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Abstract. The Differential Optical Absorption Spectroscopy lidity range of the standard DOAS equation is quantitatively
(DOAS) technique is widely used to retrieve amounts of at-investigated using a suggested criterion of a weak absorption.
mospheric species from measurements of the direct solar The results presented in this study are intended to provide
light transmitted through the Earth’s atmosphere as well as o& basis for a better understanding of the applicability range of
the solar light scattered in the atmosphere or reflected frontlifferent forms of the DOAS equation as well as of the rela-
the Earth’s surface. For the transmitted direct solar light thetionship between the air mass factor and the weighting func-
theoretical basis of the DOAS technique represented by théion. To facilitate the understanding of the paper content for
Beer-Lambert law is well studied. In contrast, scarcely in- unexperienced reader we start our discussion considering in
vestigated is the theoretical basis and validity range of thedetail the standard DOAS technique applied to the observa-
DOAS method for those cases where the contribution of thetions of the direct solar light transmitted through the Earth’s
multiple scattering processes is not negligible. Our study isatmosphere.

intended to fill this gap by means of a theoretical investiga-
tion of the applicability of the DOAS technique for the re-
trieval of amounts of atmospheric species from observations ]
of the scattered solar light with a non-negligible contribution 1 Introduction
of the multiple scattering.

Starting from the expansion of the intensity logarithm in
the functional Taylor series we formulate the general form
of the DOAS equation. The thereby introduced variational
derivative of the intensity logarithm with respect to the vari-

ation of the gaseous absorption coefficient, which is oftenIar light and zenith sky scattered lightPlatt and Perner

referred to as the Weighting function, is demor?strated to be(198() applied this technique for a long path measurements
closgly rglated o the air mass factor. Employing SOME ap-¢ tropospheric gases using an artificial light source. The
"BoAS method has been further improved®glomon et al.
(1987 and later byRichter et al.(1999 to retrieve tro-
Pospheric and stratospheric constituents from ground-based
zenith sky measurement8urrows et al.(1999 have suc-
cessfully exploited the DOAS technique to retrieve amounts
of atmospheric trace gases from space-borne multispectral
measurements of the scattered solar light in the UV-visible

spectral range. Further modification of the approach has
Correspondence tdv. V. Rozanov been proposed bBuchwitz et al.(2000 allowing the to-
BY (rozanov@iup.physik.uni-bremen.de) (gl columns of atmospheric species to be retrieved from the
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The basic idea behind the usage of the Differential Opti-
cal Absorption Spectroscopy (DOAS) to detect atmospheric
constituents can be traced back Boewer et al.(1973
and Noxon et al.(1979, who have determined NOcon-
centrations from the measurements of the transmitted so-

be rewritten in the form of the weighting function (WF-
DOAS), the modified (MDOAS), and the standard DOAS
equations. For each of these forms a specific equation fo
the air mass factor follows which, in general, is not suitable
for other forms of the DOAS equation. Furthermore, the va-
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backscattered solar radiance measured in the near-infraregtal case becoming, however, similar for a weakly absorbing
spectral range by the SCanning Imaging Absorption specmedium. Furthermore, we introduce a quantitative criterion
troMeter for Atmospheric CHartographY (SCIAMACHY) of a weak gaseous absorption and demonstrate that all con-
(Bovensmann et al1999 in nadir viewing geometry. A  sidered forms of the DOAS equation become nearly equiva-
comprehensive review of DOAS technique applications islent once this criterion is satisfied.
presented byrlatt and Stut£2008. To simplify the discussion below we do not account for
Being originally developed to analyze measurements ofthe finite spectral resolution of the observing system, i.e., we
the transmitted light, the DOAS approach is widely used fordo not consider the convolution of the incident radiance with
the interpretation of multispectral measurements of scatterethe instrument slit function (so-called monochromatic treat-
solar light as well. The theoretical basis of this extensionment). Furthermore, the equations are derived considering
is, however, up to now scarcely investigated. Most criti- only one absorbing species. These assumptions, however, are
cal is the extension of the DOAS technique to observationsolely to simplify the mathematical formulations and do not
scenarios where the contribution of multiple scattering pro-affect the generality of the obtained results. Being of minor
cesses is significant and the gaseous absorption is non-weakportance for theoretical investigations, the spectral convo-
(this is typical, for example, for ground-based or satellite ob-lution of the radiance is obviously important when applying
servations in Hartley-Huggins absorption bands of ozone)the DOAS technique to real observations. An appropriate
This fact is illustrated, for example, in the work Bbscoe  maodification of the standard DOAS technique allowing for
et al. (1999 who have presented the results of the Networkthe finite spectral resolution of the observing system is pre-
for the Detection of Stratospheric Change inter-comparisorsented among others Ifyankenberg et a(20095.
campaign. The study has shown that vertical column densi- The layout of the paper is as follows. In Se2twe in-
ties of O; obtained using a simple single scattering approx-troduce the standard DOAS equation considering the direct
imation to calculate the air mass factor (AMF) agree bettersolar light transmitted through the Earth’s atmosphere. Al-
with measurements from balloon-borne instruments than thehough most results presented in this section are not new,
vertical column densities derived employing a more accu-these are summarized here for the convenience of read-
rate multiple scattering radiative transfer model to calculateers. Additional problems arising when applying the standard
the air mass factoMMarquard et al.2000. This can be ex- DOAS technique to multispectral measurements of the scat-
plained taking into account that the standard DOAS equatiortered solar light are discussed in S&tSeveral equivalent
is solved with respect to a wavelength independent paramerepresentations of the standard DOAS equation are summa-
ter which is referred to as the slant column density of an ab+ized in Sect4. In Sect.5 we derive the generalized form
sorbing gas. However, to convert the slant column into theof the DOAS equation expanding the intensity in the func-
vertical column an additional equation is required which is tional Taylor series with respect to the variation of the ver-
not strictly defined in the framework of the standard DOAS tical distribution of the gaseous absorption coefficient. The
technique. Although the expression for the air mass fac-weighting function DOAS (WFDOAS) equation and the cor-
tor as proposed iRerliski and Solomorf1993; Sarkissian  responding expressions for the air mass factor are derived in
et al.(1995 provides a linear relation between the slant col- Sect.6 employing the generalized DOAS equation formu-
umn and the vertical column, it can not be directly used inlated in Sect5. Several equivalent expressions for the AMF
the framework of the standard DOAS technique because itompatible to the WFDOAS equation are derived and dis-
requires the air mass factor to be constant within the secussed in AppendiC. In Sect.7 we present the modified
lected spectral window whereas the air mass factor suggestddOAS equation (MDOAS) which is obtained from the WF-
in Perliski and Solomorf1993; Sarkissian et al(1995 is DOAS equation employing a specific finite-difference repre-
wavelength dependent. Therefore, an additional assumptiosentation for the weighting function. The expression for the
is needed to convert the slant column into the vertical columrwavelength independent AMF corresponding to the standard
which causes an increased uncertainty of the results. DOAS equation is presented in Set.The relationship be-
Although there are other forms of the DOAS equation tween different forms of the DOAS equation is discussed in
that do not require the air mass factor to be wavelength inSect.9. A quantitative criterion of a weak gaseous absorp-
dependent, these are not widely used because their validit§ion is introduced in SecL0. Furthermore, itis demonstrated
range and the relationship to the standard DOAS techniquén this section that all considered forms of the DOAS equa-
are scarcely investigated. tion become nearly equivalent once this criterion is satisfied.
The main goal of this paper is to derive several forms of Other recently published approaches to derive air mass fac-
the DOAS equation allowing for a significant contribution tors Slusser et al.1996 Rozanov et aJ.1998 Stammes
of multiple scattering processes and to demonstrate that foand Koelemeijerl999 Marquard et al.200Q Palmer et al.
each form a distinct expression for the air mass factor fol-2007) as well as their relationship to the presented forms of
lows. This is done employing the general linear perturbationthe DOAS equation and associated air mass factors are dis-
approach. The performance of different forms of the DOAS cussed in Secll. We leave, however, out of the considera-
equation is investigated and shown to be different in a gention publications which propose improvements in the DOAS
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fit procedure affecting only the quality of spectral fit and use Let us assume the intensity of the transmitted solar light to
the standard approach to describe the amount of the targdte measured at a discrete numbér, of wavelengths within
species, e.gPukite et al.(2009. In Sect.12 we consider a spectral window delimited by a minimum wavelength
some example numerical simulations illustrating the perfor-and a maximum wavelengi, i.e.,A € [A1, A2]. If this spec-
mance of different DOAS equations being applied to the re-tral window contains absorption features of a certain atmo-
trieval of ozone vertical columns from space-borne multi- spheric species, the slant optical thickness can be split into a
spectral measurements of the scattered solar light in the UVsum

visible spectral range. 150) = 1900 + 161 )

wheretrg() is attributed to the gaseous absorption aial)
comprises contributions due to the Rayleigh scattering and
the aerosol extinction. We assume here that the atmosphere
is cloud free. The slant optical thickness of the gaseous ab-

2 Standard DOAS technique: transmitted light

In this section we introduce the essential terminology com-
monly used in the framework of the DOAS technique and de'sorption is expressed as
rive the DOAS equation as well as the expression for the air
mass factor in the simplest case of the direct solar light trans- l2
mitted through the Earth’s atmosphere. Unlike a usual treatzy (1) = /UA On)dl, (5)
ment of the standard DOAS technique as presented among
others byMarquard et al(2000 we permit spatial variations
of the gaseous absorption coefficient. This allows us to getvhereo; (1) is the absorption cross section (&molec) and
a better understanding of the assumptions needed to be dome!) is the number density (molec/énof the absorbing
when formulating the standard DOAS equation. species. In a general case, absorption cross sections of at-
The simplest way to introduce the DOAS technique is to mospheric species depend on the temperature and pressure.
consider ground-based measurements of the direct solar lightogarithmizing both sides of Eql) and substituting then
transmitted through the Earth’s atmosphere, i.e., the instruEgs. @) and 6), the Beer-Lambert law is rewritten as fol-
ment is located at the ground and looks towards the sun. FOOws:

1

this observation geometry the relationship between the in- I

tensity, Eg(A), at the top of atmosphere and the intensity of NI, (k) = —/o)\(l)n(l)dl — 1), (6)
the transmitted solar light detected by the instruméris,),

is provided by the Beer-Lambert law, see, elthpmas and h

Stamneg1999: where I, (k) = E(L)/Eg(}) is the sun normalized intensity

corresponding to the absorption coefficien/) which is de-
fined ask; (1) =0, (1) n(l). For the sake of simplicity in the
In the framework of the DOAS technique) is referred to following discussion; (k) will be referred to as the intensity.

