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Abstract. This paper describes a physically-based algorithm
for estimating the mass-weighted raindrop diameter (Dp,)
and the corresponding Doppler velocities (Vp) which are
the radar reflectivity-weighted terminal velocities of the rain-
drops. The algorithm exploits the attenuation-corrected radar
reflectivity (Z.) and the specific attenuation (k) observed by
Ku- and W-band space-borne Doppler radars and estimate
Dy, assuming a specified drop size distribution DSD. The
estimated D, were examined using a Monte Carlo model
which evolves DSDs by coalescence and breakup in a con-
vective rain as well as measured data with a disdrometer.
A detailed error analysis is also presented in the retrieved
Dy, arising from the measurement errors. While discrepan-
cies between the assumed DSDs (DSDy yr) and actual DSDs
introduce errors in the estimated values, the errors were gen-
erally small for small Dy, values. The uncertainties related to
the variability of DSD were reduced by selecting an appro-
priate DSDyyT using the dependence of Z—R relationship
(R: rain rate) on Dyp,. Since k is the DSD-dependent value in
the W-band, the influence of the DSD can be partially mit-
igated but is limited. Utilizing parameters representing the
shape of DSD by k, Z. and Vp offer the potential to reduce
the DSD-related errors furthermore.

1 Introduction

Temporal and vertical variations of raindrop size distribu-
tion (DSD) are closely related to the process of precipita-
tion system. Studies on the evolution of DSD is therefore
crucial to improve our understanding of the microphysics of
rain. Ground-based measurements of DSD have been made
with a disdrometer, and a wind profiler (e.g. Kobayashi and

Adachi, 2001, 2005). Many simulation studies on the evo-
lution of DSD have been also carried out (e.g. Khain et al.,
2000). These studies suggest that significant temporal and
vertical variations appear in a convective rain. In addition to
these variations, onset of rain, large raindrops are often ob-
served at the ground because breakup process hardly occurs
in lower altitudes. Whereas, frequent breakup events result
in many small drops and intense rain as a chain reaction in
mature stage of rain (Langmuir, 1948). The dual-polarized
radar is a useful tool for measurements of DSD. Although it
cannot derive the full shape of DSD, it can estimate the me-
dian volume diameter (Dg) (Bringi et al., 2006). The scatter
plot of the relationships of measured Dg and rain rate shows
that Dy tends to reaches an equilibrium value at high rain
rate in a convective rain (Bringi et al., 2003). However, there
are considerable variations of Dg for low rain rate and little
correlations between Dy and rain rate. These may be due to
the variations of initial cloud properties and large rain drops
evolved in the initial stage of rain as mentioned above. An-
other characteristic size, the mass-weighted mean diameter
(Dy,) is the ratio of the fourth to third DSD moment and is
also estimated from the dual-frequency radar equipped on the
Global Precipitation Measurement (GPM) and is applied to
study the precipitation system on a Global scale (Yamaji et
al., 2021). The characteristic sizes are also expected to spec-
ify the life stages of rain.

The space-borne radar onboard the Precipitation Measur-
ing Mission (PMM) satellite (Iki et al., 2025), which is cur-
rently being planned, will equip a single-frequency Doppler
radar at Ku-band (KuDPR). The Earth Cloud Aerosol and
Radiation Explorer (EarthCARE) satellite (Wehr et al., 2023)
also equips a W-band cloud profiling Doppler radar (CPR).
Since the radars onboard the PMM and EarthCARE are
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single-frequency Doppler radars, the method to derive Dy,
used in the Dual-frequency Precipitation radar (DPR) can-
not be applied. Because the fall velocities of raindrops are
related to their size, the mass-weighted mean diameter may
be estimated from the Doppler velocity (V},) measured with
the nadir pointing space-borne Doppler radars. However, the
measured Doppler velocity is the sum of the raindrop fall
velocity and the vertical velocity of the atmosphere (Viir).
Thus, the measured V,, cannot be directly applied to esti-
mate Dy, in the presence of air motion. To reduce the ef-
fects of air motion from V), methods by using the differ-
ential Doppler velocity (DDV), which is a difference of V},
between two Doppler radars operated at different frequen-
cies, has been studied (Williams et al., 2016; Matrosov, 2017,
Mroz et al., 2020). This technique is useful but cannot be ap-
plied to the PMM and the EarthCARE. Estimation of Vi,
from the vertical profiles of the equivalent reflectivity fac-
tor (Z¢) and V}, has been also developed for the EarthCARE
(Sato et al., 2009; Kollias et al., 2023). Even if the effects
of air motion are removed, it is necessary to assume DSD to
derive Dy, because the measured Doppler velocity observed
is a reflectivity-weighted value.

In this paper, we propose a method to estimate Dy, from
the measured values of V),, Z.. and attenuation from the
space-borne Doppler radar at Ku and W-band. Space-borne
radars measure the path integrated attenuation (PIA) which
is attenuation of cloud and precipitation from the surface to
the satellite and is used for the attenuation correction. Thus,
vertical profiles of rain attenuation can be estimated to some
degree (Meneghini and Nakamura, 1990; Iguchi et al., 2000;
Seto et al., 2021; Kobayashi et al., 2022). In our method, the
specific attenuation (k) is used to determine the effects of air
motion and DSD on V. The method is a physically-based
algorithm and is different from the statistical approaches to
derive Dy, used in the EarthCARE product by Mroz et al.
(2023).

To verify the method, we need realistic temporal and ver-
tical variations of V, Dm, Ze and the attenuation. Observa-
tion data are preferred for the validation, but are rare because
the DSD varies significantly associated with the life cycle of
precipitation, in particular for convective rain. Unfortunately,
such data is very limited. We have therefore decided to use
a numerical model to evolve DSD and calculate V), D, Z.
and the specific attenuation from the DSD to simulate real-
istic temporal and vertical variations of DSD for validation
instead. Extensive studies have been made on DSD evolution
with the stochastic coalescence equation (SCE). However,
SCE may not be suitable to simulate significant and realis-
tic variations of DSD (Pruppacher and Klett, 1997; Bayewitz
et al., 1974). In this paper, we intend to simulate realistic
evolution of DSD to validate the retrieval method in detail,
therefore, we applied the Direct Monte Carlo method for the
simulations which assumes less conditions and can evolve
temporal and vertical variations of DSD for any rainfall in-
tensity. The Monte Carlo model is a time-consuming process
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and is difficult to apply for models that incorporate both dy-
namical and microphysical processes. However, this is not
serious in this study because we do not intend to link the
DSD evolution model to such dynamic model but to just sim-
ulate the vertical variations of DSD evolved by coalescence
and breakup processes.

In the next section, the modified Monte Caro model is de-
scribed. In Sect. 3, characteristics of the simulated tempo-
ral and vertical variations of DSD in convective rain will
be shown. The detailed studies of DSD variations associ-
ated with the life cycle of rain are useful for error analysis
of the retrieval method. In Sects. 4-7, a method to estimate
D, from the space-borne Doppler radar at the Ku-band will
be proposed and examined using the results of the Monte
Carlo simulations. The method is also applied for the W-band
cloud profiling Doppler radar (CPR) which is currently used
in the Earth Cloud Aerosol and Radiation Explorer (Earth-
CARE) satellite (Wehr et al., 2023). This CPR primarily tar-
gets clouds but can also measure weak rain. It is useful for
understanding of the aerosol-cloud-rain interaction if the Dy,
of rain can be estimated from the CPR. There are some prob-
lems in applying the retrieval method to the W-band radar,
such as significant attenuation, difficulties in determining the
specific attenuation and correcting the Doppler folding error.
In the retrieval from the CPR measurements, there are further
more issues to be solved such as the multiple scattering, non-
uniform beam filling, the satellite motion etc. These issues
are beyond the work of the paper which propose a technique
to derive Dp,. In this paper, we do not address these issues but
describe the theoretical base and the potential of the method.

2 A Monte Carlo model for temporal and vertical
evolution of DSD (MonDrop)

The processes of precipitation formation are (1) nucleation,
(2) condensation, (3) evaporation, and (4) coalescence and
breakup. In this paper, we consider only the process (4)
and make numerical simulations of the evolution of DSD.
There are two models for this purpose: the continuous growth
model and the stochastic growth model (Pruppacher and
Klett, 1997). The former model is simple, but growth is
generally slow and unrealistic (Houze, 1993). The latter is
represented by an equation called the coagulation equation
or stochastic coalescence equation (SCE) (Gillespie, 1975).
Since the SCE cannot be solved for a realistic kernel ana-
Iytically but can be solved only for a simple kernel, it is of-
ten solved numerically. Various methods have been devel-
oped (Berry and Reinhardt, 1974; Khain et al., 2000). One of
methods is the direct Monte Carlo approach which is more
flexible. The Monte Carlo approaches by Gillespie (1975) is
a method with less assumptions comparing with the other
methods, and is used to validate other methods as a bench-
mark model.
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Our approach is basically the same as the algorithm of
SeeBelberg et al. (1996) which is a modified version of the
method by Gillespie (1975) (Appendix A) but we have fur-
ther modified their method to calculate the temporal and
vertical evolution of DSD, i.e., our model is a time depen-
dent one-dimensional shaft model. The vertical profiles of
cloud/rain drop size distributions and the air vertical velocity
are given as initial values. The model allows time dependent
vertical atmospheric velocity. The cloud and rain are given at
any layers and at an arbitrary time, and the evolution of DSD
by coalescence and breakup is calculated during drops ascent
and descent. Evaporation is not considered in this paper be-
cause it has no significant effect on the drop size distribution
(List and McFarquhar, 1990).

