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S1 Alternative derivation of jJMMSE estimator

The JMMSE estimator derived in the main text provides a straightforward route to obtaining an estimator of the noisefree CO,
data based on the joint observational model of eq. (2). That is, we first derive the maximum a posteriori solution, and rewrite
this to the linear minimum mean square estimator. The original derivation, however, was done along the following lines — it
may be considered to be an alternative derivation of the method, for which the generalization to other setups might be obtained
more easily.

The linear minimum mean square error problem can be formulated as
. 2
argminy, , |E [(h M+b—c) ], (S1)

i.e., we try to estimate ¢ by hT M + b. Note that h acts on the noisy data, while before H acted on the noise-free column,
thus these are entirely different vectors. In the ideal noise-free case we have that h =w = [1  0]7. We take a derivative with

respect to b and equate the result to zero,

OE [(hTMij—c)T

—9E [hTMer—c] =0, (S2)

— b=E[c] - h"E[M] (S3)

Substituting this in eq. (S1) we get

E [(hTM+ b 0)2] —E [(hT(M —E[M]))? + (c— E[d])? — 2hT (M — E[M])(c — E[d])], (S4)
= T (E[(M — E[M])(M —E[M))"]) h+E[(c—E[c])?
~————
hTCaah 72
— 2hTE[(M —E[M])(c — E[d])], (S5)




with C 44 the data covariance matrix as given in eq. (5), o2 the variance of the prior, and C. is given as following, assuming
signal-independent noise E[cn] = E[c¢]E[n], and recalling the covariance rule E[(a — E[a]) (b — E[b])] = E[ab] — E[a]E[b],

20 Cge=E[(M —E[M])(c—E[d])], (S6)
=E[Md — E[M]E[d], (87)
=E[(Hc+n)c] —E[Hc+n]E[, (S8)
-|H (E (2] -E [cf) +E[nd —E[n]E[] | H w (S9)

2 =0 =1
=HH"o?w (510)
25 =(Cgq— Cpn)w, (S11)

where we used eq. (8) to find a convenient model-free expression.

Differentiating eq. (S5) with respect to h and equating the result to zero yields

8E{(hTM+bc)1

=2C qh — 2C 4. = 0, (S12)

= h=Cp} (Cas— Cnn)w = (I-C,/Cpy,)w. (S13)

30 The obtained least-squares optimal values for h and b yield the JMMSE estimate for the denoised CO, column,

¢=hTNI +b, G19
= h"T(M — E[M]) +E[d, (S15)
=w"(1-C,,Cy)(M —E[M]) +E[], (S16)

which we recognize is the same as eq. (11).

35 S2 Explicit form of the Joint MMSE model
We can simplify eq. (11) by using the fact that w” =[1 0],

&= C0; —[Cov(nco,nco,) Cov(nco, nno,)|Cyy (M — M), (817)
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and we may furthermore invert the data covariance matrix to write eq. (S17) as

fe COn 1 COV(HCOQ,HCOQ)(C@ —C0,)
2 B Cov(CO2,NO3)? COV(CbQ,CbZ) ’ ’
Cov(Cbgthz)Cov(J\fOz,sz)
1 COV(“COQ } nCOQ) ~ N
— . - = = NO; — NO»),
* Cov(C02,C03)Cov(NO2,NO3) _ 1 Cov(COs, NO5) (N ?
Cov(CO2,NO3)?
_ 1 COV(”COz?”NOz)(cb _@ )
Cov(Cbg,C~O~2)Cov(~N~Oz,N~02) -1 COV(CbQ,NbQ) ? o
Cov(CO2,NO3)?
1 C . WO
N OV(nC027n]\£OQ) (NOQ _ NO2) (518)

B ) Cov(~C~Oz,Nb2~)2 _ COV(N~027 NO?)
Cov(CO2,C03)Cov(NO2,NOs)

Assuming no noise correlation between the CO, and NO, data, Cov(nco,,nno,) = 0, that simplifies to

COV(CbQ,NbQ)
Cov(NO2,NO>)

é=C0, — Cov(nco,,nco,) ((02)2 —C0O,) —

Cov(CO,,C0O5) — %&907%

(NO, —]\702)> (S19)