E(}) = Eg(L) e W 1)

as theslant optical thicknesand is introduced as follows: TThe main purpose of measuring the transmitted solar radi-
ation in spectral windows containing absorption bands of at-
Iy mospheric species is usually to estimate the amount of these
tsW) = [ e, (Ddl 2 species in the atmosphere. This is supposed to be done solv-
s(3) »(Ddl, (2) p p pp

ing Eq. 6) with respect to absorber concentrationg]).
However, as clearly seen, the latter is not the sole unknown
wheree;, (1) is the extinction coefficient of the atmosphere at parameter in this equation. Rather, it also contains the slant
a wavelengthi, di is a path length element, and the integra- optical thicknessc(x) comprising generally unknown con-
tion is performed along the light path between the top of thetributions of the Rayleigh scattering and aerosol extinction.
atmospherel{) and the entrance slit of the instrument)(  This obstacle can be avoided taking into account that, unlike
Clearly, the slant optical thickness given by E2). depends  highly structured gaseous absorption signatures, the slant op-
not only on the wavelength but also on the solar zenith angletical thicknessc (1) is usually a smooth function of the wave-
This dependence, however, will not be explicitly indicated length. Therefore, if the considered spectral window is not
in this section. In contrast to the slant optical thickness, thetoo wide, the wavelength dependence.6f) can be approx-

I

vertical optical thicknesg; (1), is introduced as imated by a polynomial of a low order, i.e.,
H N .
T(A) = /ek(z) dz, A3) tc(M) ~ I;ak)» , 7)

0 whereN is the order of polynomial, and; are polynomial

where the integration is carried out along the local verticalcoefficients, which are unknown at this point. This assump-
between the surface and the top of the atmosplére, tion requires the absorption cross sectgKy) to show rapid
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variations with the wavelength. Followirglatt (1994, we species are considered to be independent of the location in
assume that the absorption cross section of a considered atie atmosphere, e.g., of the altituddlgtt 1994 Marquard

mospheric species can be split into two components: et al, 200Q Platt and Stutz2008. Following this assump-
. d tion, Eq. @) can be rewritten as
on(l) = o3 (1) + o5 (D), (8)
Iy

where, within the selected spectral windai(/) varies only N k
slowly ando (1) shows rapid variations w?:ﬁl the wavelength. NG () =~ UA/”(Z) i+ ];)akk ' (11)
In the framework of the DOAS technique (/) is usually h -
referred to as the differential absorption cross sectitiat{ In the framework of the standard DOAS technique the inte-
1994. gral of the number density along the light path in the right

Substitutingrc(1) as given by Eq.%) into Eq. ) and ne-  pang side of Eq.11) is used as a measure of the gaseous ab-
glecting the approximation error, we obtain sorber amount and referred to as gent column density or

slant columnMarquard et al.200Q Honninger et a].2004
Wagner et a].2007), i.e.,

I

N
InIA(k):—/oq(l)n(l)dl—i—Zakkk. (9)
k=0

lp

I
This equation provides a linear relationship between the mea‘-g - /"(l)dl ) (12)

sured function, I, (k), and the function to be retrieved, I

n(l). The contributions of other unknown parameters SuchSubstituting the slant column as given by Ed2)(into

as Rayleigh scattering and aerosol extinction are apprOX|Eq_ (L1) we obtain the governing equation of the standard
mated by the polynomial. In the following discussion equa- DOAS technique:

tions of this kind will be referred to as tHeOAS equations

Clearly, the requirement of a rapidly varying with the wave- N

length absorption cross section is crucial for the formulationInZx (k) = —So, + Y "axA*. (13)
of a DOAS equation. Indeed, substituting(/) as given by k=0

Eg. @) into Eq. ©) and taking into account that the integral £rom the mathematical point of view E¢.3) is a linear alge-
containing produa (1) (/) can be approximated by a poly- prajc system consisting of; equations and containing-+2
nomial, we rewrite Eq.9) in the following form: unknown parameters, namely+1 polynomial coefficients,

Iy ax, and the slant columf. These parameters can be deter-

N . . .
Y k mined by means of a least-square fit performed in a selected
It (k) = /(7A (l)n(l)ler];)aM ’ (10) spectral window, A2]. The solution of Eq.13) represents
h - the first step of the standard DOAS technique which is usu-
As can be seen on the right side of Etp)information about ~ ally referred to as thBOAS fit
the amount of absorbing species can only be obtainefiif We note that the usage of the slant column as a parame-

can not be approximated by a polynomial of the same orderer to be retrieved is one of the major attributes of the stan-
It is worth noticing here, that Eq10) can not be solved dard DOAS technique that allows the inverse problem of the

before the relationship betweghanddz (i.e., between path ~ 9aseous absorber amount retrieval to be formulated without

elements along the photon path and along the local verticalgPecifying the relationship betweefi anddz. Further in

is defined. Although this relationship is obvious for observa- the course of the discussion, any equation which similarly to

tions of the direct solar light transmitted through the atmo- Ed- (13) contains the slant column as a characteristic of the

sphere (see EQ.7 below), we do not use it at this point to 9aseous absorber amount will be referred to astardard

retain the generality of the standard DOAS technique. In thePOAS equation

following subsections we obtain a specific form of the DOAS ) )

equation which will be referred to as the standard DOAS2-1:2  Conversion of the slant column to the vertical

equation. This equation is derived starting from E).9ep- column

arately for a constant (i.e., altitude independent) and for

spatially variable absorption cross section. %rhe slant column defined according to Efi2(depends not

only on the absorber number density but also on the light path
in the atmosphere and, hence, on the observation geometry.
Therefore, when interpreting real atmospheric measurements
2.1.1 Standard DOAS equation and DOAS fit the parameter of interest is usually the vertical column den-
sity (vertical column) of an atmospheric species rather than
In most of recent publications considering the standardthe slant column as resulted from the DOAS fit. The former
DOAS technique absorption cross sections of atmospherids introduced as the integral of the absorber number density

2.1 Constant absorption cross section
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along the local vertical between the surface and the top of thevhere C is a constant to be determined amd) is the so-
atmosphere and is independent of the observation geometncalled a priori number density profile. Substituting no)
as given by Eq.Z0) into Eq. @) we obtain

H N Ny Zj
v:/n(z)dz=2w=2/n(z)dz, (14) 1 f
i=1 i=1

N
) ) Inlx(k)=—S§/ax(l)ﬁ(l)dl+2ak)»k, (21)

where,V; is the so-called partial vertical column in tiheh h =0

altitude layer. The transformation of the slant column ob- where we have taken into account that according to E3).g
tained from the DOAS fit into the vertical column represents scaling of the number density profile results in the same scal-
the second step of the standard DOAS technique. The trandng of the associated slant column, .8~ C S, whereS is
formation coefficient usually referred to as the enhancementhe slant column corresponding to the number density profile
factor or the air mass factoB6lomon et al.1987 McKenzie  7(). Introducing further the slant path weighted absorption

et al, 199]) is defined as follows: cross section as
S l2
_ 2 1
A=y 15 5 = = / oy a)dl, (22)
Substituting the slant column and the vertical column as I

given by Egs.12) and (L4), respectively, Eq.13) is rewritten  and substituting it into Eq2(l) we obtain
as

N
lp InL, (k) =—S6,+ Ak 23
Frayar 5.(k) ) kz=oak (23)

A= l;— . (16) Although this equation is very similar to the standard DOAS
[n(z)dz equation as given by Eq18) it can not be directly used to
0 obtain the slant columrs, employing the DOAS fit. This is

Thus, to complete the second step of the DOAS retrieval proP€cause an integration over the light path needs to be done
cedure the air mass factor needs to be calculated. As seeffhen calculating the slant path weighted cross sectign,
from Eq. (L6) this requires a relationship betweeh and ac_cording to Eq.42) thatin turn reql_,lires an explicit relation-

dz to be specified which was not needed before (i.e., at theé’hiP betweer// anddz to be specified already at the DOAS
DOAS fit step). For observations of the direct solar light fit step. To avoid this, we have to assume that the slant path
transmitted through the atmosphere this relationship is obvi¥veighted absorption cross section is the same as the vertical

ous. Indeed, assuming for a simplicity reason the atmospherBath weighted cross section defined by

to be plane-parallel and the solar zenith angle at the top of at- 1 H c )
mosphere to b&g, we have: 6y = T/ax(z)ﬁ(z)dz - L ) (24)
1 |4 \%

dl=—dz, (17) o .

2%} Here, the vertical optical thickness of the trace gas absorp-
whereug = cosdg. Substitutingd/ as given by Eq.X7) into  tion, T(4), is introduced according to Eq3)(for e, (z) =
Eqg. (16) we obtain 0,(z) n(z). This assumption allows us to estimate the slant

1 column of the absorbing species applying the DOAS fit pro-
A=—. (18) cedure to Eq.43) in the same manner as for EQ.3].

Mo
Thus, the slant column§, obtained from the DOAS fit is 2.2.2 Conversion of the slant column to the vertical
transformed into the vertical column as follows: column
V=noS. (19) For the slant column obtained employing the DOAS fit ac-

cording to Eq. 23) the transformation into the vertical col-
umn is done in exactly the same manner as in the case of a
2.2.1 Standard DOAS equation and DOAS fit constant absorption cross section, i.e., as given by F. (
Summing up all results obtained above, the standard
To derive the DOAS equation similar to Eq.3) for a spa- DOAS equation system suitable for the interpretation of ob-
tially variable absorption cross section an additional assumpservations of the direct solar light transmitted through the at-
tion needs to be introduced, namely, the number density promosphere (in a plane-parallel approximation) is written as
file, n(1), is considered to be obtained by a scaling of a knownfollows:
profile,n (1), within the entire atmosphere, i.e.,

2.2 Spatially variable absorption cross section

N
N k
n()=Cn(l), (20) InZ (k) = SUA+kX=(;ak)» ) (25)
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Table 1. Assumptions employed to derive the DOAS equatidt® and @5) suitable for the retrieval of gaseous absorber amounts from
observations of the direct solar light transmitted through the atmosphere.

Num Assumptions DOAS equation
constant spatially
cross variable cross
section section
1 the gaseous absorption cross section has to contain a component + +

rapidly varying with the wavelength

2 within the considered spectral window the wavelength dependence + +
of the slant optical thickness due to the Rayleigh scattering and the
aerosol extinction can be approximated by a polynomial of a low

order
3 the scaling approximation of the absorber vertical profile, sewt applied +
Eq. 20)
A= i , (26) — DOAS fitdenotes solving the standard DOAS equation
Mo with respect to the slant column.
V= S @7) — Air mass factoris the ratio of the slant column to the
A’ vertical column.
whereg; is the vertical path weighted absorption cross sec- — Standard DOAS techniqummprises the DOAS fit fol-
tion as given by Eq.24). The assumptions used to derive lowed by the conversion of the slant column into the
these equations are summarized in TahleNote that for vertical column using an appropriate air mass factor.

observations of the direct solar light transmitted through a
plane-parallel atmosphere the slant path weighted cross sec- ) .
tion, 5;, as given by Eq.42), is exactly the same as the ver- 3 Standard DOAS technique: scattered light
tical path weighted cross sectiah,, given by Eq. 24). This
is the reason why Tabledoes not contain the assumption of
5’)L = OA')L.

Concluding, let us summarize main definitions related to
the DOAS technique which will be used in the following dis-
cussion:

In this section we discuss some additional problems arising

when employing the standard DOAS technique to retrieve

amounts of atmospheric species from multispectral measure-
ments of the solar light scattered in the Earth’s atmosphere
and reflected from the surface.

— DOAS equatioris an equation providing a linear rela- 3.1 Standard DOAS equation and DOAS fit

tionship between the intensity Ioga_rithr_n and a gaseousyg gigcyssed bylatt and Stut£2008 in their comprehen-
absorber amount where the contribution of other un-g; o review of standard DOAS technique applications, the
known atmospher[c parameters is approximated by &tandard DOAS equation as given by E@5)(is also em-

low order polynomial. ployed to retrieve amounts of atmospheric species from mul-
tispectral measurements of the scattered solar light with a
non-negligible contribution of the multiple scattering. How-
ever, as the multiple scattering causes the light path to depend

— Standard DOAS equatids an equation providing a lin- N the scattering properties of the atmosphere, i.e., on such
ear relationship between the intensity logarithm and theProcesses as Rayleigh scattering, aerosol extinction, surface
slant column of a gaseous absorber where the contrif€flection, and so on, the slant column defined by Eg) &s

bution of other unknown atmospheric parameters is apihe integral over the light path becomes wavelength depen-
proximated by a low order po]ynomia]_ dent. ThUS, when employing the standard DOAS equation

to retrieve the amount of a gaseous absorber from observa-
— Vertical columnis the integral absorber amount along tions of this kind, the wavelength dependence of the slant
the vertical path between the bottom and the top of thecolumn is neglected. Moreover, as discussedSksmmes
atmosphere. and Koelemeije (1999, for a spatially variable absorption

— Slant columris the integral absorber amount along the
light path between the light source and the instrument.
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cross section one has to assume the slant path weighted atie number of atmospheric layers, and coefficietits are
sorption cross section as given by E&2)to be the same as usually referred to as the box-air mass factors (box-AMFs).
the vertical path weighted cross section as given by Z4). (  In the framework of the standard DOAS technique the box-
This, however, is not necessarily the case for observations oAMF is defined as the ratio of the partial slant column to the
scattered solar light. partial vertical columnKldnninger et a].2004 Wagner et al.