This model allows detailed analysis of the mechanisms of
the cloud and precipitation dynamics but here is used to cal-
culate temporal and vertical evolutions of DSD from cloud
evolved by coalescence and breakup for the validation of the
method to estimate Dy, from space-borne Doppler radars.
The simulations aim to reproduce rain with falling velocity
that is detectable by the Doppler radars. Therefore, DSD of
small Dy, like drizzle is not considered. More realistic vari-
ations of DSD, in particular for DSD at larger particles, are
needed but are generally difficult. The proposed Monte Carlo
model is suitable for the validation of the method to estimate
Dp,. We will briefly describe the modified algorithm.

A one-dimensional rain shaft Monte Carlo model was de-
veloped to calculate temporal and vertical evolutions of DSD
(MonDrop) based on the algorithm of Gillespie (1975) and
SeeBelberg et al. (1996), which is a one-layer box model
and does not consider vertical profiles (Appendix A). In the
modified model, atmosphere is divided into layers in vertical.
Raindrops moves from layer to layer associated with the air
motion and the fall velocity. The cloud and rain are given at
any layers and at an arbitrary time, and the evolution of DSD
by coalescence and breakup is calculated. Cases of bounce
are not taken into account. Spherical rain droplet and cloud
particles are assumed. The algorithm of the model is as fol-
lows.

1. Define the initial time (7 = 0), the end of the simula-
tion (Tmax), and time step Ar during which the evolu-
tion of DSD by coalescence and breakup is simulated
in all layers but raindrops remain in each layer. Define
the highest altitude (Zpax). The atmosphere is divided
by AZ in vertical. Set the minimum (rpyj,) and maxi-
mum (rmax ) raindrop size. The raindrop size distribution
is described by logarithmically spaced bins in radius.
The initial volume V, initial DSD of cloud or/and rain,
atmospheric conditions, the kernel and the coalescence
efficiency are specified.

2. Calculate the time interval T that the collision occurs

and specify colliding two raindrops by random num-
bers. Modify DSD by removing the colliding two drops
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and adding new created drops at all layers and recalcu-
late the probability of collision.

3. Advance time by t. If time does not exceed step Af,
return to step 2.

4. Move drops associated with the fall velocity of drops
and the air motion. Update the volume V, and the prob-
ability of collision.

5. It is possible to add cloud or/and rain and modify the
atmospheric conditions.

6. Return to the step 2 until the time exceed Tiyax-

To consider statistical fluctuations, several runs (realizations)
with the same initial values and different random numbers
are carried out.

The probability of collision increases with the number
concentration of drops. Therefore, the number of drops
should be sufficiently large for accurate simulations. The
number of particles in each bin is determined from the DSD
in the simulation volume V. Larger volume, is therefore
needed, but requires more CPU time. When beginning calcu-
lation of developing process from cloud to rain, large number
concentrations of cloud drops exist. As the cloud drops grow,
the number of drops decreases. The optimum volume, there-
fore is difficult to determine. In model, the volume is deter-
mined so that the collisions occur in certain times (Zf). The
collection kernel is 107°~10=7 cm? s~! for a particle size of
10 um (Pruppacher and Keltt, 1997; Long, 1974), and the
particle number concentration is about 10° (m~3) for liquid
water content LWC = 1 gm~3. When the particle size dis-
tribution is assumed to be the Marshall-Palmer distribution
(Marshall and Palmer, 1948), the average collision rate is
about 10~*s at 10dBZ and 1073 s at 30 dBZ (Rogers, 1989).
Considering above issues, the volume (initial V =1 cm?) in-
creases by assuming frer = 1072-1073 5. Note the volume in-
creases with time significantly. This technique was justified
by confirming similar results of a single run to their average
of several runs (SeeBelberg et al., 1996).

To calculate the vertical profiles of DSD, atmosphere is
divided into Ny, layers with the vertical resolution Az. The
model simulates the evolution of DSD in each layer in Az.
Then, the drops ascend or descend associated with the fall
velocity and the air motion. Some drops remain in the same
layer and others move into other layers. In the model, a frac-
tion of a drop distributed to any layers is calculated as fol-
lows. Consider a drop with a velocity V; (falling velocity of
drops-atmospheric velocity) in layer L;. The length of the
moving distance of a drop from the upper boundary of the
layer Liop; is written as A Lyop; = Liopi — V; At and from the
lower boundary Lpoi 1S ALpoti = Lboi — Vi At. Take min-
imum values of ALyp; and Lip; and maximum values of
ALpoy and Lypgj for all layers (j =1, ... Nr). The frac-
tion of a drop in layer L; that is distributed to layer L ;
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(j=1...NL), Ry (i, j) is determined as

min (A Liopi Liopj) — max (A Lpogi, Lbotj)

Ry (i, j)=
P Ltopi — Lpoti

. (D

where min(a, b) and max(a, b) denote minimum and maxi-
mum values of a and b respectively. For R,(i, j) <0, the
fraction in layer j is 0. This process is performed for all par-
ticles and layers. Small vertical grid spacing allows detailed
vertical variations of DSD, however larger number of grids
needs more CPU time. Whereas large grid spacing results in
erroneous results. A vertical resolution of Az of 10 to 40 m
may be appropriate associated with a maximum fall velocity
of 10ms™~! (Barthes and Mallet, 2013; Hu and Srivastava,
1995). In the present calculation, Az =20 m was applied.

In this paper, the collision efficiency which is the ratio of
collision cross section to the geometric cross section, is set to
be unity considering the fact that the raindrop size is larger
than 0.1 mm. The coalescence efficiency (Eo,) Was calcu-
lated by Low and List (1982a). The effect of turbulence is
not considered. For breakup, the probabilities of the occur-
rence of the filament, sheet, and disk types were considered.
The DSD of each type of breakup was determined by Low
and List (1982b). The method was verified by comparing
with the simulations by Seefelberg et al. (1996) and Low
and List (1982b). Note, the rate of breakup was assumed to
be (1 — Ecoq) and for Dy, < 0.2mm, Ecoq = 1.

3 Temporal and vertical variations of DSD

In this section, we will present the temporal and vertical
variations of DSD in a convective rain by using the Mon-
Drop model. Simple convective rain models were considered
in which cloud drops in lower altitudes ascend within up-
drafts and grow to raindrops, then descend. When raindrops
descend, they further grow by coalescence and breakup. In
the developing stage of rain, the mean raindrop size gen-
erally tends to increase with rain rate (R) and reaches the
equilibrium size for intense rain. In the dissipating stage, the
opposite is true. The mean drop size, therefore expected to
be positively correlated to rain rate. However, measured re-
lationships between Dy and rain rate in a convective rain
show less correlations. Considerable scatter appears between
Dy and rain rate in particular for small drops (Bringi et al.,
2003). This suggests significant variations of DSD in the life
cycle of rain. The object of the simulations is not to make
detailed analysis of rain formation process but to reproduce
such variations for the validation of the retrieval method. Al-
though the Monte Carlo model does not account for the ef-
fects of turbulence and evaporation in the present calcula-
tions, frequent events of coalescence and breakup possibility
result in the significant variations of DSD. Such variations
are appropriate to validate the method to estimate Dy, from
the space-borne Doppler radars presented in the next section.
In addition to this, studies on the variation of DSD and the
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relationships of Dp,-rain rate, and Dy, — Z. are useful to im-
prove our understanding of the microphysical properties of
rain. Here, we will focus on the variations of D, — Z, re-
lationships in the life cycle of rain. Note Z. represents the
Rayleigh reflectivity factor in this section.

Cloud particles and raindrops were assumed to be spher-
ical, and ice particles were not considered. The simulations
were made from the ground to 5 km in altitude with the verti-
cal resolution of AZ = 20 m. Figure 1 shows a schematic fig-
ure of the convective rain model. Initial clouds at an altitude
from 2 to 3.5 km ascend within updraft air. Clouds were also
added at time 200 and 400s. The upward air velocity (Wy)
was given from the ground to 4.5 km in altitude from time
= 0 to 400 s after which no updrafts were assumed. Constant
air speed was assumed for all layers which may not be so
realistic but results in similar DSD variations for decreasing
air speed with altitude linearly which are used for validations
shown in Sect. 5. The size distribution of the initial cloud was
assumed to be the three-parameter gamma function as

N (D) = NgD"exp(—AD), ()

where Ny, u (shape), and A (slope parameter) are parameters
that determine the number of particles and the characteristic
size. Here, the shape parameter u was fixed as 6 and the lig-
uid water content was 2 gm > for DSD of initial cloud. The
median volume diameters Dy were 0.1 and 0.2 mm. Drop di-
ameters were divided into 400 logarithmically spaced bins
from 0.1 um to 8 mm. The raindrop fall velocity was calcu-
lated using the formula by Best (1950). Atmospheric con-
ditions such as temperature, and density were given as the
mid-latitude summer model tabulated by McClatchey et al.
(1971) and were used to determine the fall velocities of drops
and the refractive index used in the next section. A hydrody-
namic kernel was used as the collision kernel, and breakup
was calculated according to Low and List (1982b) as de-
scribed above. Numerical simulations were made with the
time step of Af = 1 s and fref = 5 X 1073 s. The characteristic
size Dy, rain rate and Z. were calculated from the simulated
DSD.

