang et
al., 2021). The Parsivel data were used to calculate the
ground truth via Eq. (17), whereDj is the equivolume diam-
eter of the j th recorded drop, S is the effective sampling area,
and 1t is the sampling period (Raupach and Berne, 2015).

Rd =
6π × 104

1t

M∑
j=1

D3
j

S2
j

(17)

The evaluation involved comparing the rainfall rates de-
rived from the Z–R relationship, that of a µ−3-constrained
(Eq. 12) S-band-only retrieval, and that of this study’s re-
trieval algorithm against the ground truth values from the
Parsivel disdrometer, whose biases were discussed in Sect. 2.
This comparison was based on RAE following the same ap-
proach as discussed in Sect. 2.4.

Figure 13 features a plot of the cumulative distribution of
RAE for all three methods. The retrieval algorithm’s accu-
racy is depicted by the blue line with circles, while the µ–3
constrained retrieval is shown in purple, and the Z–R rela-
tionship benchmark is indicated with the dashed black line.
This visualization highlights that the proposed method of es-
timating rainfall rates using retrieved DSD parameters sig-
nificantly enhances accuracy over a region-specific Z–R re-
lationship (Chang et al., 2021). Specifically, the median RAE
for the Z–R method is 0.76, while the retrieval results corre-
spond to a median of 0.53, marking a notable improvement of
30.3 % in this study’s context. The dual-frequency approach
is comparable to the single-frequency constrained approach,
and the only claimed relative benefits are not needing to as-
certain a regional µ–3 relationship or to use cases in which
the precipitation deviates from the assumed relationship.

It is important to acknowledge a notable limitation ob-
served in the performance of the retrieval algorithm, as re-
flected in the resulting cases with large RAE. Specifically, the
algorithm has the potential to significantly overestimate the
rainfall rate. Closer examination reveals that such discrepan-
cies arise from ill-posed conditions for retrieval. Although
incorporating multiple frequencies enhances the capability
to retrieve the DSD, the specific differential-phase and re-
flectivity values must still exhibit a consistent correlation.
Deviations from this correlation can mislead the algorithm,
yielding suboptimal outcomes. Therefore, incorporating self-
consistency relations between the input variables stands out
as a promising direction for enhancing algorithmic accuracy
in future research endeavors (Park et al., 2005; Giangrande
et al., 2013; Gorgucci et al., 1999; Reinoso-Rondinel et al.,
2018).
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Figure 12. The retrieved calculated value of each parameter (y axis) is shown relative to the algorithm’s input (x axis) based on the radar
measurements at the final gate (disdrometer location). The results in terms of MB, CC, and RMSE are included.

Figure 13. The performance of the dual-frequency approach (blue circles) shows roughly equivalent performance to the single-frequency
approach employing a relevant µ–3 constraint (purple triangles). Both methods utilizing DSD information outperform the region-specific
Z–R-derived rain rates (dashed black line).

4 Conclusions

A novel approach to retrieving the DSD using PSO has been
discussed. The outlined dual-frequency dual-polarization
method can provide significantly improved estimates for
rainfall compared to Z–R relationship estimates and of-
fers modest improvement to retrievals utilizing relevant µ–
3 constraints. While the retrieval is unconstrained regarding
the gamma distribution parameters, the price is the additional
data needed. The authors predict that radar systems utilizing
more than one frequency will continue to become more com-
monplace and that producing the required synchronized mea-
surements will be more feasible with the adoption of phased
array systems. The value of dual polarization in radars is al-
ready universally accepted. Algorithms such as the one pro-
totyped in this work will become more valuable as radar sys-
tems produce data with this type of increased diversity.

There are several limitations in this research that have been
briefly mentioned and that future work should address. A
larger data set or alternative preprocessing criteria should
be assessed for long-term evaluation of the approach. While
10 d of data were screened, the selection process for useful
cases was highly discriminatory. Only measurements from
the two radars that were synchronized within 1 min became
candidates. Of these, only data with corresponding disdrom-
eter truth data and minimum terminal gate reflectivity were
included in the processing pool. Preprocessing the measure-
ments led to the greatest reduction in potential data. The ma-
jority of these cases were excluded because of data qual-
ity issues that were primarily due to unreliable differential-
phase profiles. Future work should exhaustively assess the
approach by processing a larger amount of high-quality data.

One focus of this project was to show that N0, µ, and 3
are independently solvable when incorporating both multi-
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frequency and multi-polarization information. Restricted re-
lationships between the variables are still highly useful. If the
intended application of any retrieval algorithm can utilize a
constraint with high confidence, the DSD retrieval process
becomes more efficient. The tradeoff is that shaping charac-
teristics may not be captured, which is why study of more
flexible retrieval processes should continue.

The optimization approach involves various adjustable pa-
rameters, including swarm size, number of iterations, and ac-
celeration coefficients. Fine-tuning these parameters could
result in faster and more optimal results. Moreover, adapt-
ing the algorithm to function as an embedded application for
field testing is also a promising area for further development.
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