For further considerations let us rewrite the standard2007):

DOAS equation as given by Eqg2%) introducing the sub- )

script “j” which emphasizes the dependence of the inten- [ n(;)dl;
sity logarithm and the slant column on the observation con- Sij b
ditions: e (30)
. ’ ‘/I Zi
N [ n@)dz
Dy j(k)=—5;6,+ Y arrk. (28) Gt
k=0 whered!; anddz are the actual light path and the vertical

Although the polynomial coefficients,, depend on the ob- path, respectively. The box-AMF is considered as a mea-
servation conditions as well, this dependence will not be in-sure of enhancement of the light path within an atmospheric
dicated hereinafter. The set of the observation conditiondayer with respect to the vertical path in this layer due to the
needed to perform the retrieval is usually determined byobservation geometry and scattering processes. Clearly, the
the measurement technique. For example, for ground-basedefinition of the box-AMF given by Eq.30) is in line with
zenith sky observations of the scattered solar lighixon  the definition of the air mass factor for the whole atmosphere
et al, 1979 McKenzie and Johnstori982 Solomon et al.  as given by Eq.X5). Following Wagner et al(2007) the lat-
1987 the slant columns are usually obtained at different solarter will be referred to below as the total AMF. As shown in
zenith angles or in different spectral windowoétylyakov ~ Wagner et al(2007) the total AMF can be easily obtained

et al, 2006 whereas Multiple AXis Differential Optical Ab-  from the box-AMFs {4; ;) and the vertical profile of the re-
sorption Spectroscopy (MAX-DOAS) observations are per-spective trace gas as

formed at similar illumination conditions and various view-

ing angles (see e.glonninger et al.2004 Bruns et al.2004 % Aij Vi Ny

2006. The set of slant columns obtained at different observa—A L _i=1 _ = ZAi Vi (31)
tion conditions is often used to retrieve vertical distributions ~ ’ N Vi~ ”

of the absorber number density, elgendrick et al(2004; Z Vi

Haley et al.(2004). ) i , . .
It is worth noticing here that it wallarrison(1979 who Unlike observations of the direct solar light transmitted

introduced the standard DOAS equation in a form very sim-through the atmosphere no simple equation for the air mass
ilar to Eq. @8) and employed it for the first time to retrieve factor similar to Eq.26) can be obtained when observing the
NO, and Q slant columns from zenith-sky observations of scattered solar light with a non-negligible contribution of the
the scattered solar light. Subsequently this equation was enfnultiple scattering processes. Furthermore, the AMF can not
ployed by McKenzie and Johnsto(.982 to perform the be calculated according to its definition as given by B) (

same kind of retrievals. because it requires an integration of a gaseous absorber num-
ber density along the actual light path which is generally un-
3.2 Conversion of the slant column to the vertical known because of a significant contribution of the multiple
column scattering. In the past decades, several different expressions

to calculate the air mass factor accounting for multiple scat-
As mentioned above, a set of slant columns obtained from tthring effects have been suggested in the literature. Let us
DOAS fit for different observation conditions contains infor- consider here the most commonly used method proposed by
mation about the vertical distribution of the considered at-pPerliski and Solomoii1993 andSarkissian et a{1995,
mospheric species. In the framework of the DOAS technique _
this set of slant columns is commonly used to retrieve the pary4. ;) — InZ,;(0) —InZ, ; (ki)
. . e L] - = ’
tial vertical columnsV;, of the gaseous absorber within at- o Vi

mospheric layers, see EQ4). According toSolomon etal.  \yhereas other expressions are discussed in $&dh de-
(1987; McKenzie et al(199J), the relationship between the 55 Intensities of the diffuse light;, ; (k;) and I, ;(0), in

(32)

slant column and partial vertical columns is given by Eq. (32) are calculated using an appropriate radiative trans-
N fer model. The former is computed assuming the absorber

Si= ZA,-,J- Vi, i=12,...,N;, (29) number density of; (z) in thei-th altitude layer and the zero
=1

i= amount everywhere else whereas the latter is obtained for the
where S; is the slant column corresponding jeth obser-  zero amount of the absorber in the whole atmosphere. Here,
vation, N; is the number of observation condition8; is n(z) is an initial guess (a priori) vertical distribution of the
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absorbing species ani are its partial vertical columns as factor, A; j, is provided by the mean value df; ;(1) or by
defined by Eq.14). The motivation to introduce the AMF its value at the central wavelength of the considered spectral

in this manner can be easily understood if, followPerliski interval. For a strong gaseous absorption, however, the air
and Solomor(1993, we rewrite Eq. 82) in the form of the  mass factorA; ; (1), shows a significant wavelength depen-
Beer-Lambert law: dence and a better approximation for the constant AMF is
. ’ oV As () provided by the smallest value df; ;(1) in the considered
Lijtki) = 5,,j(Qe R (33) spectral window, seBurrows et al(1999 for further details.

Therewith A, (%) is introduced as a factor accounting for e note that the problem of the missing mapping rule out-

the effective optical path enhancement (both geometrical andin€d above arises because the slant column is assumed to
due to multiple scattering processes) for an atmosphere cor€ Wavelength independent when formulating the standard
taining one absorbing layer. It is worth noticing here that POAS equation. Indeed, substituting the slant colugip,

the AMF given by Eq. 82) is wavelength dependent as, in &S given by Eq.37) into Eq. @4) and accounting for the
contrast to observations of the direct solar light transmittedvavelength dependence of the box-AMF, the following ex-

through the atmosphere (see E2§), it is determined not ~Pression is obtained:

only by the observational geometry but also by atmospheric N N
properties such as the Rayleigh scattering, aerosol extinctionn/y, (k) = — Z ViAij(A) 6+ Zak Ak (38)
amount of gaseous absorber, and surface reflection. This be- i=1 k=0

havior is not surprising because these atmospheric paramerhis equation can be considered as a DOAS equation con-
ters govern scattering processes in the atmosphere and, thengining partial vertical columnsy;, instead of the slant col-
fore, the photon path lengths. umn, S;, as parameters to be retrieved. However, this is not
Summarizing results obtained in this section, the mathethe standard DOAS equation any more. Rather, it represents
matical representation of the standard DOAS technique suitso-called modified DOAS equation originally proposed by
able to interpret observations of the scattered solar light withDiebel et al.(1994 and Fish et al.(1995 to improve the
a non-negligible contribution of the multiple scattering can DOAS retrieval. The modified DOAS equation is discussed
be formulated as follows: in Sect.7 in details.
N Concluding our discussion we summarize main features
InZ; ;(k)=—S;6;+ Z“k Ak j=1,2,....Ng, (34) and assumptions associated to the standard DOAS technique
k=0 in application to the retrieval of amounts of atmospheric
species from multispectral measurements of the scattered so-
T (E. lar light.
N O b %) =12, Ny, (35) The standard DOAS technique is a specific two-step ap-
proach capable to retrieve amounts of absorbing species. At
the first step usually referred to as the DOAS fit a least square
fit in the spectral domain is performed to obtain the so-called
slant column. The main advantage at this step is that no in-
o Ny o formation about the actual light path in the atmosphere is
S;i=3 AiVi. (37) _ :
=1 required to retrieve the slant column. At the second step the
. . . slant column is transformed into the vertical column or into
Here,4;;is a repres.entanve value for the wavelength Ir]de'the partial vertical columns. To do this an appropriate equa-
pendent AMF which is needed to transform the slant cqumntion for the air mass factor or box-AMF needs to be formu-
into the vertical column according to EQ7). However, in ed.
contrast to the DOAS equation system obtained for observa- Main assumptions associated to the standard DOAS tech-

tions of the (_jirect solar Iight as given by E_q§5e27), the nigue are the following (the assumptions are required to hold
DOAS equation system given by Eq84(37) is underdeter- in the considered spectral interval only):
mined because the rule to transform the wavelength depen-

Ai (W)=

6. Vi

A j(A)— A, (36)

dent air mass factor; (1), into a wavelength independent ~ — the absorption cross section of the retrieved species has
value, 4; ;, is not defined. This missing mapping rule em- to contain a component rapidly varying with the wave-
phasized by the symbolic link; ;(A) — A; ; is the main length;

weakness of the standard DOAS technique in application to
the retrieval of trace gas amounts from observations of the
scattered solar light. In practical applications of the tech-

nique additional approximations are used to define the miss-
ing mapping rule. For example, in a spectral region where the
atmosphere can be considered to be optically thin a reason- — for a spatially variable absorption cross section the slant
able approximation for the wavelength independent air mass  path weighted cross section as given by E2p) (is

— the wavelength dependence of the non-gaseous
(Rayleigh scattering and aerosol extinction) slant
optical thickness can be approximated by a polynomial
of a low order;
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assumed to be equal to the vertical path weighted cross In addition, the form of the standard DOAS equation de-

section as given by Eq24);

pends on the approach used to separate general slopes of the
absorption cross section and slant optical thickné$sand

— the slant column is considered to be independent of theLK (), respectively. In fact, the separation technique is not

wavelength;

— arule to map the wavelength dependent AMF to a rep-

resentative wavelength independent value has to be e
tablished.

4 Equivalent forms of the standard DOAS equation

In this section we discuss other equivalent representations of

the standard DOAS equation as given by B#) (vhich can

be found in the literature. For a simplicity reason, let us first

rewrite Eq. 84) introducingL,_; (k) =In1, ;(k):

N
Ly j(k)==S;6:+ Y axr*. (39)
k=0

Other representations of the standard DOAS equation are o

S-

N
Jm,,xk)—Zm"
- k=0

yet strictly defined at this point. A commonly used approach
to obtain the differential absorption cross section and differ-
ential slant optical thickness is subtracting appropriate poly-
nomials fromé, and L, ;(k) before the DOAS fit is per-
formed, i.e.,

N N
5 =6, =Y Bak, LY =Ly ;00 =Y nak.  (44)
k=0 k=0

where polynomial coefficientg; andy; are obtained mini-
mizing the following quadratic forms:

N 2
6= Pk

k=0

— min,

2
— min. (45)

tained considering the absorption cross section as the fOHOWUsing this technique another specific form of the standard

ing sum Platt 1994 Richter, 1997):

6. =5 +67 (40)

DOAS equation is obtained:
LY (k)y=—58;6{. (46)

wheres; describes a general “slope” of the absorption crossA proof of the equivalence of Eqs39) and @6) is given in

section, whereagy shows rapid variations with the wave-
length. Substituting; as given by Eq.40) into Eq. 39) and
taking into account tha{ can be approximated by a low

order polynomial, we rewrite the standard DOAS equation

given by Eq. 89) in the following equivalent form:

N

Ly j(k)==S;6{+ > axr*. (41)
k=0

Similar to Eq. 40) for the absorption cross section, the in-

tensity logarithm in the left hand side of E4.1j can be also

represented as a sum of two components, respectively var

ing slowly and rapidly with the wavelength:

Ly j)=L; j(k)+L§ (k). (42)

As, according to Eq.1), — L, ; (k) is equal to the slant opti-
cal thicknessis(1), the term—Lﬁ (k) is often referred to as

AppendixA.
In the following discussion, the standard DOAS equation
in the form given by Eq.34) is used.