Figure 2 shows a scatter plot of Dy, and rain rate calculated
for all altitudes, time from O to 2000 s and for various ini-
tial clouds of Do and W. Red circles are for Wy = 5ms™!,
Dy of initial cloud as 0.2 mm, black dots are (Dy = 0.2 mm)
for Wy = 10ms~!. As rainfall rate increases, Dy, tends to be
constant about 2-2.5 mm for Wy = 10ms~', which is con-
sidered to be an equilibrium state (Ma et al., 2019). Note
the equilibrium DSD is independent of the initial character-
istics of cloud. The equilibrium state cannot be reached for
Wo = 5ms~ . For Dy, smaller than the equilibrium size, the
envelope of data (Dy,) is positively correlated with rainfall
rate, whereas negatively correlated for Dy, larger than the
equilibrium size. This relationship is similar to the relation-
ship between Dy of rain and rainfall rate for one convective
rain measured with the polarimetric radar S-band and a dis-
drometer (Bringi et al., 2003), which suggests that the Monte
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Figure 1. Schematic figure of the simulated convective rain.
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Figure 2. Scatter plot of rain rate and the mass-weighted mean di-
ameter simulated for convective rain. Data for various initial condi-
tions and vertical air motions are plotted.

Carlo model succeeded in producing similar variations of
DSD to the actual rain. Data in the positive correlations, i.e.,
area of Dy, smaller than the equilibrium size may be in de-
veloping stage or dissipating stage. Whereas data in the nega-
tive correlations, i.e., area of Dy, larger than the equilibrium
size may indicate few large raindrops in the onset of rain.
Large raindrops in upper layer fall rapidly due to sedimenta-
tion without suffering breakup.

Figure 3 shows time-height cross section of Z. (a) and Dy,
(b). A precipitation core (here assumed to be an area of Z,
larger than 30 dBZ) descends from 3.5 km to the ground. The
peaks of Z. appear at time of a little later than the time that
the core was firstly observed at each altitude. Tendency of
Dy, is similar to Z. but the peaks appear at the beginning
of core i.e., before Z. reaches its maximum. This suggests
that larger and fewer raindrops descend more rapidly than
smaller raindrops without breakup which results in large Dy,
and small Z, at the beginning of rain. Similar tendencies have
been reported from

the ground-based radar measurements. The time-height
cross section of Z. and the differential reflectivity Zg; in the
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precipitation core of convective rain observed by the dual-
polarimetric radar shows that the time of the peak of Zg, ap-
pears earlier than the peak of Z. (Shusse et al., 2015). The
differential reflectivity is a measure of the characteristic size
of DSD (Bringi et al., 2009), and therefore the tendency is
consistent with the present calculations. The simulated re-
sults are well representative of the characteristics of the ac-
tual rain.

Figure 4 shows the vertical variation of DSD in the early
stage of region (a) shows that higher concentrations of larger
raindrops appear in lower altitudes. The temporal variations
of DSD at altitude of 1km (b) shows large drops appear in
the early stage of rain and smaller raindrops increase with
time at altitude of 1 km.

Figure 5 shows the temporal variations of Z, and Dy, at
an altitude of 0.5km. This figure clearly shows the differ-
ence in the time that the peak of Z. and Dy, appear as shown
in Fig. 3. The largest Dy, appears at time 720 s whereas the
maximum Z. appears at 810s. Before 810s, Dy, begins de-
creasing but Z still increases (negative correlation between
Dy, and Z.) and after 810 s both Dy, and Z. decrease (pos-
itive correlation). Opposite correlations appear between Z.
and Dy,. The simulated DSDs show many larger raindrops
and few small drops in lower altitudes at the beginning of rain
whereas the different shape of DSD appears later. Figure 6a
shows the scatter plots of Dy, versus Z. at the time before
the core center (time of the maximum Z.) (red circles), at the
core center (black squares) and after the core center (blue tri-
angles) for a vertical velocity of Wy = 10ms~! and an initial
cloud of Dy = 0.2 mm. The correlation between Z, and Dy,
is positive for Dy, < 2.5 mm, but negative for Dy, > 2.5 mm
as shown in Fig. 5. At Dy, = 2.5, values of Z. converge to
high values of about 55 dBZ suggesting the equilibrium state.
A similar tendency is obtained in the relationship between Z,
and rainfall rate. For weak updraft of Wy =5m s~! no clear
positive or negative correlation is obtained. This is due to the
insufficient development of raindrops in the upper altitudes.

Figure 6b shows the vertical profiles of Z. and Dy, at
time before and after core center. At time before core cen-
ter, Dy, increases toward the ground whereas Z. tends to de-
crease indicating large raindrops evolved in upper layer fall
due to sedimentation without collision. Decrease tendency
in Z. indicates fewer drop concentration in the lower alti-
tude. Hereafter the raindrop size distribution in this period,
referred as “DSDonset”. After the time of core center both
Dy, and Z. increase toward the ground due to coalescence
and breakup. Since the relationships of Dy, — Z; and Z. — R
change associated with the variations of DSD in life cycle of
rain, the relationships can be used to identify the precipitation
stage. This is important for accurate rainfall rate estimate, in
particular for initiate of rain when estimating rainfall inten-
sity from Z.. The GPM-core satellite, equipped with dual-
frequency radars, measures vertical profiles of Z. and Dy,.
As mentioned, vertical variations of Dy, are negatively re-
lated to Z. at the beginning of rain in convective rain and
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Figure 3. Time-height cross sections of simulated the Rayleigh reflectivity factor Z. (a) and Dy, (b) for convective rain.
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Figure 4. Vertical variation of DSD in the core region (a) and temporal variation of DSD at altitude of 1km (b).
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Figure 5. Temporal variations of the Rayleigh reflectivity factor Ze,
and Dy, at altitude of 0.5 km.

Dy, is positively correlated to Z. in mature and dissipating
stages. While it is possible to determine the life stage of rain
based on the trend of the correlations between Z, and Dy, in
altitude, further verification is needed. In addition, realistic
temporal and vertical variations of simulated DSD in a con-
vective rain throughout the life cycle are useful to examine a
method to estimate Dy, from space-borne Doppler radars.
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4 A method to estimate Dy, from space-borne Doppler
radars at Ku-band

The values of Dy, are currently derived from the differen-
tial frequency ratio (DFR) measured with the Dual-frequency
radar onboard the GPM core satellite. In the PMM, a single-
frequency Doppler radar operated at Ku-band is currently
planned. The EarthCARE satellite also equips a cloud pro-
filing Doppler radar which operates at a single frequency of
W-band. For these radars, the characteristic size of raindrops
may be expected to estimate from the measured Doppler ve-
locities instead of the DFR technique. The fall velocity of
rain drops depends on the size, therefore Dy, can be basi-
cally derived from the Doppler radars. There are, however,
some problems to be solved in the retrieval of Dp,. Here,
we describe a method to estimate Dy, from the space-borne
Doppler radars.

The measured mean Doppler velocity (V},) depends on
DSD, the wavelength of radar (1) and the air motion, and
is given by

J2ou(D)N (D) Ve(D)dD

Vo) = J&C0n(D)N(D)dD

Vair s (3)

where oy is the backscattering cross section, Vr is the fall
velocity of raindrops and Vy;, is the atmospheric vertical ve-
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locity. Given DSD, V,, and Dy, correspond one-to-one. In ad-
dition, the measured Doppler velocity is affected by the air
motion. Thus, in the estimate Dy, from V,,, following issues
should be considered:

1. The observed Doppler velocity is the sum of the
reflectivity-weighted fall velocity of raindrops (Vp) and
the atmospheric vertical velocity Vi, it is, therefore
necessary to reduce Vyir from V.

2. Since the measured Doppler velocity is a reflectivity-
weighted value, some information on the DSD or as-
suming DSD are needed.