S3 Details for the derivation

We provide some more detail to some equations in the main body of the text, to aid a reader in reproducing the derivation of

the (joint) MMSE model.
S3.1 Sherman-Morrison-like matrix inversion identity

The Sherman-Morrison formula is typically given as

-1 A lypT A
A T =A - - S20
( +uv ) 1 + ’UTAil’U, ( )
By pre-multiplying with A we obtain
TA-1
-1 uv’ A
A(A T =I1-—- S21
(A +uv') 1+oTA 1u (S21)
Furthermore, if we substitute u = v = fw for some constant factor f, we can rewrite the left- and right-hand side into
2 TAfl
AA+wfel) oo Wl WA 522
( +w ffw ) 1+ f2wTA—lw (522)
Dividing the numerator and denominator of the fraction by f? finally yields
TA-1
2 -1 ww' A
In the main text we used A = C,,,,, w = H, and f? = 02, i.e.,
- HHTC;}!
Con (Con+ HH"62) ' =1 nn (S24)

024+ HTC,IH

-1
Cdd
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S3.2 Moving from eq. (9) to eq. (10)

We started with eq. (9), also stated above,

HHTC;}
—1 nn
CinCyq =1- o2 HT C”;% I (825)

where Cyy =C,,, + HH Tcrf. We have as our sole goal to rewrite this expression into a form that equals eq. (4).

We start by bringing the identity matrix to the left-hand side and multiplying with —1,

_ HHTC;}
I-C,,Cy = T HTO-TH (S26)

We then pre-multiply with w” = [1 0] which satisfies w” H = 1 to find

HTC;}

T —1
w' (I-C,,C ;)= , S27
( ai) o2+ HTC,'H (627
and we post-multiply with M to get
- HTC M
T —1 nn
w? (I-C,,C; )M = . S28
( ai) o2+ HTC, H (529)

Compared to eq. (4) we now only lack a factor o, 'E[c]/(0,2 + H? C,,! H). The simplest way to gain this factor is to
simply add E[¢] to both sides,

Iy HTC;!M
w’ (I-C,,Cy)) M +E[c] = I H'C.IH +E[q], (529)

and realizing we can make E[c] part of the fraction by multiplying it with the denominator,

H"C;!M + (0,2 + H"C;,) H)E[(]
o+ HTChyH
_ H"C;!M+0.?El¢] HTC, HE[]

o2+ HTC i H o2+ HTCotH'

w’ (I-C,,Cyl ) M +E[c] = , (S30)

(S31)

We can see on the right-hand side that we got our desired term with o 2E[c] and an extra, unwanted term. There is a convenient

expression for this extra unwanted term which we can deduce from eq. (S27), namely,
HTC;'HE[]

oc?+HTCrnH'

Subtracting (S32) from (S31) gives

w’ (I-C,,Cy,) HE[c] =

(S32)

- HTC;;! M + 0. 2E[(]
T —1 _ nn c
w (I*Cnncdd)(MfH]E[C]>+E[C}— THTOTH (S33)

Finally, we can see that HE[c] = E[H¢] = E[M — n], which we can use as a substitution on the left-hand side of the

equation,

~ HTC;'M +o 2]E[c]
T 1 nn c
w (I - CnnCdd) (M —E[M] —HE[n]) +E[] = = -1 . (S34)




85

90

95

100

105

Under the assumption of zero mean noise E[n] = 0 which underpins the Bayesian solution of eq. (4), we obtain the final

expression,

- - HTC;;! M + 0. 2E[(]
T o —1 o _ nn c
w (1 cmcdd)(M E[M]>+E[c] = HTeaH (S35)

As a sidenote, we remark that we can obtain the posterior covariance also from eq. (S27), namely,

1

T -1
I-C,,C,;)Chw= , S36
see, e.g., eq. 6.9 in Fichtner (2021). The left-hand portion here allows for a simplification, e.g.,
w” (I-CpnCy)) Crnw =020y —w” Cpy,Cpf Crnw, (S37)
explicitly corresponding to the uncertainty reduction.
S3.3 Moving from (10) to (11)
Finally, we can simplify eq. (10), also present in the previous subsection, to a simplified expression,
¢=w" (1= Cu,Cy) (M —E[M]) +E[c], (S38)
— Ww'T (M - ]E[M]) —w” (CpnCy}) (J\Zr - E[M]) +E[d, (S39)
= w! M —w"E[M] +E[d —w” (C,,,Cy}) (M fIE[M]), (S40)
=C0, =0
= Oy ~w" (CunCy}) (M ~E[M]). (S41)

S4 Divergence results for SMARTCARB

In the main paper we present divergence results for a full year of TROPOMI. However, we can equally present divergence
results for a full year of SMARTCARB. The advantage of the SMARTCARB dataset is that we have access to the noise free
simulated data. Therefore, we can compare the divergence results between the various noisy and denoised estimates to the true
noise free result. As also mentioned in the main body of the paper, emission estimation depends on a good signal to noise ratio,
but also on other factors such as a good estimate of the effective wind speed and on steady-state conditions.