5 Linearization technique and generalized DOAS
equation

From the mathematical point of view the standard DOAS
equation as given by Eq34) is a linear relationship between
the intensity logarithm and the absorber slant column. For
he direct solar light transmitted through the atmosphere this
linear relationship is a consequence of the Beer-Lambert law
written in the logarithmic form. To obtain such a linear rela-
tionship for observations of the scattered solar light account-
ing for the multiple scattering contribution, a linearization
technique needs to be employed. In the discussion below
this is done using the expansion of the intensity logarithm in

the differential slant optical thickness. Taking into accountthe functional Taylor series.

thatL;”j (k) can be approximated by a low order polynomial
as well, we rewrite Eq A1) in the following equivalent form:

N
LY (k) ==8;6{+> arak, (43)
k=0

5.1 Linearized forward model

For an arbitrary but differentiable functiofi(x) a linear re-
lationship between a variation of this function and a variation
of its argument can be obtained employing the Taylor series

where the polynomial contains among others the contribu€xpansion. For any around the linearization point, the

tions of §; 65 and Lj\‘yj(k). Although not explicitely indi-
cated, the polynomial coefficients in Eq39), (41), and @3)
are different.
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whereAx = x — ¥, anddf/dx is the derivative of the func-  k;(z). In the framework of retrieval techniques this varia-
tion f(x) with respect to its argument calculatedxat x. tional derivative is often referred to as the weighting function
Here, we have restricted our consideration with the termgWF), see, e.gRozanov(2009 for details. The integration
linear with respect tdAx and neglected the linearization er- in the denominator of Eq5() is carried out over a vertical
ror. It is worth noticing here that such linear relationships arerangeAz around an altitude and the perturbation of the ab-
often used in atmospheric remote sensing inverse problemsorption coefficient vertical profilék; (z'), is considered to
(see e.g.Peepak1977 Rodgers2000. Unfortunately, this  be zero everywhere but in thez altitude range. The latter
expansion can not be directly applied to the intensity as aapproaches zero when calculating the limit. A comprehen-
function of the vertical column because, in a vertically inho- sive discussion of the mathematical aspects related to func-
mogeneous atmosphere, the intensity depends on the verticibnals and variational derivatives is presented among others

profile of the absorption coefficient,

ky.(2) =ox(z)n(z),

and, hence, on the absorber number density profilg),

(48)

rather than on its vertical column. Indeed, even in the sim-
plest case of the direct solar light transmitted through a plane-

parallel atmosphere the Beer-Lambert law as given by@&q. (
results in

H
|n1,\(k)=—i/kx(Z)dZ—tc(?»), (49)
Mo 2

where we have taken into account th#t= dz/uo, see
Eqg. 7). As formulated in Eq.49), the intensity logarithm
at each wavelength is a functional of the absorption co-
efficientk, (z). In other words, it is a function that takes a
function as its argument and returns a scalarHsssewinkel

by Volterra(1959. The perturbation of the gaseous absorp-
tion coefficientdk; (z), introduced in Eq.50) can be caused

by a variation either of the trace gas number density or of its
absorption cross section. The origin of the absorption cross
section variation is unimportant at this point. Thus,
8k; (z) =02 (2) dn(z) +80,.(2)n(z) , (52)
wheren(z) anda; (z) are initial guesses for number density
profile and absorption cross section, respectivéiy(z) =
n(z) —n(z), anddo; (z) = 0;(z) — 65.(z). The initial guess
number density profile is also often referred to as a priori
profile.

It is worth noticing here that an expansion similar to
Eq. 60) can be also written for the intensity itself rather than
for its logarithm. However, as discussed, e.g.,Ryzanov
and Kokhanovsky2008, the impact of the linearization er-
ror is significantly reduced when applying the linear approx-

(2002 for details. Therefore, a linear relationship betweenmation to the logarithm of the intensity. This was the rea-
the observed intensity (or its logarithm) and the vert_lcal col-son to use I, rather thani;, in the retrieval of number den-
umn of an absorbing species can not be obtained without adsity vertical profiles Hoogen et a].1999 and total columns

ditional assumptions.

(Klenk et al, 1982 of ozone from the space borne observa-

Regarding the intensity as a functional of the absorptionijgns of the backscattered solar radiation.

coefficient profile,k, (z), a linear relationship between the
intensity logarithm and; (z) similar to Eq. 49) can also be

obtained in a general case without specifying the observa:
tion geometry. This is done employing the expansion of the
intensity logarithm in the functional Taylor series as follows:

In, (k)=InT (/E)+/H‘Sln1*
~ - A (Sk)L(Z)

0

8k (z)dz+elin (L) . (50)

Here, k. (z) andky (z) = ky.(z) + 8k, (z) are the initial guess

(i.e., the linearization “point”) and the perturbed vertical pro-

files of the trace gas absorption coefficiehtk) and I (k)
are the corresponding intensitieg, (1) is the linearization

There are only a few simplest cases in which weighting
functions can be obtained according to their definition as
given by Eqg. §1). For example, it is straightforward if the
intensity obeys the Beer-Lambert law for a plane-parallel
medium. Indeed, substituting 4n(k) and In/; (k) as given
by Eq. @9) in the numerator of Eq5(Q) we obtain:

H
-1 / /
— 8k (z)dz
sinl, . Moof g

- [ Ski(zhdz

——= i (53)
8k)(z) Az—0
(Az)

Taking into account that, according to the definition of the

error containing the contribution of higher order terms with variational derivative, the perturbatiait; (z') is non-zero

respect tdhk, (z), and

sinr, Inlk(kk)—lnlk(lz)\)
oG (51)
(Sk)\(z) Az—0 f (Sk)L(Z/)dZ/

(Az)

is the variational derivative of I, with respect to the absorp-
tion coefficientk;, (z) calculated at the initial guess profile,

Atmos. Meas. Tech., 3, 75780 2010

only within the vertical rangeAz around an altitude, the
integration range in the numerator of E§3) can be reduced
to the intervalAz that leads to

f Sk)L(Z/)dZ/
sinf, 1 (A7) . (54)
8ki(z) Mo Az—0 [ 8k (z)dz’ o

(Az)
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Comparing this expression to EQ.8 for the air mass factor  variations of the atmospheric parameters, ang (1,z) are
obtained for observations of the direct solar light transmittedthe corresponding weighting functions. The last term in the
through the atmosphere, we can state that right hand side of Eq.58) denoting the linearization error is
omitted here. It is worth noticing that the linearization error
- ‘ 8In1, , (55) depends on the magnitude &f,,(z), i.e., on how strong the
8ki.(2) atmospheric parameters vary. If a perturbed parameter value

i.e., the absolute value of the variational derivative of the in-IS In & close neighborhood of the initial guess valfig(z),
tensity logarithm with respect to the gaseous absorption cothen the intensity logarithm can be considered to be nearly
efficient is equal to the air mass factor. I[near Wlth respect to the variatiaip,, (z) and .the Imganza-
For most of practically important inverse problems the t|qn error is n_eghgl_ble. In the course ofourdlscqssmr_l below,
weighting functions can be obtained employing a very effi- this assumption will be referred to as the local linearity.
cient technique of the joint solution of the linearized forward ~ Equation 69) provides a linear relationship between the
and adjoint radiative transfer equations. This approach andntensity logarithm and variations of atmospheric parameters
other techniques to calculate weighting functions account-such as vertical profile of the gaseous absorption coefficient,
ing for the multiple scattering contribution are discussed inRayleigh scattering and aerosol extinction coefficients, as
Rozanov and Rozand2007). The most straightforward ap- well as surface albedo. Thus, E§9| represents a linearized
proach is the numerical perturbation technique that uses #rward model for the intensity logarithm. Analytical ex-
finite-difference approximation instead of the exact represenpressions for weighting functions of various atmospheric and
tation given by Eq.%1). The weighting function at a discrete surface parameters can be found, e.g.Rozanov(2006;

altitude levelz; is obtained then as follows: Rozanov et al(2007).

NIy (ky(zi) + Aky (zi)) —In L, (ko (zi _ .
oIty I (kaz) + Ak ) —Inls (k. z0) ., (56) 5.2 Generalized DOAS equation
8k (z;) Ak (z;)

whereAk; (z;) is the variation of the absorption coefficient at Restricting our consideration, similarly to the previous dis-
the altitude levet; and intensitied;, (k,(z;)+ Akx(z;)) and  cussion, to only one absorbing species, the linearized for-
I (IE)\(z,-)) are the solutions of the radiative transfer equationward model given by Eq.5Q) is rewritten in the following

for the corresponding profiles of the absorption coefficient.form:

The weighting function for the entire atmosphere is obtained

using Eq. 66) at each level of the altitude grid. H
Introducing the absorption coefficient weighting function -
as InL.(k)=InL.(k)+ [ wi(h,z) 8ky(z) dz+68tp(R1) . (60)
0
8Ini,
wi(2) = o oy (57)
1@ |5 ) Here, the second term in the right hand side of the equation

describes the variation of the intensity logarithm caused by a
variation of the trace gas absorption coefficient and the third
term comprises contributions of all other atmospheric para-

where the subscrigitindicates that the weighting function is
to be calculated at the initial guess profilgz), Eq. 60) can
be rewritten as follows:

meters.
_ " Clearly, the weighting function of the absorption coeffi-
In;. (k) = |nlx(k)+/w;;()»,z)5kx(2)dz+8|in()~)- (58)  cient, wi(x,z), shows the same spectral features as the ab-
0 sorption cross section of the atmospheric species. Despite the

. o i ) fact that the Rayleigh scattering and aerosol extinction coef-
Taking into account that a variation of the intensity can gisients as well as the surface albedo have only a smooth de-
be caused by variations of other absorbing gaseous cOmpQsendence on the wavelength, their weighting functions show
nents as well as atmospheric and surface parameters such g5, speciral features associated to the gaseous absorption as
Rayleigh scattering and aerosol extinction coefficients, SUrvell. This is because variations of these parameters influ-
face albedo, and so on, EGg) has to be extended as fol- ence the scattering and reflection processes which determine
lows: the light path in the atmosphere and, therefore, affect the ab-

No H sorption of the solar light by atmospheric trace gases. Nev-
L (p) =InL(p) + Z/wﬁm (0y2) 8pm(2) dz. (59)  ertheless, |f the gaseous absorption in 'ghe con5|dere_d spec-
tral range is weak enough (a quantitative characterization
0 is provided in Sectl10) or the contribution of the scatter-
Here,Np is the full number of atmospheric parameters which ing processes is not too large, the wavelength dependence of
can cause a variation of the intensidy,, (z) are absolute corresponing weighting functions can be approximated by a

m=1
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ool =TT 70100 rewrite it settingk; (z) =0, i.e., 8kx(2) = ki (z) — kx(2) =
£ g —k;.(z). It follows that
<
& 0000 00%r ‘
2 0. _ _
g InIA(O)=|nIA(k)—/w,;()»,z)kx(Z)dZ-l-Slin()»), (63)
z 0.090! 0
.E 0.075 where I, (0) is the intensity obtained for a non-absorbing
= 0085l (i.e, without gaseous absorption) atmosphere. Introducing
5 . -
8 0070 In7,(0) as
S 0080l ’
0065 | N7, =Int () [wgn 20k @iz, (64)
320 325 330 335 340 320 325 330 335 340 0
Wavelength, nm Wavelength, nm ]
we obtain
Fig. 1. Approximation ofézj (1) (black) by a second order poly- In; (0) = |n1~)\ 0)+lin (V) . (65)

nomial (red). The results are obtained for the Rayleigh scattering ~
coefficient increased by 10%, surface albedo increased by 10%, ands follows from this equation, If (0) given by Eq. 64)
aerosol extinction coefficient increased by 25, 15, and 10% (markeds a linear estimation of the intensity logarithm for a non-

in plot by 1, 2, and 3, respectively). absorbing atmosphere. Combining E€2)@nd 64) we ob-
tain
polynomial. This means that, (1) in the right hand side of A . N .
Eq. 60) can be represented as: In ;. (k) =/wk(’\’Z)UA(Z)”(Z)dZ'F|”IA(0)+ZGM ,(66)
k=0
0
N
Stp(h) ~ Zak?»k ) (61) where the product; (z) n(z) is introduced instead of the ab-
=0 sorption coefficienk, (z). We note that in a general case the

) L , term In/, (0) can not be approximated by a polynomial and,
The accuracy of this approximation depends mainly on thethus, must be kept in the right hand side of E8f)( This

strength of the gaseous absorption, aerosol loading, surfact%rm can only be omitted if the linearization eregp, (1) in
albedo, solar zenith angle, and observation geometry. As a%q_ 65) is negligible.