The effect of (1) is more significant than (2) because the de-
pendence of Dy, on V,, is generally larger than the depen-
dence of the DSD. In a convective rain, a strong updraft air
motion will be found in the initial stage of rain and down-
draft air motion will be found when raindrops are falling. The
turbulence also leads to up or down draft. Even small atmo-
spheric velocities (e.g., 0.25ms™!) can cause large errors in
the D, estimated from V), in particular for large size of rain-
drops (Mroz et al., 2020). To reduce the effects of air motion,
methods have been developed by using ground-based multi-
frequency Doppler radars (Williams et al., 2016; Mroz et al.,
2020; Matrosov, 2017). Another approach is to use statisti-
cal relationship between the amplitude of Z. and Vp (e.g.,
Kollias et al., 2023). A method to estimate V,;, from the ver-
tical profiles of Z. and V, has been also developed for the
EarthCARE (Sato et al., 2009). Statistically, increases in the
amplitude of Z, are associated with Vp,i.e. Dy, (e.g., Chen et
al., 2022). For stratiform rain or cloud of small variability in
the DSD, the effect of (2) may be less significant. However,
as mentioned in the previous section, significant variations of
the DSD are found in the convective rain, therefore the effect
of (2) cannot be ignored.

To address these issues, another approach was applied in
the method. Because three parameters of Vj;; and the DSD
(concentration and shape of the DSD) are unknown, another
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parameter except for Ze, V,, is needed to estimate Dy,. Space-
borne radars measure the path-integrated attenuation (PIA)
which is the attenuation of radio wave from the surface to
the satellite in the presence of precipitation. In the rain-
fall algorithm of the space-borne radar, the measured PIA
is converted to the specific attenuation (k) at each altitude
(Meneghini and Nakamura, 1990; Seto et al., 2021) and is
used for the attenuation correction. In the method, the spe-
cific attenuation is used to specify and reduce V,;, and to con-
sider the effects of the DSD. The detailed algorithm will be
shown later. Note that the attenuation-corrected reflectivity
factors and the specific attenuation are assumed to be given.

For the Rayleigh regime, the specific attenuation does not
depend on the shape of DSD significantly but is almost deter-
mined by the LWC, whereas, k£ depends on the DSD to some
degree as well as LWC for the Mie regime. These features
are shown in the relationships between k and Dy, (Fig. 7a)
for the gamma size distribution of u =1, 3, and 6 at W and
Ku-band, suggesting that k can be used to specify the effects
of DSD in the retrieval of Dy, from V}, for W-band. For Ku-
band, k is not so sensitive to the DSD and is not so effective
to identify DSD but is useful to determine the effects of Vi,
as well as for W-band. Because significant variations of the
DSD at large raindrops appear in a real rain, k is useful to
identify DSD to some degree even at Ku-band. The values of
k are related to Z, and Dy, and can be used to specify the
effects of Vi on the retrieval. Figure 7b shows the ratio of
k/Ze which is itself the DSD indicator, and suggests that k
is useful to identify the shape (u) of DSD to some degree
except for Dy, smaller than 0.5mm.

For the Mie regime, the sensitivity of k to the DSD leads
to difficulties in the estimation. The amplitude of k increases
monotonically with Dy, in the Ku-band, whereas the ampli-
tude of k increases with Dy, reaching a maximum at approx-
imately Dy, = 1 mm, and then decreases in the W-band. It
is, therefore, difficult to determine the exact values of Dy,
from k. Furthermore, the Ku-band radar on the GPM can
measure rain of a high reflectivity as 50 dBZ, whereas sig-
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nals measured with the W-band attenuates quickly and drops
below sensitivity at higher rain rates, so reliable retrievals
are not expected above roughly 5-10mmh~!, not that the
instrument is blind to heavier rain. The KuDPR (Ku-band)
is a radar to measure precipitation, whereas the CPR oper-
ated at W-band is a radar to primarily measure cloud. Con-
sidering these differences, the method to estimate Dy, at the
Ku-band radar will be firstly described. Next, the modified
method for W and Ka-band radar s will be presented to ex-
amine the potential of the CPR in the measurements of rain.
In estimating Dy, attenuation-corrected reflectivity factors
are assumed. The validation of the method will be made by
using the realistic DSD variation simulated in convective rain
as mentioned in the previous section.

4.1 A method for the Ku-band radar

To assess the sensitivity of Dy, to the Doppler velocity and k,
we performed calculations for various DSDs by Mie theory.
Figure 8 shows the representative calculations of the rela-
tionships between the measured reflectivity factor (attenua-
tion corrected values Z. and the Doppler velocity Vp (= V),
in the absence of atmospheric motion) for various values of
Dy, and k at Ku-band. Data calculated for DSD of the three-
parameter Gamma function of © = 3 (Eq. 2) are plotted. The
horizontal lines represent Z. and Vp that result for speci-
fied values of k and the vertical lines represent the values
for specified values of Dy,. The circle symbols shown in the
figure represent the simulated values of Z. and V;, in the con-
vective rain (for LWC < 0.1 gm™>) as mentioned in the pre-
vious section. This figure clearly illustrates a method for the
simultaneous determination of D,, and k from the measured
values of Z. and V},. However, as mentioned earlier, in the
presence of air motion, the estimated values of Dy, and k
will be incorrect. Our object is to estimate Dy, therefore, the
value of k obtained from the PIA is used as a parameter to
constrain the effects instead of a parameter to be estimated.
The values of Dy, and Vp can be directly estimated from the
measured (attenuation-corrected) Z. and k, given the DSD.
In the actual estimation, first determine Dy, and k from the
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measured Z. and V},. In the presence of air motion, incorrect
values of Dy, and k are obtained. Then, change V}, and deter-
mine Dy, and k again. Repeat this process until the estimated
k matches the observed value and determine the correct value
of Dy,. Although Dy, and Vp can be directly obtained from
Z. and k, given the DSD, this process was applied because
the similar process was used for the W-band (4.2), which may
be useful for determining whether there is strong air motion.

The Gamma function is often assumed for the DSD in the
radar observations and the values of =3 is used in the
rain-rate estimate algorithm (Seto et al., 2021; Adachi et al.,
2015). However, such DSD is not true in a real rain as shown
in Fig. 4, In addition, the relationship between Dy, and V}, de-
pends on the parameter p as well (Battaglia et al., 2019). The
actual raindrop size distribution is not accurately represented
by the gamma function. Accurate estimation results can be
expected by selecting a parameter u in the gamma function
whose V,, — Dy, relationship is similar to the observed one. In
this section, the the look up table (LUT) assuming the values
of u =3 is used to retrieve Dy, which is often used in the
radar measurements of rain (e.g., Iguchi et al., 2000). The
fixed value results in bias errors depending on the DSD in
measurements at Ku-band. The LUT with more appropriate
© may be needed which will be discussed in Sect. 4.3. The
steps for the retrieval are as follows:

1. Estimate Dy, from the measured V, using the LUT
(Fig. 8) (Estl).

2. Estimate k from the measured V}, and the attenuated cor-
rected Z. using Fig. 8.

3. If estimated k differs from the measured value, estimate
Dp, and k again by changing V,, as V,, = AV,,. The value
of AV}, was initially set, e.g., to be 0.1 m s

4. Estimate k for various values of AV}, and select AV,
that gives the minimum difference between estimated k
and the measured k.

5. The optimum Dy, is determined (Est2).
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squares: D,}%Stz) are plotted.

If the actual DSD is close to the DSD applied in Fig. 8 and in
the absence of air motion, selected V}, coincides with Vp, i.e.,
uncorrected Dy, (Estl) coincides with the corrected value
(Est2).

Validation of the retrieval was made using the DSDs at var-
ious altitudes and times evolved by the Monte Carlo model.
The Doppler velocities, reflectivity factors, specific attenu-
ations and Dy,s were calculated from the DSDs and were
used for the validation. In Fig. 9, the retrieved Dy, values
are plotted against calculated (model) values of Dy, from the
DSDs for Wy = 10ms~!. The vertical velocities of the at-
mosphere are zero for most data. The black circles represent
the uncorrected values of Dy, (DEIS“), i.e., estimated from
the calculated (observed) V,. The red square symbols rep-
resent values of Dy, (DE}Q) estimated from Z., k and the
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modified V}, using the LUT. Data of Z, < 50dBZ are plot-
ted. The uncorrected values DES!! are underestimated in par-
ticular for large values of Dy,. Whereas, DE}Q are closer to
the model values. These data are thought to be in still air,
so that the reason of the discrepancies is the differences of
the measured (simulated) DSD from the DSD applied in the
LUT. One of measures to identify DSD is a relationship be-
tween the Doppler velocities and Dy, which depends on the
shape of DSD. Figure 10 shows relationships of V}, and Dy,
(black square: Wp =3 m s~!, red: 10ms~!) calculated from
the simulated DSDs. The relationships for various Gamma
DSDs of u =1 (blue line), 3 (red) and 12 (green) are also
plotted. The simulated values of V,, are smaller than the those
of the Gamma DSD. When the relationships of the simulated
data of V}, and Dy, are fitted by the Gamma function, the fit-
ted values of ¢ may be larger than 3. For DSD of the Gamma
function, Vp tends to increases with decreases in the param-
eter u at specified values of Dy, for the Rayleigh regime
(Williams et al., 2016; Mroz et al., 2020). This indicates that
the uncorrected DES!! will be underestimated if the fitted pa-
rameter y of the DSD in the measurement is larger than that
of the LUT and vice-versa. The errors in the corrected val-
ues of DE}SZ are significantly reduced but are still underesti-
mated. This is because the correction using the attenuation is
not so effective to identify DSD for the Rayleigh scattering
as mentioned earlier. Figure 11 is the same as Fig. 9 but for
simulated DSD for initial upward air velocity Wo =3 ms~!.
In this case, relationship of V}, and Dy, is closer to that
of the LUT (u = 3) for small values of Dy, but larger for
Dy, > 0.5 mm. The corrected values DIE,SQ, are therefore less
underestimated and overestimated at Dy, = 0.5 mm. Errors
increase with Dp,. Note the points at Dy, larger than 2.5 mm
in Fig. 9 are for the DSDonset where significant different
DSDs appear. Estimated values of Dy, from the look-up ta-
ble of pple = 1, 3 and 6 are compared (Fig. 12). Symbols
of black circles are DEIS“, green squares are Dr]%“z using the
LUT of piaple = 1, red circles are estimated from pieape = 3,
and blue triangles are estimated from pipe = 6. Corrected
values from (iype = 6 are still underestimated but are shown
to be improved. The reason of this is that the shapes of the
simulated DSDs are similar to the Gamma function of larger
values of p than that of pple = 3. This figure suggests that
selection of appropriate LUT is critical for accurate estima-
tion. This issue will be discussed in Sect. 4.3.