The code to produce the divergence images is identical to what was used for TROPOMI. SMARTCARB consists of data
simulated for up to 6 synthetic satellites, allowing a user to make constellations of 6 or less than 6 satellites. However, for this
study we used all 6 satellites, meaning we have access to 1562 images.

We can first look at the resulting divergence images as in Figure S1.

Then we integrate around each source to a radius of 15 km. This produces a bar plot as shown in Figure S2. We can notice
that the various methods do not necessarily get close to the true (known) emissions, but they do get relatively close to the

noisefree emissions. What is of particular importance for us here is to note that there is no obvious bias present for the various
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Figure S1. An overview of the various SMARTCARB divergence images as obtained using the various methods. In panel (f) we show the

number of overpasses where the CO, signal had a cloud cover of less than 1%.
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Figure S2. A bar plot of the estimated emissions for the SMARTCARB dataset, using the various denoising methods

denoising methods, other than the 5 x 5 pixel mean filter which has a tendency to underestimate the emissions marginally. We

110 show this also in the scatter plot of Figure S3.



Scatter plot of noisefree and estimated CO, emissions
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Figure S3. A scatter plot of the estimated emissions for the SMARTCARB dataset, using the various denoising methods. Added to the plot
legend are least squares fits comparing the noisefree to the denoised estimates — once for a model of y(x) = a + bz and once for a model
y(z) = bz, and associated R? values corresponding to goodness-of-fit are given. It is here clear that the BM3D+MMSE T=9 approach

yields the best results for both fitting models in terms of R2.



S5 Additional figures

S5.1 Synthetic case — JMMSE for different window sizes
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Figure S4. The noisy data from which Figure 3(b) was drawn, though

we now consider a larger area, denoised using the J]MMSE with T' =

3to T = 13 leads to increasing PSNR and SIM scores. This indicates

enhanced performance with larger window sizes.
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Figure S5. Same as Figure S4, but now we show the difference with
respect to the noise-free case. We see that we remove increasingly
more noise, but do not improve our recovery of some plumes (visible
as ‘blue’ features, i.e., where our recovery underestimates the true

source strength).



S5.2 TROPOMI SO; case — j]MMSE for different window sizes
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Figure S6. The noisy data from Figure 5(c) denoised using the Figure S7. Same as Figure S6, but now we show the difference with

JMMSE with T'= 3 to 1" = 13 (without an application of BM3D). respect to the original SO, input data. We notice diminishing returns

We can see that the data becomes increasingly less noisy. regarding noise removal as 7' grows.
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S5.3 SO, emission estimates

115 In the main body of the paper, we display the emission estimate ratios between the ‘noisy’ divergence and denoised SO,
divergence estimates. Here, we provide the actual estimates we obtained in the form of a heatmap. Some emission estimates
are negative, specifically for Newcastle steel works, Camden power station, and Kelvin power station. This indicates that the
integration radius may be inadequate or that an important nearby sink was overlooked. As noted in the main body, a more
thorough study, with improved AMF corrections and carefully chosen integration ranges for each source, would likely yield

120 more reliable numbers. However, this is beyond the scope of the current paper.

Heatmap of values and ratios (Noisy as baseline), 15 km radial integration
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Figure S8. Heatmap of SO, emission estimates. The abbreviation SW stands for ‘steel works’ and ‘PS’ stands for power station.
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Figure S9. Difference plot of the divergence, by subtracting the SO, divergence map, reproduced in panel (a), from the denoised estimates
shown in Figure 6. We can see that the 5 x 5 filter shows considerable loss of signal, while the BM3D and BM3D+jMMSE methods, in their
difference plots, essentially just show a noise reduction without affecting the sources (apart from some residual ‘red’ spots, which indicate
that the signal has been boosted by the denoising process).
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Figure S10. The number of valid overpasses for SO, (left) and NO, (right) for the selected year 2021 over the South African region. Both

products yield around 200 to 250 valid overpasses around most of the sources of interest.
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