example, Figl shows the ternir, () and its approximation Equation 66) provides a linear relationship between the

by a polynomial of second order obtained for space borne Obintensity logarithm and a gaseous absorber amount in a form

§ervat|0ns of the backscat_tered solar radiation in nadir VIeW it the absorber number densityz), where a contribution
ing geometry at solar zenith angles of&ind 20 in 320-

4 of the scattering and reflection processes is approximated by
340 nm spectral range. Calculations were performed for th

leigh : fici 4 surf bedo i polynomial. Thus, according to the definition provided at
Rayleigh scattering coefficient and surface albedo increasefy, o of Sect, this is a DOAS equation. In the following

by 10%, and the aerosol extinction coefficient increased bydiscussion Eq.G6) is referred to as thgeneralized DOAS
10, 15, and 25%. As expectedt,, (1) shows the same spec- equation Introducing the slant column as

tral structures as the ozone absorption coefficient and the ap-

proximation by a polynomial performs better at longer wave- A
lengths where the ozone absorption is weaker. Sy = —/ wip(A,2)n(z)dz, (67)
Substitutingdz, (1) as given by Eq.&1) and 6k, (z) = 0

k1(2) =k (2), Bq. 60) is rewritten as follows: the gaseous absorber amount in Ef) (can be also repre-

H sented by the slant column instead of the trace gas number
N (k) = In ;. ) — / W 2) B (2) dz density:
0 3 N
. N NG (k) = =86, +INL.O0)+ > ardt. (68)
k=0
() ki (2)d Ak, 62
+/wk( k@) z+;ak (62) Here,s) = o), for a constant and
A =
H
Let us consider now the difference between the firstand the [ wi (A, 2) 05 (2)n(2)dz
second terms in the right hand side of this equation. To ex, — © (69)

plain the meaning of this difference we come back to the

H
Taylor series expansion of In(k) as given by Eq.%8) and gw,; @, D)n(2)dz
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for a spatially variable absorption cross section. In the fol-law, the intensity logarithm for the absorption coefficient

lowing section we demonstrate that the slant colusyrin- k). (z) = k;.(z) + 8k; (z) can be expressed as follows:

troduced according to Eq67) is in line with its standard _ -

definition given by Eq.12). In 1. (k) = In 1, (k) — 8ky (2) dL(3) . (71)
Concluding, let us summarize the assumptions which need®n the one hand, this equation can be rewritten in the follow-

to be employed to derive the generalized DOAS equation (théng equivalent form:

assumptions are required to hold in the considered spectral _ dl(%)
interval only): InZy.(k) = In1; (k) — 6k;.(2) pE dz
— the gaseous absorption cross section has to contain a = InL(k) — A, 2) 8ki(2) dz , (72)
component rapidly varying with the wavelength; where A (2, z) according to Eq.70) is substituted. On the

. other hand, coming back to the functional Taylor series ex-
— the wavelength dependence of non-gaseous (Rayleighynsion of the intensity logarithm as given by Esg)@and re-

scattering, aerosol extinction, and surface albedo)yjing that the variation of the absorption coefficight (z)
weighting functions can be approximated by a polyno- i assumed to be non-zero only within an infinitesimal layer

mial of a low order; dz, we rewrite this equation as follows:

— a local linearity of the intensity logarithm with respect Ini, (k) = InIx(lE)—i-w,;(k,z) Sky(z)dz. (73)
to a variation of the gaseous absorber number denSItyThe linearization error is neglected here. Comparing this

on(2); equation to Eq.7?2), it is obvious that

- [ i i i i i - 3Int
a local I|nef'ir|_ty of the |nten5|ty Iogarlthm with re AGn2) = —wp(hi2) = A _ (74)
spect to variations of scattering and reflection parame- 8k () i, 2)
ters (Rayleigh scattering, aerosol extinction, and surface . . o o
albedo), Thus, in general, the air mass factor for an infinitesimal layer

dz is expressed via the variational derivative of the intensity
logarithm with respect to the gaseous absorption coefficient.
Other equivalent representations for the air mass factor are
listed in Table2. Assuming the variation of the gaseous ab-

In this section we introduce the most general expressiorfOrption coefficient to be caused only by a variation of the
for the air mass factor and demonstrate that the latter caff@ce gas number density, i.éq; =0, the second represen-
be expressed via the weighting function, i.e., the varia-tation is obvious. Derivations of the third and the fourth ex-
tional derivative of the intensity logarithm with respect to the Pressions containing the variational derivatives of the inten-
gaseous absorption coefficient introduced above. To this endty logarithm with respect to the gaseous absorber optical
let us start from Eq.30) defining the box-AMF as a ratio of depth and vertical column, respectively, are provided in Ap-
the partial slant column to the partial vertical column. Here, PeNdixB. .

both slant and vertical columns are defined for finite light L€t us demonstrate now that the slant colutjnintro-
and vertical pathsi/;_1,/;] and[zi_1, 7], respectively. The duced in the_pre_wous sgctlon by E§7) is e_qu_lvalent to its

air mass factor definition is generalized rewriting Rf)for ~ Standard definition provided by Edl2). This is done sub-
infinitesimally small light and vertical paths, denoteddly ~ Stituting into Eq. €7) firstwy (2, z) according to Eq.{4) and

5.3 General expressions for the air mass factor and
slant column

anddz, respectively. It follows that thenA (%, z) according to Eq.70):
H H
dl(n)
A,2)= e (70) S =— | wi(r,2)n(z)dz= | A(x,2)n(z)dz
' 0 0
where we have implicitly indicated that the light pathis H Iy
a function of the wavelength. As clearly seefir,z) is a _ /dl(A) _/ N 7
measure of the light path enhancement with respectto anin- dz n(@)dz= | nHdiA). (75)
finitesimal vertical patlaz at an altitude; due to the observa- 0 h

tion geometry and scattering processes. The main advantagehis means that the slant columns defined by E4). énd

of this definition with respect to that given by EQOjis that ~ (67) are equivalent. A major advantage of the latter definition

it does not contain the absorber number density). is, however, that the slant column can be calculated integrat-
To relate the air mass factor given by EqQOY to the  ing the product of the weighting function and the absorber

weighting function (variational derivative) let us assume thenumber density along the vertical direction over the entire

absorption coefficient; (z) to increase byk; (z) within an atmosphere, i.e., without an explicit knowledge of photon

infinitesimal layerdz. Then, according to the Beer-Lambert paths.

www.atmos-meas-tech.net/3/751/2010/ Atmos. Meas. Tech., 378812010



764 V. V. Rozanov and A. V. Rozanov: DOAS and AMF concept for a multiply scattering medium

Table 2. General expressions for the air mass factor.

Num  Analytical form ofA(A,z) Variational derivative with respect to

_ 8"’11}L . . .
1 g, ) absorption coefficient
1 $InZ .
2 —5 an(zﬂﬁ(z) absorber number density
<
_ sIni;, / .
3 Ofar(z’) f(z’)dz absorber optical depth
7 s
4 —c?l,\gavr}z?) Ve 4 absorber vertical column
6 Weighting function DOAS equation layers. Substituting(z) as given by Eq.47) into Eq. (78)

and introducing the layer-integrated weighting function as

From the mathematical point of view the generalized DOAS 5

equation given by Eq60) is a Fredholm integral equation of 1

the first kind Zabreiko et al. 1958 Widom, 1969. It con- Wi j(A) = T / wi j (X, 2)0x(2)n(2)dz (79)
tains the vertical profile of the absorbing gas number den- "1

sity, n(z), as unknown parameter and is similar to Eg). ( )

derived for observations of the direct solar light transmit- W& obtain:

ted through the atmosphere. An approximative solution of N

such kind of equations can be found parameterizing the uninr, ;(k) = ZV Wi j (M) +Ink;, 1(0)+Zakkk (80)
known variable, i.e., replacing a continuous function by a set i=1 k=0

of scalar parameters. Here, we consider a vertically inho-
mogeneous medium consisting 8f, altitude layers within
each of that the absorber number density is represented
the partial scaling approximation:

This equation will be further referred to as theighting
bgynctlon DOAS (WFDOAS) equation

Multiplying and dividing the first term in the right hand
side of Eqg. 80) by the vertical path weighted cross sec-
tion, 6,, defined by Eq.Z4), the WFDOAS equation can be
rewritten in a form similar to the standard DOAS equation
given by Eq. 84):

n(z)=Cin(z), z€lzi-1,zl, (76)

whereC; is the number density scaling factor associated with

the altitude layefz; _1,z;]. Taking into account Eq1d) the N N
partial scaling approximation given by EG6) can be rewrit- Ity ; (k)= Z v, ]( ) &x+|n1~x,/(0)+2akkk . (81)
ten as follows: ’ k=0
n(z) Looking at Egs. 81) and @4) one sees that the slant column
n@@)=Vi 7 2€lzi-1.zil, (77)  appropriate to the WFDOAS equation can be expressed as
whereV; is the partial vertical column calculated for a priorl S; () = ZV Wi (A) (82)
- 1 A

number density profil&i(z). Let us now rewrite the gen-

eralized DOAS equation given by E®E) in the following
equivalent form: Comparing further Eqs8@) and @7) the corresponding re-

lation for the box-AMF follows:

1
InZ;, (k) = / wg (A, 2o (2)n(z)dz Ai,j()\)z_&_AWi,j()\)- (83)
_171 1
N Using the definition of the layer-integrated weighting func-
+|nl~,\,j(0)+2ak?»k, (78) tion given by Eq. 79) the box-AFM corresponding to the
k=0 WFDOAS equation, as introduced by E&3), can be also

expressed as
where the subscript;” is restored to emphasize the depen-

dence on observation conditions. The altitudes= 0 and 1
zn;, = H denote the bottom and the top of the atmosphere, re4; ;(A) = — —= / w,;’j()»,z)ok (2)n(z)dz. (84)
spectively, and the summation is performed over all altitude oV

o

Zi

<i—1
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Employing Eq. {4), the absorption coefficient weighting It is worth noticing here that besides the representation given
function,w,;’j (A,z), can be replaced by the AMF for an in- by Eq. 85) the box-AMF corresponding to the WFDOAS
finitesimal layerdz: equation can be also expressed via the partial derivative of
the intensity logarithm with respect to the partial vertical col-
umn(dIn/9V;) or with respect to the layer optical thickness
(dIn1/9d7;) of the absorbing species. Several representations
Zi-1 for the box-AMF appropriate to the WFDOAS equation as

i.e., the box-AMF is represented as the layer-integrated AMFIIVeN by Eq. 86) are listed in Table3. As discussed above
for an infinitesimal layer. analytical expressions fot ; (i,z) can be found in Tabl@.