4.2 A method for the W-band radar

In the previous section, the method to estimate Dy, for the
Ku-band Doppler radar was described. The specific atten-
uation monotonically increases with Dy, at this frequency.
Whereas, the amplitude of k increases with Dp,, reaching
maximum at about D, = 1 mm, and then decreases for W-
band (Fig. 7). This is because that received signals from the
CPR operated at the W-band are almost in the Mie regime
while those for Ku-band are almost in the Rayleigh regime.

Atmos. Meas. Tech., 19, 7255-7277, 2026
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This feature requires the modification of the method for W-
band. In this section, we will show the modified algorithm
to derive Dy, and examine the potential of the method in the
measurements of rain with the CPR.

Figure 13 is the same as Fig. 8 but for the W-band (a)
and Ka-band (b). The space-borne Ka-band Doppler radar
is not currently planned but is added to examine the method
for more frequencies. The DSD is assumed to be the gamma
function of u = 3 as in Fig. 8. The horizontal lines represent
Z. and Vp that result for specified values of k and the verti-
cal lines represent the values for specified values of Dy,. For
W-band, the horizontal lines increase with V}, below about
4ms~! and then slowly decrease because of the Mie effects.
Unfavourable features of Fig. 13a are that two possible so-
lutions can arise for the estimated Dy, when determining
the optimum value of Dy, by varying V,,. Furthermore, the
slight change of k with V}, above about 4 m s~! need consid-

Atmos. Meas. Tech., 19, 7255-7277, 2026

T. Kobayashi et al.: A new method to estimate the characteristic raindrop size

3 T T T T T
K
U ® . =3Estl
25 L o table
— o O u ., =1Est2 &
= [al:l:_1 A P
i 5 o =3 Est; g ? 5
= Aoy =6 Est2 5
i)
- 15+ 4
i
g
g 1t .
[B4]
0.5 L 4
0 £ 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

Model Dm (num)

Figure 12. As in Fig. 9 but the retrieved Dy, using the look-up table
of aple = 1, 3 and 6 are compared.

erable high accurate observations of k. Similar features are
also shown for Ka-band (b). To avoid such difficulties, the
radar reflectivity factor (Z: Z. for Rayleigh regime) instead
of Z, for W and Ka-band is used. The reflectivity factor Z
is determined from the measured Z. and V}, AV, using the
LUT. This may lead to additional errors in the estimation.
We, however, decided to this method to avoid uncertainties
in the use of Z. mentioned above. For D, < 1 mm, Z, can
be directly used, but Z is used for whole Dy, in this study.
Generally, Z is linearly related to Z. for near the Rayleigh
regime. For W-band, however, the relationship of Z and Z,
is not simple. The reflectivity factor Z is linearly related to
Z. for Z. < 30dBZ depending on DSD but is considerably
larger than Z, for larger Dp,. This may not be serious because
the reflectivity measured with the W-band radar caps around
20-25dBZ (Z: 20-50 dBZ depending on Dy,) as mentioned
earlier but is serious for some cases such as DSD of small
number concentrations with large rain drops.

To convert the measured reflectivity (attenuated corrected
values) to Z, the lookup-tables were prepared for Z, Z. and
Vp for DSD of the gamma function of w (e.g., 3). The re-
flectivity factor Z corresponding to the measured Z. is cal-
culated from the measured Z. and V,, using the table for var-
ious values of Dy,. Note that unknown values of Dy, are not
used for the conversion.

In the presence of strong updraft or downdraft, larger val-
ues of AV, is needed to correct the effects of air motion. The
values of Z converted from the measured Z. and V,, £AV,
will also fluctuate significantly. The Z corresponding to the
observed Z. cannot be considered constant and will also vary
considerably which sometimes results in multiple solutions.
To select the appropriate solution, a k—Z relationship will be
used. This issue will be described in Sect. 6 in detail.

Figure 14 is the same as Fig. 13 but for Z. The horizon-
tal lines increase monotonically even for W-band. The circle
symbols shown in the figure indicate the simulated values
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of Z and V,, in the convective rain (for LWC > 0.1 gm’3).
The DSD’s that evolved from the weak initial upward veloc-
ities as Wo =3 and Sms™! are plotted instead of 10ms~!
for Ku-band. Smaller reflectivity factor than 25 dBZ which
are usually observed with the space-borne W-band radars and
40 dBZ for Ka-band, are shown. From these figures, Dy, can
be determined from the measured Z., k and Z similar to the
process for Ku-band. Changing the measured Doppler veloc-
ity and find the optimum value of V}, at which the estimated
k matches the observed value. Figure 15 shows the flow of
the retrieval algorithm.

The Ku-band Doppler radar can detect heavy convective
rain up to Z, = 40-50 dBZ. Simulated data for the initial up-
draft velocity of 10ms~! are appropriate and were used for
the validation. Whereas, retrievals of D, for W-band radar
are limited to light rain of Z. about 20dBZ and near top
of intense rain layer. Validation was therefore performed us-
ing the simulated data of the initial upward velocities of 3
and 5ms~!for which DSDs of many weak rain events ap-
pear. Figure 16a is a similar relationship to Fig. 2 but shows
the scatter plots of the measured Doppler velocities (V}) and
the reflectivity factors (Zy,) from the CPR. Most Z;, are less
than 20 dBZ even for higher values of V). Note that values
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without attenuation correction and unfolding correction are
plotted. Therefore, the Doppler velocities are limited to the
Nyquist velocity of 5-6ms~!. When applying the method
to the W-band radar measurements, V), needs to be unfolded
before retrieval of Dy,. Figure 16b is the same as Fig. 16a
but shows the scatterplots of V}, and Z. calculated from the
simulated DSDs. The data of Z. less than 25dBZ are plot-
ted. For these weaker Wy, the DSDs similar to the CPR mea-
surements except for higher values of V), are obtained. These
data were used for the validation of the retrieval for W-band
in which primarily measures weak rain. Simulated data for
Wo = 10ms~—! were also used but were limited number for
Ze. < 25dbZ.

Figure 17 shows the retrieved and calculated (model) val-
ues of Dy, for W-band (a). The vertical velocities of the atmo-
sphere are zero for most data. The simulated data with Wy =
3ms~! are applied. Black circles represent uncorrected val-
ues of Dy (Dr];:f“), while red square symbols represent the
corrected Dy, (Dr]fftz) estimated using the measured values
of Zy, k and V,. For small values of Dy, less than 1.5 mm,
both values of DES!t and DES? agree well with the model val-
ues. However, for large Dy, DEIS‘] differs significantly from
the model Dy,. For Dy, larger than 1.5 mm, values of Dr%s“

Atmos. Meas. Tech., 19, 7255-7277, 2026
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are overestimated, which is the opposite of the results in Ku-
band (Fig. 9). Since these data are considered to be in still air,
these discrepancies likely arise from the differences between
the measured DSD and the DSD used in the LUT in Figs. 13
and 14. Figure 17b shows the relationships of V,, and Dp,
obtained from the simulated DSD (black square) which is a
measure to identify DSD. The relationships for the Gamma
function of © = 1 (blue), 3 (red) and 12 (green) are also plot-
ted. This figure shows that the model values of V}, are signif-
icantly larger than the those of the LUT used in the estima-
tion (i = 3) for Dy, > 1.5 mm, overestimating DEIS‘] which
is opposite to the Rayleigh regime. Despite these deviations,
the corrected values of DES? significantly reduce errors and
agree well with the model values. This is because the method
can compensate the effect of DSD on the retrieved Dy, to
some degree as well as the air motion. The data of large Dy,
are primarily associated with the DSDonset in which large

Atmos. Meas. Tech., 19, 7255-7277, 2026

values of Dy, appear in the initial stage of rain and account
for less than 5 % of all data.