Substituting Eq.43) into Eq. 81) the WFDOAS equation For numeri_cal ca_lcul_ation_s a finite-difference _representa_tion
is rewritten as for the partial derivatives in the second and third expressions
can be used. Further details thereon and derivation of these
equations can be found in Appendix

Zi

1
Aij(A) = T Aj(r,2)on()n(z)dz, (85)

oL Vi

N,

L N
InIM-(k):— |:ZV, A,',j()»):| &A—Hnl},j (O)+Zak)»k .(86)

i=1 k=0

As can be seen here, contrastingly to the standard DOAS  \odified DOAS equation
equation, the WFDOAS equation contains an additional

term, InZ; ;(0), describing the linear estimation of the in- aAg pointed out in Sect3 the modified DOAS (MDOAS)
tensity logarithm for a non-absorbing atmosphere, and th%quation has been originally proposedigbel et al (1994
appropriate box-AMF as given by E@%) does not coincide  andFish et al(1995 to improve the quality of trace gas ver-
with the commonly used expression given by EP)( tical columns retrieved using the DOAS technique. In these
We note that the usage of the DOAS technique in combi-stydies the MDOAS equation has been obtained substitut-
nation with weighting functions (WFDOAS) has been orig- jng a wavelength dependent slant column into the standard
inally suggested bjduchwitz et al.(2000 to derive vertical  DOAS equation. Advantages of the former with respect to
columns of such gaseous absorber as CO,0@H4, and  the standard DOAS equation for the interpretation of satellite
N20 from measurements of the backscattered solar radiatiogheasurements of the backscattered solar radiation in the ul-
in the near infrared spectral range. Further, the WFDOAStraviolet and visible spectral ranges have been demonstrated

approach has been successfully applie@€bijdewey-Egbers  among others byiebel et al.(1994 performing synthetic
et al.(2009 andWeber(2009 to retrieve vertical columns of  retrievals of @ and NG vertical columns.

ozone from GOME observations. An application of the WF- | this section we derive the MDOAS equation starting
DOAS technique to the retrieval of vertical profiles of NO  from the WFDOAS equation. The latter has been obtained in
and BrO from measurements of the scattered solar radiatioRect 6 assuming the linearization error to be negligible in the
in limb viewing geometry has been presentedRyzanov  .5se of a perturbed partial vertical colunin,= V; + AV;,
etal.(20053. . . . being within a small range around its a priori valué,
Concluding, let us summarize the assumptions which neegtor further consideration we exploit the relation between the
to be employed to derive the WFDOAS equation (the as-jayer integrated weighting function and the partial derivative
sumptions are required to hold in the considered spectral inyf the intensity logarithm with respect to the partial vertical
terval only): column written in the finite-difference representation as de-
tived in AppendixC, see Eq.€5). According to this expres-
sion the layer integrated weighting function is obtained from
the difference in the intensity logarithm at two values of the
— the wavelength dependence of non-gaseous (Rayleigpartial column, namelyy; = V; and Vo = V; + AV;. Let us
scattering, aerosol extinction, and surface albedo)now calculate the partial derivative using the intensity loga-
weighting functions can be approximated by a polyno- rithms atV; =0, i.e., in a non-absorbing atmosphere, and at
mial of a low order; V> =1V;, i.e., including a priori partial vertical column of the

. . L . . absorber in the-th altitude layer. Doing this EqQp) for the
— the partial scaling approximation for the vertical profile layer-integrated weighting function results in
of the absorbing species;

— the gaseous absorption cross section has to contain
component rapidly varying with the wavelength;

— alocal linearity of the intensity logarithm with respect Wi (3) = _InZy(0) - InZ ; (V) ' (87)
to a variation of the partial vertical column,V;; ’ Vi

— a local linearity of the intensity logarithm with re- In general, weighting functions calculated according to
spect to variations of scattering and reflection parame-Eqgs. C5) and 87) are different. To emphasize this fact we
ters (Rayleigh scattering, aerosol extinction, and surfacentroduce the superscripti” for the weighting function cal-
albedo). culated according to Eq87).
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Table 3. Expressions for the box-AMF appropriate to the WFDOAS equation, &). (

Num Analytical form of the box-AMFA; ;(A)
spatially variable cross section  constant cross section  given by

Zi Zi
1 2 [ Aj0)0@i@d [ Aj0.0i@dz Ed. @)
1921 Vil

_ iaml;h_,' _ ialnu‘j

i % BIM;I v g? 13Vi Vi = €9
LW A _oink;

3 o 9 |z V; T |z, Eq. €10

Let us rewrite now the WFDOAS equation given by Multiplying and dividing the first term in the right hand side
Eq. 80) to contain the layer-integrated weighting function of the MDOAS equation by the vertical path weighted cross

W) as defined by Eq8(): sectiond;, defined by Eq.24), Eq. @2) is rewritten as
NL N . N ‘
NG =3V [W,.'j’,.(x)+Aw,~,.,~(x)]+|n1},,(0) NG () ==> Vi j() &+ Y ark, (93)
i=1 ‘ i=1 k=0
N ' _ where the appropriate box-AMF is defined by
+> @k —ein(h,—V) . (88) .
k=0 Inlk,j(O)—InIk,j(V,»)

1
A (W)= _awgf'j (A) = (94)

Here, AW, ; (A1) = W, ;(}) — W[",(1) is the difference be- o Vi

tween the weighting functions calculated according toEquation 03) is equivalent to Eq.38) introduced in Sect3
Egs. €5 and @7). For further consideration we restore whereas Eq.94) defining the box-AMF appropriate to the
the linearization erroriin, and indicate explicitly its depen- MDOAS equation coincides with a commonly used defini-

dence on the variation of the absorber vertical column (i.e. tion of the box-AMF given by Eq.32). Introducing the cor-

onV — V). Taking into account that, according to E§5), responding slant column as
InZ; ;(0)=In1; ;(0) —é&jin(A,—V) (89) 1 M

, _ Sj)=——>_"V; W"(1) (95)
and In/, _;(0) can be approximated by a polynomial, E8SY o3

results in the MDOAS equation can also be rewritten in the following

I N . N 5 (90 form:

nIA,,<k)—;VZ Wi,j(x)+];)akx +ef (A, V=V), (90) y

NG j(k)=—=S;0) 6.+ ark, (96)
where we introduce the linearization error of the MDOAS ¥=0
equation as where the gaseous absorber amount is characterized by its
_ Ny B slant column.

Ein(A,V—=V) = ZVi AW j(A) —&iin (A, —V) Concluding, we state that the same assumptions as for-
i=1 mulated in the previous section for the WFDOAS equation
+ein(A,V —V). (91) need to be employed to derive the modified DOAS equation.

) ) o However, unlike the WFDOAS, the MDOAS equation does
As seen from Eq.91), besides the linearization error of the t contain I, ;(0) term and the appropriate box-AMF is
WFDOAS equationgiin(A,V — V), trle linearization error obtained in adi’fferent way.
of the MDOAS equationgf (A,V — V), contains two ad-
ditional error terms. This fact explains different behavior of
the errors discussed in Setf. 8 Wavelength independent AMF for the standard

Neglecting the linearization error EQQ) is rewritten as DOAS equation

N m N X As pointed out in SecB, the standard DOAS technique re-
Infy (k) = Z Viw ;) + Zak)‘ ’ (92) guires a wavelength independent AMF to be defined whereas

i=t k=0 most of the previous studies report wavelength dependent
where W, (1) is given by Eq. §7). Equation 92) will be AMFs suggesting, however, no unambiguous mapping rule
further ref]erred to as thmodified DOAS (MDOAS) equation to convert these to single values. In this section we derive
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a specific equation to calculate a wavelength independent [Radiative transfer equation |
AMF corresponding to the standard DOAS equation. For
a simplicity reason we restrict our consideration to the total
air mass factor, see ERY) for the relation between the total
and box AMFs. For the total column of an absorbing species
the modified DOAS equation as given by E@3)is rewritten

as fO||0WSZ Generalized DOAS air mass factor
—————————————— Table 2
Eq. (66)

N
NGy (k) ==V A;(N) G+ arr*. (97) AN

=0
. . . . . Scaling approximation, Eq. (20) or (76
Replacing in this equation the wavelength dependent air & mpp - (20) or (70)

mass factorA (1), by a constant value ;, which is cur-
Weighting function DOAS air mass factor -
——————| Table 3
Eq. (80)

Linearization technique

rently unknown, we have:

N
NG j(k)=—VA;6,+ Y ark. (98) \

k=0
We note that the polynomial coefficients in Ed&7)and @8) @of the layer-integrated®
are different. The wavelength independent air mass factor, /
A;, can be determined requiring Eq97) and ©8) to result
in the same vertical column/. Subtracting Eq.97) from Modified DOAS air mass factor
Eqg. 08) and dividing both sides of the resulting equation by Ba. (92)
the vertical columny, the following equation is obtained: \

N . .

A& =Aj6,+ ) k. (99)

k=0
Now all unknown parameters, namely,; and polynomial Standard DOAS air mass factor
coefficients, can be obtained employing the least square fit Eq. (102) Eq. (103)

procedure. It is easy to demonstrate that the resulting con-
stant AMF can be represented as a linear combination o
A;(») at all discrete wavelengths in the considered spectra
window. This is in line with results obtained bBylarquard

etal.(2000. Thus, the complete DOAS procedure to retrieve the verti-

A practically more convenient equation to obtain the ca) column is represented by the following system of equa-
wavelength independent AMF can be derived substitutingjons:

A; () as given by Eq.94) into Eq. @9):

Fig. 2. Relationship between different DOAS equations.

N
_ ~ k.
InL(OY=InI (V N Inl, j(k)y=—S;6:+ ag)”, j=1,2,...,Ng, (102)
10~ I/ ):Aja—ﬁZakx". (100) ! ! ,;o
14 =0
Multiplying both sides of this equation by and taking into . ) N '
account that in a non-absorbing atmosphere the intensity logdj (M) 6: = A1+ Y Bch*, (103)
arithm can be approximated by a polynomial, the following k=0
equation is obtained:
N Si=VA;. (104)
> 54 A k . . .
INL(V)==V A6+ ahk. (101)  Here, N, is the number of observations performed at differ-
=0

ent conditions. As the system of Eq&0@-104) was derived
Comparing this equation to EgO§) one can state that the starting from the MDOAS equation, the appropriate expres-
former represents the standard DOAS equation written for &ion for the wavelength dependent air mass factgtp), is
known value of the total columr/. This means that the in- given by Eq. 94).

tensity logarithm in the left hand side of EGQ{) is modeled Comparing these equations to the standard DOAS equa-
for a known value of the total columi,, whereas the termin  tion system given by Eqs34-37), it has been revealed that
the left hand side of Eq9) is the logarithm of the measured the recent formulation includes an explicit mapping rule to
intensity corresponding to an unknown vertical colubn define the wavelength independent AMF, Et03), instead
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Table 4. Assumptions that need to be employed to derive different DOAS equations suitable to interpret observations of the scattered solar
light with a non-negligible contribution of the multiple scattering. The assumptions are required to hold in the considered spectral interval
only.

Num Assumptions DOAS equation
generalized WF modified  standard
Eqg. 66) Egq.80) Eq.©@2 Eqg. (102
1 the gaseous absorption cross section has to contain a component rapidly+ + + +

varying with the wavelength

2 the wavelength dependence of weighting functions of scattering parameters + + + +
(Rayleigh scattering and aerosol extinction) and of the surface albedo can
be approximated by a polynomial of a low order

3 a local linearity of the intensity logarithm with respect to a variation of the + + + +
gaseous absorber number density(z)

4 a local linearity of the intensity logarithm with respect to variations of scat- + + + +
tering and reflection parameters (Rayleigh scattering, aerosol extinction,
and surface albedo)

5 the partial scaling approximation for the vertical profile of the absorbing not + + +
species applied
6 a specific form of the weighting function or air mass factor not applied + +
7 for a spatially variable absorption cross sectiothe slant path weighted not applied +
cross section is assumed to be equal to the vertical path weighted cross
section
of the symbolic link in the original formulation, Eq3§). solution of the radiative transfer equation yields the inten-

Clearly, as compared to the standard DOAS equation systensity and its variational derivatives (weighting functions) with
the usage of Eqs102-104) is computationally more expen- respect to atmospheric parameters for an assumed (a priori)
sive because one needs first to calculate the wavelength detate of the atmosphere. Obtained in this manner intensities
pendent AMF in the considered spectral window and thenand weighting functions contain already information on ob-
apply the least square fit to EqLQ3 to obtain the con- servation and illumination conditions, i.e., on the observation
stant AMF. Therefore, in practical applications of the stan-geometry, providing a basis to calculate AMF for any DOAS
dard DOAS technique, different approximations are used tocequation. As a discussion of the formulation and methods
reduce the number of wavelengths at which the air mass facto solve the radiative transfer equation is outside the scope
tor needs to be calculated, see, eRurrows et al.(1999; of this paper, we consider the intensity and weighting func-
Marquard et al(2000. tions to be available. Having obtained these, the linearization
technique based on the Taylor series expansion of the inten-
i ) ) ) sity logarithm is employed. Doing this we obtain a linear
9 Relationship between different DOAS equations relationship between a variation of the intensity logarithm

. : . . . nd variations of all relevant atmospheric parameters, see
e e DOSEd. 69, I he requirements 1 and 2 isted  Tatdare
eq Previously. satisfied, this linear relationship provides the most general
ing, a flowchart shown in Fig illustrates the steps needed