Figure 18 is the same as Fig. 17 but for the Ka-band. Data
of Wo=3ms ! are plotted. For Dy, < 1 mm, both estimated
values of DES! and DE? agree well with the model val-
ues. However, for Dy, > 1.5 mm, retrieved DEIS“ tends to
underestimate which is opposite of the result for W-band
but is similar to the result for Ku-band (Fig. 9). In this fre-
quency, the reflectivity both in the Rayleigh regime and the
Mie regime coexist depending on the size of raindrops. The
errors in the estimated Dy, may be small compared with the
cases for Ku and W-band. Figure 18b is the same as Fig. 17b
but for Ka-band. This figure is similar to the relationship for
Ku-bland. Smaller values of V, result in underestimation of
DEst
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Figure 18. As in Fig. 17 but for the Ka-band.

4.3 Selection of more appropriate LUT for the
Ku-band radar

In the retrieval algorithm, the Mie calculations are performed
for the Gamma DSDs of various values of u to prepare the
look-up tables (LUT). In each LUT, values of Ze, V,, k, rain
rate (R), and R/Z. for various values of LWC and Dy, are
stored. Selecting an LUT and estimate Dy,. In radar algo-
rithms to estimate rain properties, the Gamma DSD with a
value of u fixed at 3 is often used. This paper also employed
such an LUT. This LUT yields generally good estimation re-
sults for DSDs of Dy, less than 0.5-1.5 mm which are com-
mon in many rain events. There are, however, some DSDs
of larger Dy, than 1.5 mm which result in bias errors in the
estimation results. Thus, the accuracy of the retrieved Dp
depends on the DSD applied in the LUT. In this section, we
will describe a technique to select a more appropriate DSD
applied in the LUT to achieve more accurate estimation in
the Ku-band radars.

As shown in Fig. 10, the relationship between V}, and Dy,
is a measure of DSD and allows estimation of u close to the
actual DSD but cannot be used here. As another measure of
DSD, we utilize the dependence of the relationship between
Z. and rain rate on Dy, instead. The rain rate will be derived
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from the measured reflectivity factors and PIA without V,,
as in the single frequency algorithm in GPM. In this paper,
rain rate was calculated from the simulated DSD. First, esti-
mate DESU! and DES? using the LUT of the initial value of
i (= po). Next, select the ratio of Z to rain rate (Z./R)-UT
for DES2 from the LUT. The ratio of the measured reflec-
tivity factor and rain rate, (Z./R)™®* is compared with the
ratio (Z./R)"VT. If the measured ratio (Z./R)™ is larger
than the ratio (Z./R)*UT of the initial LUT(x = o), the
LUT of larger value of 1 (= umod) than g is selected as
a new LUT and vice versa. A new Dy, (Est3, foﬁ) is re-
estimated using the new LUT which is closer to the mea-
sured DSD. This process is repeated. Figure 19 shows such
estimated DES3 using a new LUT as well as DES!! and DFs?
for DSD of W= 10ms~! (a) and Wy =3ms™! (b). The
value of (o = 3, and tmod = 1, 6 or 9 are used depending on
the ratio. Less underestimated DEISQ’ values appear associated
with using more appropriate LUT of larger x than pg. In the
estimation, the rain rate calculated from the simulated DSD
is applied as mentioned earlier. Note that the rain rate esti-
mate algorithm usually use the measured reflectivity factor
and PIA, and is not completely independent of the retrieval
algorithm of Dp,. The accuracy of this technique depends on
the rain rate algorithm and may be needed more validation.
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5 Error analysis

Having determined Dy,, it is important to examine the un-
certainties in Dy, arising from errors in the measured values
and the retrieval process. First, we examine the uncertain-
ties in Dy, arising from measurement errors in the reflectiv-
ity factors, V}, and k for single solution cases. Even if correct
Vp is given, errors in Zy, and/or k result in uncertainties in
Dy, Figure 20 shows the uncertainties in the estimated DES?
with and without measurement errors. The ratios of the esti-
mated Dy, to the model values are plotted for Ku (a) and W-
band (b). The ratios without measurement errors (black lines)
are lower than unity and decrease with Dy, for Ku-band. For
W-band, the ratios increase sharply at about Dy, = 1.5 mm.
These characteristics are associated with the discrepancies
of DSDs in the measurements and LUT in particular for DS-
Donset. Positive errors in Z,, lead to increases in the ratio
and vice-versa for k. The discrepancies between lines with
and without measurement errors indicate effects of the mea-
surement errors on the estimation. When there is a 30 % error
(linear scale) in Zy, (green line), the ratios increase by 12 %
i.e. 12 % errors in the retrieval Dy, arising from about 1 dBZ
error in Zy, for Ku-band. The effects of the measurement er-
rors of 20 % in k (blue) are smaller as 6 %. For the W-band,
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there appear smaller effects in particular for larger Dy, where
larger changes in Z with Dy,.

The errors in V}, are corrected in the retrieval algorithm and
do not affect the uncertainties in the retrieved Dy,, but may
affect the uncertainties when there exist errors in Z,, and k.
To assess the uncertainties arising from V,, errors (or air mo-
tion), we examined the retrieval errors when uniform random
errors in Zy, ranging from —30% to +30% and k ranging
from —20% to +20 %. The Conversion of k from PIA may
be difficult at W-band. The errors in k depend on range (alti-
tude) and may larger than 20 % in particular at near ground.
However, the retrieval of Dy, is limited to near top of rain
at W-band and therefore less errors are expected. Figure 21
shows the mean errors and standard deviations for various V},
errors. Uncertainties are nearly independent of the V}, errors
at the Ku-band (Fig. 21a). At the W-band (Fig. 21b), uncer-
tainties increase with V}, errors due to errors in Z calculating
from Z.. The overall uncertainties are small for V}, errors less
than +0.5ms ™!,

To examine the potential of the method for the practical
use, we furthermore estimated D,, when there are random er-
rors in the measured Z., k, and V,,. Figure 22 shows compar-
isons of the estimated and model values of Dy, for Ku (a, b),
Ka (c) and W-band (d). Results arising from random errors
in V, ranging from —0.5 to +0.5 ms~!, Z. from —30% to

https://doi.org/10.5194/amt-19-7255-2026
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Figure 22. Results of the estimation for random errors in V), ranging from —0.5 to +0.5 m s™L, Ze from —30 % to 4+30 % (about 1 dBZ) and
k from —20 % to 420 % uniformly at Ku (a), Ku (b), Ka (c¢) and W-band (d).

430 % (about 1 dBZ) and k from —20 % to +20 % uniformly
are plotted. The black circles represent uncorrected values of
D (DI]%SI), i.e., estimated from the observed V}, and are not
affected the errors in Z, and k for Ku-band. The red squares
represent the corrected D3§52 for panels (a, c, d) and DE,S3 for
(b). There appears large scatter in the estimated Dy, associ-
ated with the random errors. Following are the mean error
(ME) and the root mean square error (RMSE) of the differ-
ence between estimated and model Dy,s for Estl, Est2 and
Est3.
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Ku-band:
MEP! = —0.1712, MEP2 = —0.0908, ME®S® = —0.0782
RMSES! = (0.2290, RMSE®? = 0.1613, RMSE®8 — 0.1411

Ka-band:
MEF! = —0.1328, MEFS2 = —0.0765, RMSE®!! = 0.1851,

RMSE®? = (0.1200

W-band:
MEE! = —0.0299, MEFS2 = —0.0336, RMSE®!! = 0.1834,

RMSE®? = (0.0897.
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ratio of the absolute differences between retrieved and model Dy, to the model Dy, are plotted.

The mean errors and RMSE in the estimated DES are im-
proved. Uncertainties over the whole range of Dy, were rel-
atively small, as shown above. The retrieval errors in Dy,
however, vary with Dy, because the differences between the
measured DSDs and those used in the LUT vary with Dy,.
Figure 23 shows the percentage errors of the absolute dif-
ference between retrieved Dp,s and the model values with
random errors as in Fig. 22. Mean percentage errors and the
standard deviations are plotted for Ku (a), Ka (b) and W-band
(c). The mean percentage errors are about 0.15 mm and the
standard deviation are less than 0.1 mm. For convective rain,
larger vertical velocities often occur than 0.5 ms~!. Effects
of such larger air motion on the retrieved Dy, will be dis-
cussed in next section.

6 Application to disdrometer-measured DSDs

We examined the method for estimating Dy, using the DSD
evolved from the MonDrop model. Since these DSDs vary
significantly both vertically and temporally depending on
the stage of precipitation, they are well-suited for validating
the method. To estimate Dy,, the LUT is prepared in which
the DSD is assumed to be a gamma function. The accuracy
of the estimated Dy, is related to the differences between
the observed DSDs and the DSD used in the LUT. There-
fore, the validations using actual DSDs allow for more ro-
bust assessments of the method’s potential and practical use.
Here, we examine the retrieval method using disdrometer-
measured DSDs at Maebashi, Japan, in July and September
2022. Vertical air motions are added to validate the method.
As in Fig. 22, Dpys are estimated by applying random errors
that varied uniformly over the ranges of —0.5 to 0.5ms™!
for Vp, —30% to 30 % for Z., and —20% to 20 % for k as
measurement errors.