. ) X i form of the DOAS equation referred to as the generalized
to derive different DOAS equations and Tadlsummarizes : .
the assumptions which need to be employed when derivin DOAS equation, see Ed66). Although requirements 3 and

these Y are not mandatory when deriving the generalized DOAS
) - L tion, a significant li izati ight if th
As seen from the flowchart in Fi@, the derivation of all equation, a signitican: linsarnzation error might oceur it these

DOAS equations begins with the formulation of the radiative requirements are not fulfilled.
transfer equation that provides a relationship between the in- The flowchart in Fig2 shows further that the WFDOAS
tensity of the radiation and the atmospheric composition. Aequation is obtained from the generalized DOAS equation
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representing the vertical profile of the absorber number denaccount, the error of the linear estimation of the intensity log-
sity by a discrete set of parameters rather than by a continarithm for a non-absorbing atmosphere can be used as a mea-
uous function. In this study, the set of discrete parametersure of an absorption weakness. According to B§) this

was obtained employing the partial scaling approximation aserror is written as
given by Eq. 76). Clearly, as the WFDOAS equation is de- -
rived from the generalized DOAS equation, it requires the®lin.j(*) =InL. ;0 —InZ; ;(0). (105)
same assumptions (1-4 as listed in Ta4)léo be employed.  \yhere “” denotes observation/illumination conditions,
Although a local linearity of the intensity logarithm with re- InI;_;(0) is the intensity logarithm for a non-absorbing at-

spect to a variation of the partial vertical column is needed tomosphere and Iiy ;(0) is its linear estimation according to
derive the WFDOAS equation, it does not need to be explic-Eq_ 64). R’ewriting"/the latter as

itly required because it follows from a more general assump-
tion (see 3 in Tabld). H

Employing a specific form of the partial derivative of the Inik,j O =InI; ; (k) —/‘w,;,j(k,z)m(z)ﬁ(z)dz (106)
intensity logarithm with respect to the partial vertical col-
umn, see EQq.§7), the WFDOAS equation is transformed o ]
into the MDOAS equation, Eq9Q). The latter does not con- and substituting it into Eq105) we obtain
tain the term ||1~)L’j(0) any more which represents the linear

H
estimation of the intensity logarithm for a non-absorbing at- gin. i O)=InT, ;(0)— |:Inlk ‘(]E)_/.wlé (r z)ox(z)ﬁ(z)dz:|
JV= oJ oJ AL .
0

0

mosphere and is typical for the WFDOAS equation. It is

worth noticing here, that the linearization errors of the WF- 107
DOAS and MDOAS equations are different, see E3f)( (107)
which leads to a different performance of these equations, segaking into account the definition of the layer-integrated

Sect.12for details. Clearly, the MDOAS equation requires \yeighting function given by Eq.79), we rewrite Eq. {07)
the same initial assumptions as the WFDOAS equation, seg the following equivalent form:

Table4. L

Following further the flowchart shown in Fig.one sees  €iin,j(}) =I5 ;O —[InZ; (k) =V W; ()], (108)
that the ;;'_[andard DOAS eguaﬂon can _be obtained reWNting here the weighting function for the entire atmosphere
the modified DOAS equation to contain the absorber sIantW_()L) is given by
column as the unknown parameter and requiring the latter to ’

be independent of the wavelength. In this case, however, a 1 H
wavelength independent air mass factor is needed to converi; (1) = T/wlz (0 2) o3 (2)i(z)dz . (109)
the resulting slant column into the vertical column. Thus, a 14 !

specific rule to map the wavelength dependent air mass factor 0

into an appropriate constant value needs to be establishedhus, for a given a priori vertical column of the absorb-
see, e.g., Eq99). ing speciesy, and observation/illumination conditions, the

gaseous absorption can be considered to be wegk if(1)

is smaller than a certain criterion, e.g., measurement error.
10 DOAS equations for a weakly absorbing media Figure3 shows examples of the linearization eregy ; (1)

(red curves) calculated according to EG0® for space-
The standard DOAS technique is commonly used assumindorne observations of the backscattered solar radiation per-
weak gaseous absorption. However, related publications usiformed in nadir viewing geometry at solar zenith angles of
ally do not provide any quantitative criterion of the absorp- 70° and 90 in 320-330 nm and 425-455 nm spectral ranges
tion weakness. In this section we establish such a criteriorcontaining absorption features og@nd NG, respectively.
and demonstrate that all DOAS equations considered previFor a comparison, the differential slant optical thickness,
ously become nearly equivalent if this criterion is satisfied. —Lf,j(k), calculated according to Eg44) is shown with

black curves in the same plots. The calculations were per-
10.1 Quantitative criterion of a weak absorption formed for the ozone vertical column of 343DU and NO

vertical column of 3.4% 10 cm~2 (0.13 DU). As expected,
Obviously, the strength of the gaseous absorption is deterthe linearization error depends not only on the absorber
mined both by the amount of the absorbing gas in the atmoamount but also on the solar zenith angle. In particular, in
sphere and by the light path. For observations of the scatterethe 425-455 nm spectral range the maximum absolute val-
solar light with a non-negligible contribution of the multiple ues of the linearization error reach abet8x 10> for both
scattering the actual light path is unknown and is determinedsolar zenith angles and, thus, the gaseous absorption can be
by the absorption, scattering and reflection properties of theconsidered to be weak. In contrast, the linearization error in
Earth’s atmosphere and surface. To take all these effects int820—330 nm spectral range can be significant even at a solar
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Fig. 3. Linearization erroejin ;(A) according to Eq.%08) in absorption bands of £)(left panels) and N@ (right panels) at solar zenith
angles of 70 (upper panels) and 9Qlower panels). Red curves show the linearization error whereas black curves denote the differential
slant optical thickness of the absorbing speciasg /(k)’ see Eq.44).

zenith angle of 70 At90° the magnitude of the linearization v, ;) _ Inf,.,;(0) —InZ, ; (Vi) (110)

. . . . i,j - = .
error becomes comparable with the differential slant optical Vi
thickness of ozone itself and, thus, the gaseous absorption igs clearly seen, the layer integrated weighting function re-
definitively not weak any more. sulting from this equation is exactly the same as that for the
MDOAS equation, see Eq8Y). Furthermore, as the lin-
earization error is small, the intensity logarithm for a non-

In this subsection we demonstrate that if the gaseous absor2S0rbing atmosphere, 4n;(0), is close to its linear esti-
tion can be considered to be weak, i (1) given by ~ mation, I/, ;(0), i.e., Inf; ;(0) ~In/; ;(0), see Eq. 109).

Eqg. (108 is smaller than a selected criterion, all previously Thus, the latter can be approximated by a polynomial of a
considered DOAS equations are nearly equivalent. A prereglow order in Eq. 80). As clearly seen, the WFDOAS equa-
uisite for a small linearization error is the near-linearity of tion as given by Eq.80) and the MDOAS equation as given
the intensity logarithm as a function of the absorber numberY EQ. ©2) become then identical.

density in a wide range around its a priori vakue). This As discussed in Appendig, the air mass factor can be
assumption will be further referred to as a nearly global lin- obtained as the derivative of the intensity logarithm with re-
earity. In contrast to the global linearity, it does not require SPect to the layer optical thickness of the absorber. Under
the linear relationship between intensity logarithm and the@SSumption of the near-linearity this derivative depends only
absorber amount to be satisfied exactly. It is worth noticingWeakly on the absorber optical thickness. Thus, the resulting

here that in the case of the global linearity the Beer-Lamber@ir mass factor is nearly independent of the wavelength and
law has to be complied exactly which is impossible for ob- N0 additional efforts are needed to use it in the framework of

servations of the scattered light. the standard DOAS equation, i.e., the spectral fit according to
It is well known that the derivative of a linear function EQ- (103 is unnecessary. Thus, the standard DOAS equation

with respect to its argument is a constant. Hence, assuming0es not differ from the MDOAS equation any more.

a near-linearity, the derivative of the intensity logarithm with ~ Considering the generalized DOAS equation written for

respect to the partial vertical column of the absorbing specieghe slant column as a measure of the gaseous absorber

is nearly constant and the finite-difference representation fo@mount, see Eq6@), for a weakly absorbing medium we

the layer integrated weighting function, see Egpy, is valid ~ ¢an state the following:

for almost anyAV;. SettingAV; = —V;, Eq. (C5) is rewrit- — as the weighting function depends on the wavelength
tenas and altitude only weakly, the absorption cross section

10.2 Near-equivalence of different DOAS equations
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Table 5. Alternative expressions for the air mass factor proposed in previous publications and appropriate DOAS equations.

Num Air mass factor DOAS Reference
equation
1 w MDOAS Perliski and Solomo1993 Sarkissian et a[1995
A
Eq. ©2
2 — oL WFDOAS  Slusser et a(199
Eqg. 80)
3 _%agnle WFDOAS  Stammes and Koelemeijgr999
Eq. 80)
4 - (‘AA)’%) WFDOAS  Rozanov et al(199§
’ Eq. ©0)
5 — In 2:408) WFDOAS  Marquard et al(2000
g Eq. ©0)
6 —i% [M 7i;Az;|  WFDOAS  Palmer et al(200)
7o) 2 | B () TR T B
i=1 Eq. 80)

weighted according to Eg69) is close to the vertical lead to an increased retrieval error. Unfortunately, the au-
path weighted cross section as given by E4)( thors of some previous publications considered here did not

) ) ) attribute their expressions for the AMF to any DOAS equa-
— the slant column given by Ec67) is nearly independent  tions. For these expressions the correct attribution is derived
of the wavelength; below. All considered expressions for the air mass factor

_ the term Infy (0) in Eq. (68) describing the linear esti- along with the dedicated DOAS equations are listed in Ta-

mation of the intensity logarithm for a non-absorbing ble 5. ' . - .
atmosphere can be aporoximated by a low order polv- As the first expression for the AMF is discussed in Séct.
nomialo PP y POy and the derivation of the second, third, and sixth, expressions

is presented in Appendi, we consider here only the fourth
Thus, for a weakly absorbing medium the generalized DOASaNd fifth expressions. The latter has been proposelddy

equation is equivalent to the standard DOAS equation. quard et al(2000 in a form of
1 I (of
AG) = —= In %) (111)
11 Alternative expressions for the air mass factor o V. Loy

In previous sections the WFDOAS and MDOAS equationsWh.er.e the absorption CrOSCS Seg“% 1S fupposed to be
split into two terms,o; = o + o, with o smoothly de-

as well as corresponding expressions for the air mass facto q h | h . h |
were derived. Here we consider alternative representationQen ent on the wavelengt anﬂ comprising sharp spectra

for the AMF proposed in previous publications and com- features. The term IR (o) denotes the intensity logarithm

pare these to the expressions discussed above. For a sifidlculated assuming the absorption cross section & te-
plicity reason we consider the total AMF only. Therefore, Stéad Ofo. In order to find a relation betweef(2) given
throughout this section the subscripié and “;” denoting by Eq. (L11) and air mass factors discussed previously, let us

atmospheric layers and observation/illumination conditions,ex_pand I3 (03 into the_ Taylor series W'th re_spe_ct to a vari-
respectively, will be omitted ation of the cross sectiony,, aroundo;. As, in this case, a

As follows from the discussion above. the difference be_variation of the absorption coefficient is caused by a varia-

tween various DOAS equations and corresponding AMFs jgfion of the cross section only, i.6k;.(2) = k.(2) —ki.(2) =
(z)(ox —oy), the functional Taylor series for the intensity

insignificant in a case of a weak gaseous absorption only*'%/!¢ , i _
Otherwise, each DOAS equation has to be used along Wiﬂl]ogarlthm as given by Eq56) can be rewritten as follows:

the appropriate expression for the AMF. A usage of inappro-
priate air mass factor in a case of a non-weak absorption may
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H

InI,\(a,\)zlnI,\(af) + /w,;(/\,z)ﬁ(z)zﬁokdz.
0

(112)

Here, §0; = 0, — oy and the linearization errogjin (1), is
neglected. Taking into account thét, = o, we rewrite
Eqg. (112 in the following equivalent form:

H
I)L(GA‘) z/w,;()\,z)fl(z)a)‘fdz.
0

I)\(O')t

(113)

Substituting this expression into EdL11) and taking into
account that the absorption cross sectioMiarquard et al.