Figure 24 shows the results of estimated Dy, in the Ku-
band with the vertical velocities (W) of Oms~! (a), I1ms™!
(b), and —1m s~! (c). Note that negative velocity indicates
upward motion. Even in the absence of air motion, the esti-
mated Dy,s (Estl) are underestimated, similar to the results
shown in Fig. 9. This is likely because the measured DSDs
differs from the DSD employed in the LUT. The estimated
Dy,s (Est2) are closer to the true value. In the case of a down-

Atmos. Meas. Tech., 19, 7255-7277, 2026

ward air motion of 1 ms~! (b), both Estl and Est2 are close
to the true values due to the effects of the difference between
the actual DSD and the DSDy yt. Conversely, for an upward
air velocity of Ims~! (c), the estimated Dys (Estl) show
significantly underestimation due to the reduced values of V;,
caused by the updraft air motion, whereas Est2 is not affected
by air motion and yields good results.

For the W-band, the measured reflectivity (Z) is firstly
converted to the Rayleigh reflectivity factor (Z). The Doppler
velocities are modified as V= AV}, so that the calculated spe-
cific attenuation using the LUT matches the observed value
as mentioned earlier. When the vertical velocities are low
(e.g., turbulence), the range over which V}, needs to be varied
(AVp) is small, therefore, the fluctuations in Z are small as-
sociated with AV},. As shown in Fig. 14, Z increases mono-
tonically with V,, at a specified k, and a single value of Dy,
can be determined when Z is nearly constant. Since larger
values of AV, is needed in the presence of large air mo-
tion, the values of Z converted from the measured Z. and V},
+ AV, will also fluctuate significantly. When the observed V,,
differs significantly from the true value (fall velocity of rain
drops) due to air motion, the Z corresponding to the observed
Z. cannot be considered constant and will also vary consider-
ably, resulting in complicated variations of k with AV},. The
calculated values of k sometimes do not increase/decrease
monotonically with AV}, and the multiple solution problem
arises. There are two or more values of Vs which give the
minimum difference between the calculated k& and the ob-
served value.

To select the appropriate solution from the multiple solu-
tions as AVp1 and AV, the reflectivity factors of Z; and
Zp at AVp1 and AV)) respectively are used. Generally, Ze
is well collected to k. Similar relationship between Z and
k is used to determine Z corresponding to the measured Z,
and k. The appropriate solution is selected from the multiple
solutions so that the Zs calculated from the k-Z relationship
(Z = ak?) are closest to the Zs at the multiple solutions. Note
that the accurate Z from the k—Z relationship may not be
necessary because the reflectivity factors at AV, and AVy,
are generally significantly different, given the large differ-
ence between AV, and A V. For the coefficient of the k—Z
relationship, the values of a =23.9 and b = 0.174 are used

https://doi.org/10.5194/amt-19-7255-2026
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Figure 25. As in Fig. 24 except for the W-band.

for the coefficient of the k-Z relationship which are deter-
mined from the empirical formula in the disdrometer data
in July. Note that this relationship exhibits larger scatter at
smaller Z, so the measured Z is taken to be Z. for Z less
than 20 dBZ.

Figure 25 is as in Fig. 24 but for the W-band. For still air
(a), the estimated Dps of Estl and Est2 seem to be similar
results but the mean error is —0.23 for Estl and —0.042 for
Est2. In the presence of downdrafts (b), the estimated Dp,s
(Estl) overestimate, while they significantly underestimate
in the presence of updrafts (c). Conversely, Est2 yields val-
ues close to the observed Dy, in the both cases. Note Est2 is
affected by air motion in this band because Z converted from
Z. is affected by the Doppler velocity.

Strong updrafts are often observed in convective rains.
We have also estimated Dy, for such conditions to examine
whether Dy, estimations are feasible during convective pre-
cipitation with strong updrafts. Figure 26 shows the results
for W,y = —2 (a) and —4m g1 (b) at the Ku-band. Due to
the reduced raindrop fall velocity, Dy,s are significantly un-
derestimated for Estl in particular for Wy;; = —4 ms~!. Fig-
ure 27 is as in Fig. 26 but for the W-band. While the overall
tendencies are similar to those of the Ku-band, the estimated
Dp,s (Est2) exhibit more scatter than that of the Ku-band.
This is due to the more complicated retrieval process than
that of Ku-band. Mean errors of Est2 are, however, consider-
ably improved. In the presence of large air motion, multiple
solutions may arise in the W-band as mentioned earlier. To
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select the appropriate solution, Z is calculated for each so-
lution using the k—Z relationship. While accurate values of
Z from the relationship may not be possible, they may be
useful for selecting the appropriate solution. To examine this
issue, D, s were retrieved for DSDs evolved by the MonDrop
model using the same k-Z relationship. Figure 28 shows
the results of estimating Dy, for DSDs (with wg =3 ms~ 1)
evolved by the MonDrop model in an updraft velocity of
—4ms~!. Some overestimated values of Dy, (Est2) appear
around Dy, = 0.6 mm. This is likely because the applied k-
Z relationship may not be suitable for certain DSDs gener-
ated by the MonDrop model, which exhibit significant vari-
ations of DSDs exist. However, the numbers of data with
large errors are very limited. Figure 28b shows the frequency
histogram of the errors; most data fall within the range of
£0.4 mm, indicating that errors due to the k—Z relationship
may be limited.

7 Effects of the variability of DSD

The observed Doppler velocity (Vops) is the sum of the air
velocity (V,ir) (Eq. 3) and the velocity (Vp) which is a
reflectivity-weighted velocity of raindrop terminal velocity.
In estimating Dy, the velocity Vg corresponding to Dy, is
determined from the LUT (Fig. 8) using measured k and Z..
Although the difference between Vg and Vips approximates
the vertical air velocity, it is not the exact value because the
DSDyyrusually differs from the actual DSD of raindrops

Atmos. Meas. Tech., 19, 7255-7277, 2026
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(DSDgps), resulting in errors in the calculated air velocity and
the estimated Dp,. The attenuation depends on the shape of
DSD but not so significantly. This section discusses whether
the measured values of Z, k and Vs, contain the DSD in-
formation.

The estimated Doppler velocity of rain fall velocity Veg in
estimating Dy, is given as

Vest = Vb + AVbsp. 4

Here, AVpgp represents the error resulting from the differ-
ence between the DSDgps and DSDy yt. Since k depends on
the DSD (Fig. 7), AVpsp is reduced to some extent, but
not sufficiently. When the difference between DSDps and
DSDpyr is small, the air velocity Vi can be determined by
subtracting Vp from V5. However, the actual DSD does not
usually match the DSDyp yt. Since the exact shape of DSDgps
is unknown, it is difficult to determine the exact A Vpsp. Nev-
ertheless, if the parameter ( f) characterizing the DSD (such
as i in a Gamma distribution) is known, it is possible to esti-
mate A Vpgp to some degree. Using the parameter f, AVpsp
can be expressed as:

v

AVpsp = af

v ®
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where Af represents the difference between the parameter
fobs and fruyt which characterize DSDgps and the DSDy yt
respectively.

Figure 29 shows the relationship between k/Z. and the
Doppler velocity for the gamma functions with various val-
ues of u for W-band. This figure demonstrates that this ratio
k/Z. varies with u, suggesting that k/Z. can be used as an
indicator of the shape of DSD. When §(k/Z.) is used as the
parameter f, Eq. (5) is expressed as:

AV = — 3V (i)v _(* ©)
PP T a5/ zo) |\ Ze ) iur \Ze ) ons |

where (k/ Ze)gfj‘T represents the value of (k/Z.) at Veg
for DSDryt and (k/Ze)obs is the measured (k/Z.). Here,
8(k/Ze) (where Z. is a linear scale), which defined as the
difference in k/Z. between different DSDs, is used as the
parameter f. As shown in Fig. 7b, k/Z. depends on DSD,
specifically on the  of the gamma function. The DSD infor-
mation provided by k/Z, is limited but was selected because
this parameter can be obtained directly from the Doppler
radar measurements. To calculate (k/Z.) for various values
of V, (k/Z.) of each DSD was approximated using a fourth-
order polynomial in V. The values of Vp were determined
by iteratively varying the Vp value to satisfy Eq. (4), instead
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Figure 28. Results of estimated Dy, for DSDs evolved by the MonDrop model (Wp = 2,3, 5m s~1) at the W-band with the vertical velocities

of 4ms~1 (a). Frequency plot of error in Est2 (b).
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Figure 29. The relationship between k/Z. and the Doppler velocity
for the gamma functions with various values of y for the W-band.

of directly solving the fourth-order equation. The Doppler
velocity Vp is derived from A Vpgp and Veg.

Here, we examine the technique using disdrometer-
measured DSDs as shown in the previous section. Vertical air
motions are added to validate the method except for the Ku-
band. As in Fig. 22, the effects of DSD are evaluated by ap-
plying random errors that varied uniformly over the ranges of
—0.5t00.5ms! for Vp, =30 % to 30 % for Z, and —20 %
to 20 % for k as measurement errors. Figure 30 shows the es-
timated vertical air velocities plotted against the true (model)
Vair- Black circles are Vi, derived from Vg and red squares
are V,ir derived from Vp, that is corrected the effects of DSD.
Although there is significant scatter, both results show good
correlation with the model values. The corrected values are
slightly improved in the mean error (ME) and the root mean
square error (RMSE) but not significantly because (k/Z.)
contains limited information of DSD in particular for the
Doppler velocity around 5 ms~!. Note that whether the term
(k/Ze)LuT — (k/Ze)obs Or vice-versa in Eq. (6) depends on
whether the observed Vs is larger or less than the value in
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Figure 30. Errors in the estimated and corrected V,;; vs the model
values.

LUT (Fig. 30). The derived Vps were also used to estimate
Dy, Figure 31 shows cumulative percentage of the estimated
errors of Est2 and Dy, from Vp, showing improvement. The
cumulative percentage of occurrence of the absolute error
less than 0.5 mm is improved by 5 %.

For Ku-band, k is primarily determined by the LWC of
rain rather than the shape of DSD. Consequently, it is diffi-
cult to assess the DSD effects by using k/ Z.. Here, we exam-
ine whether the DSD information provided by the measured
values of Z.. k and Vs in the Ku-band. In doing so, the pa-
rameter (k Vest/Ze) is used for f instead of (k/Z.). This may
be strange but may be possible because f is a parameter to
define the effects of the difference of DSD on V. Figure 32
shows the relationship between kVp/Z. and the Doppler ve-
locity for DSD of the gamma functions with & = 1 and 3 for
Ku-band. This figure suggests that this ratio kVp/Z, varies
with p for Vp less than 4 ms~! and can be used as an indica-
tor of the shape of DSD for such range. Figure 33 is the same
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Figure 32. The relationship between kVp/Z. and the Doppler ve-
locity for DSD of the gamma functions with =1 and 3 for the
Ku-band.

as Fig. 31 but for Ku-band. The value of Vp less than 4ms~!
are plotted, showing slight improvement.

8 Summary

A physically-based algorithm for estimating mass-weighted
raindrop diameter (Dyp,) from radar reflectivity and specific
attenuation is presented. In the absence of the vertical air
motion, Dy, can be estimated from the Doppler velocity ob-
served by a space-borne Doppler radar, assuming a specific
DSD. The estimated Dy,s are not correct in the presence of
the air motion. A detailed error analysis is presented in esti-
mating Dy, (DESY!, DE2) using simulated rain drop size dis-
tributions and disdrometer-measured DSDs. A Monte Carlo
model was employed to evolve the DSD through coalescence
and breakup in a convective rain.

At the Ku-band, values of Dy, were estimated from the
attenuation-corrected Z. and the specific attenuation k, as-
suming DSD (DEIS‘Z). Although errors arising from the dis-
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crepancy between the assumed and actual DSDs occur, their
magnitude is smaller than DES'!. The effects related to
the variability of DSD were difficult to correct due to the
Rayleigh scattering regime. Accurate estimation requires ap-
propriate LUTs with the DSD similar to the measured one.
A technique to determine more appropriate LUTs was pre-
sented by exploiting the dependence of the Z-R relation-
ship on Dy, for the Ku-band. The retrieved Dps were im-
proved using this technique. Additionally, using k Ves/ Ze as
a measure, that is, a parameter representing the DSD shape
may offers a potential way to reduce the DSD effects. At
the W-band, D,,s were also estimated. In the estimation, the
Rayleigh reflectivity, converted from the measured Z. us-
ing the Doppler velocities was used. Since k depends on the
shape of DSD, the DSD-related effects are reduced but are
limited. The effects are relatively smaller for small Dy, but
are larger for larger Dy,. The DSD-related effects may be re-
duced by using k/Z. as a measure of the DSD shape.

The values of Z. and k both depend on the same attenu-
ation retrieval, so their errors are correlated. Further efforts
are required to measure these values accurately in particular
for the W-band. Although the estimation is limited for weak
rain or near top of rain layer at the W-band due to signifi-
cant attenuation and the Mie scattering regime, the presented
method possibly improves our understanding of the rain sys-
tem with space-borne doppler radar.

Appendix A: Method by Gillespie (1975) and SeeBlelberg
et al. (1996)

Gillespie (1975) defined and calculated a probability func-
tion P(t, i,j) called the coalescence probability density
function, and proposed a method that does not ignore the cor-
relation, instead of calculating number of particles directly.
Consider the case where there are well-mixed N droplets at
time t. The function P(t, i, j) dt(i < j) is the probability
that droplets i and j will collide in the time interval 7+t and
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t + 7 +dr, dr is the infinitesimal time. This probability is
the product of the probability that no collision occurs in the
time interval ¢, ¢t 4+ 7, the probability that a collision occurs
between t 41 and ¢t + t +dt and the probability that no colli-
sion of the other particle occurs between 47 and t + 7 +dt
and is expressed as follows.

N-1 N
P(z.i,j) = Cijexp [—Z > ckn}, (AD)

k=1 l=k+1

where C;; dt the probability that droplets 7, j will collide in
the next infinitesimal time dtr which is related to the collec-
tion kernel as K (m;, m ;) per the volume of well-mixed cloud
or rain. Given C;;, the probability can be obtained without
approximation. The collision process is numerically calcu-
lated for an arbitrary kernel. Equation (A1) is given as

P (z,i, j) = Cijexp(—=Cot), (A2)

where Cj is the total rate for any collision events in the vol-
ume V. In the model by SeeBelberg et al. (1996) in which
drop classes are introduced to specify DSD, and Cy is given
as

Livh & L MWD
Co=V Z Z KijNiNj+V ZK,‘,'#, (A3)
=1 St i=

where Kj; is the collision kernel, the probability that particles
i and j in the volume V collide. The first term on the right-
hand side represents the probability that particles i # j and
the second term represents the probability that drops of i =
j collide. The time interval t is determined from Eq. (A2)
using uniformly distributed random number (1) from 0 to 1
as:

T =—Cy 'Iny. (Ad)

The next step is to select colliding droplets (i, j). The prob-
ability of collision of droplet i and j, (D;;) is expressed as

D..:v—lK‘.w i= i (A52)
1,i = i,i ZCO s J
D j =V 'KijNiN;/Co. i # j (A5b)

The probability of collision of particle i with any other
droplets, D; is as follows.

N
D; = Z [Dij, + Dii]. (A6)
j=itl

The colliding particle i is determined from the cumulative
distribution of D;/Cy with respect to droplet i and a random
number. The colliding droplet j with drop i is determined

https://doi.org/10.5194/amt-19-7255-2026

from the cumulative distribution of D;;/D; and a random
number. Create a cumulative distribution for the mass (bin
number) i of Y D; /Cy and determine the mass i by a random
number. In this algorithm, the so-called well-known problem
(Bott, 1998) arises: the bin of a newly generated particle by
coalescence or breakup is determined but is not known the
exact size in the bin. We apply the method by SeeBelberg et
al. (1996).
The collection kernel is written as follows:

K (r,r) =7 (r + ) EcolEcoat | Voo (r) = Vio (')

. (AT

where E. is the collision efficiency, which is the ratio of
collision cross section to the geometric cross section, and
E o s the coalescence efficiency, which indicates the prob-
ability of coalescence of collision particles. In this paper, the
collision efficiency is set to be unity considering the fact that
the raindrop size is larger than 0.1 mm. The coalescence effi-
ciency was calculated by Low and List (1982a).

E 14D N boE,? (A8)
=a _— €X — .
coal DL p S,

Here, Dy, and D are the diameters of larger and smaller
drops, and S is the surface energy of the spherical equivalent
of the united drop mass. E; is the sum of the collision kinetic
energy and the particle surface energy loss due to coales-
cence. o is the surface tension of water. Parameter a and b are
constant values. The effect of turbulence is not considered.
The coalescence efficiency by Low and List (1982a) may un-
derestimate the coalescence and result in higher slope in the
equilibrium raindrop size distribution (Barthes and Mallet,
2013; Hu and Srivastava, 1995). The shape of DSD signifi-
cantly varies in vertical as well as in the life stage of rain. The
object of the simulation is to create a database of such varia-
tions of DSD to examine the method for estimating Dy, from
space-borne Doppler radar observations, therefore the coa-
lescence efficiency of Eq. (A8) which has been usually used,
was applied. For breakup, the probabilities of the occurrence
of the filament, sheet, and disk types were considered. The
DSD of each type of breakup was determined by Low and
List (1982b). Note, the rate of breakup was assumed to be
(1 — Ecoq) and for Dy, < 0.2mm, Ecoy = 1.

Finally, we will mention statistical fluctuations of the re-
sults of the MonDrop. Statistically accurate results may be
obtained from several runs between three to 10 (Gillespie,
1975). To determine statistically meaningful results with K
runs, following values are used.

1
2

1 & 1 & ?
AD = ?;[N,mf—[;;w(x)]} . (A9)

where N; is the Monte Carlo results, such as DSD, LWC, etc.
ati run. If AD/N; < 1, the result can be considered reliable.
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