(2000 was assumed to be independent of the temperaturéV (1) =
and pressure (i.e., of the altitude), the following equation for

the air mass factor is obtained:

1 A _
A(X)=—§/w;;(?»,z)n(z)dz. (114)
0

V. V. Rozanov and A. V. Rozanov: DOAS and AMF concept for a multiply scattering medium

for a priori number density profile;(z), of the absorbing
species. Recalling the definition of the absorption coefficient
weighting function given by Eq.5{¢) and assuming the ab-
sorption coefficient to vary only due to a variation of the ab-
sorber number density, i.6k; (z) = 0, (z) én(z), we rewrite

Eqg. (118) as follows:

H
W) = Ix(ﬁ)/w;;(k,z)a,\(z)ﬁ(z)dz, (119)
0

Extending the integration limits in Eq79) to the entire at-
mosphere and comparing it to EG10) we obtain:

j/V(A_) . (120)
VI, (n)

Thus, Eq. 117) results in

A()\)z_W(A)V =_W()L) (121)

(M)
that coincides with the AMF corresponding to the WFDOAS

0,

On the other hand, integrating the layer-integrated weightingeauation discussed above, see B3)(

function, introduced by Eq.7Q), over the entire atmosphere
(i.e., settingz;_1 =0 andz; = H) we have

H
wmz%/wa@mmm

o

(115)

where, similar to Eq.X14), the cross section is considered

to be independent of the altitude. Combining Eq4.4) and
Eq. (115 we obtain
W)

AW:—@.

(116)

As clearly seen, the air mass factor introducedliarquard
et al.(2000 as given by Eq.X11) is expressed in a linear ap-

proximation via the integrated weighting function and coin-
cides with the AMF corresponding to the WFDOAS equation

discussed above, see E§3).

Another representation of the total AMF via the integrated

weighting function has been suggested Rgzanov et al.
(1998 in the following form (fourth entry in Tabl®&):

W)

AN =——=.
* T(M)1.(k)

(117)

Here,W(X) is the variational derivative of the intensity with

respect to the gaseous absorber number density integrated

over the entire atmosphere and is given by

7 S1
_ Py
W)= /3n(z)

0 ii(z)

n(z)dz, (118)

7(A) is the gaseous absorption optical thickness, Brif)

is the intensity calculated with a radiative transfer model

Atmos. Meas. Tech., 3, 75780 2010

12 Performance of different DOAS equations

In this section we investigate the performance of different
DOAS equations employing the numerical experiment tech-
nigue. The retrievals are performed for the total vertical col-
umn of ozone using simulated outgoing radiances at the top
of the atmosphere in 320-330 nm spectral range. As dis-
cussed in Sectl(, for this retrieval scenario the criterion of

a weak absorption is not satisfied. Thus, different DOAS
equations are expected to produce different results whereas
in a case of a weak absorption all DOAS equations are nearly
equivalent. The numerical experiments are performed as fol-
lows:

— the intensity of the backscattered solar radiation in
320-330 nm spectral range is simulated with the SCIA-
TRAN radiative transfer modeRozanov et aJ.2005h
Rozanoy 2008 for various amounts of ozone in the at-
mosphere (30—700 DU total column) consistently with
GOME (Burrows et al. 1999 observations in the nadir
viewing geometry at solar zenith angles of &hd 90;

— the simulated spectra are treated as synthetic experi-
mental data obtained for a known vertical column of
ozone which is further referred to as the true vertical
column;

— the air mass factors (or weighting functions) are al-
ways calculated for a priori vertical column of ozone,
V (other parameters are the same as for simulated mea-
surements);

— the DOAS fit is performed for each synthetic observa-
tion employing different DOAS equations;

www.atmos-meas-tech.net/3/751/2010/
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Fig. 4. Error in the retrieved vertical column of ozone as a function Fig. 5. Same as in Figd but for a solar zenith angle of 90
of the true vertical column for a solar zenith angle of 70he re-

sults of MDOAS and WFDOAS retrievals for a priori vertical col-

umn of 350 DU are shown with black and red lines, respectively, column of the absorbing species:

whereas the errors resulting from WFDOAS equation for a priori

vertical column of 140 DU are shown with the blue line. _ - N k
ING(V) =V Wy, V) +INL0) + ) arrk, (122)
k=0
— absolute retrieval errors (defined as the difference be-
tween the true and the retrieved vertical columns) for B N
different DOAS equations are analyzed. INGV)=V W V) + Y axdk. (123)
k=0

It is worth noticing here that in the case under consideration
the only source of error in the retrieval process is the lin-
earization error.

Here, we omit the subscript;" denoting the observa-
tion/illumination conditions and introduce subscripts™
and “m” designating the weighting functions attributed to
12.1 WFDOAS and MDOAS equations WFDOAS and MDOAS equations, respectively. Addition-
ally, we explicitly indicate the dependence of weighting
In this section errors in the ozone vertical columns retrievedfunctions on a priori vertical columry,. The linearization er-
employing the WFDOAS and MDOAS equations, as givenror is defined as the difference between the left and the right
by Egs. 80) and 02), respectively, are compared. The re- hand sides of the corresponding equation. For the sake of
trieval errors for both equations as functions of the true ver-simplicity we use the root mean squares of the linearization
tical column of ozone are shown in Figéand5 for solar  errors in the discussion below. Linearization errors associ-
zenith angles of 70and 90, respectively. As clearly seen, ated to the WFDOAS and MDOAS equations are shown in
for an a priori ozone vertical column of 350 DU, the WF- Fig. 6 by the red and black lines, respectively. The errors are
DOAS approach (red line) is more accurate than the MDOASestimated at a solar zenith angle oP9MAs seen from the
(black line) for true vertical columns of ozone larger than plot, the linearization error of the MDOAS equation touches
about 170 DU whereas the opposite behavior is observed fothe zero level twice, namely, & =0 andV = V. This fact
lower values of the true vertical column. As a decreasedis explained by the appearance of too additional error terms
retrieval accuracy is associated to the linearization error, iin the MDOAS equation. As seen from E@1jj, error can-
can be significantly improved employing an iterative tech- celing occurs forV =0 leading to a better accuracy of the
nique. The efficiency of this approach can be demonstratedDOAS equation at small values of the true vertical column.
using, for example, 140 DU, as a new a priori vertical col- For true vertical columns larger than a priori value, however,
umn of ozone. Doing this the retrieval error associated withthe linearization error of the WFDOAS equation is always
the WFDOAS approach decreases significantly for true verti-smaller than that of the MDOAS equation. A similar behav-
cal columns of ozone below about 230 DU (shown in Figs. ior but an order of magnitude smaller values are observed
and5 with blue lines). for the linearization errors at a solar zenith angle df ot
The dependence of the retrieval error on the difference beshown here).
tween the true and a priori vertical columns can be explained Thus, if no iterative technique is employed, the usage
analyzing the linearization error of both DOAS equations. Toof the WFDOAS equation is preferable for true vertical
this end let us rewrite WFDOAS and MDOAS equations ascolumns arbitrary larger or less than 50% lower than a pri-
given by Egs.80) and ©2), respectively, for the total vertical ori vertical column whereas for true vertical columns much
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Fig. 6. Root mean square of the linearization error for WFDOAS
(red line) and MDOAS (black line) equations at a solar zenith angleFig. 7. Convergence rate of the iterative process according to
of 9C° for a priori ozone vertical column of 350 DU. Egs. 124-126) for solar zenith angles of ?qdashed lines) and 90
(solid lines). Symbols designate the retrieval errors obtained for se-
lected percentage differences between the true and a priori vertical
lower then a priori column the usage of the MDOAS equation columns.

can be advantageous.

12.2 Standard DOAS equation An important question arising when using an iterative ap-
proach is how quickly it converges. The convergence rate
The performance of the standard DOAS tEChnique de'ﬁnecbf the iterative process according to E(n524,_126) is illus-
by Egs. (02-104) is the same as for the MDOAS approach trated in Fig.7 for solar zenith angles of 7qdashed lines)
given by Eq. 87). This is due to the fact that the mapping of and 90 (solid lines). The calculations are performed for
the wavelength dependent AMF associated to the MDOAS; priori 0zone vertical column of 350 DU and a set of true
equation into a constant AMF needed for the standard DOASyertical columns. The retrieval errors are estimated for four
equation is done requiring absorber vertical columns resultselected percentage differences between the #yand a
ing from both equations to be the same. As discussed abOVfbriori vertical columnsV, defined asA(V)=(V —V)/V -
the error in the retrieved vertical columns is caused by thejQos, namely, forA (V) = £30% andA (V) = £50%. As
linearization error associated with the Corresponding DOASC|ear|y seen, for a solar zenith ang|e of #@e retrieval er-
equation. Thus, similarly to the discussion above, the reor js less than~1 DU already at the second iterative step
trieval error associated to the standard DOAS teChnique Calyhereas for a solar zenith ang|e of°abe convergence rate
be SUbStantia”y reduced USing an iterative procedure WhiChS much lower. Here, 5 iterative steps for negaws/) and
for the standard DOAS approach given by Eq9Z-104)is 10 steps for positive\ (V) are needed to reduce the retrieval

written as follows: error to 1 DU level. This example clearly demonstrates that
N the retrieval error and the convergence rate depend not only

ING(V)=—So+ ) axd*, (124)  on the magnitude of the difference between the true and a
k=0 priori vertical columns but also on its sign. In particular,

as seen from Fig7, the convergence rate is significantly

(125) lower for true vertical columns larger than a priori column.
This behavior is a specific feature of the MDOAS equation
which can be easily explained looking at the linearization er-

S ror shown in Fig6. As clearly seen, the error is not symmet-

- A (V) (126) ric with respect to a priori vertical column and is typically
Here, n is the iteration number starting with = 1, and larger for positive differences between the true and a priori

. . . . vertical columns.
Vo=V is a priori vertical column. The term (V) in . .
Eqg. (124 denotes the logarithm of the measured intensity Thus, similarly to the WFDOAS and MDOAS equations,

whereas Itf, (V,,_1) in Eq. (125) is the logarithm of the mod- the standard DOAS technique is capable to provide an accu-

eled intensity calculated for the absorber vertical columnrate solution for the absorber vertical column. At large solar

of V,_1. Hence, each iterative step comprises the Calcula_zenlth angles, however, an iterative approach requiring multi-

tion of InZ, (V,_1) employing an appropriate radiative trans- ple simulations of the radiance in the fitting spectral window

fer model, DOAS fit according to Eq125) with respect to needs to be employed.
A.(Vy,), and calculation o¥,, according to Eq.126).

N

ING(Vae1) == Va1 Ac(Va)on+ Y _axrk,
k=0

7
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Table 6. DOAS equations considered in this study and corresponding AMFs. All DOAS equations ligg#e in their left hand sides.

DOAS equation Right hand side Air mass factor
H

generalized — [A(, 2oy (D) n(2)dz Table2

DOAS 0

+In7, (0)+ P())

WFDOAS —VAMWG, +InL (0)+ PN Table3 and5
MDOAS —VAM)GL+ P (N1 (0) —InL; (V)]/65,V
standard DOAS —S&,+ P AN — A, e.0., ANy = A6, +P())
13 Conclusions dent air mass factor to a constant value. There are also vari-

ous alternative mapping rules suggested in previous publica-

Our comprehensive study shows that each DOAS equatiotions.
represents a specific linear relationship between the inten- Whereas all expressions for the air mass factor obtained
sity (normalized intensity) logarithm and a gaseous absorbefor each particular DOAS equation are equivalent (see, e.g.,
amount. The specific characteristic of the DOAS equationTables3 and5 for AMFs associated to the WFDOAS equa-
is that contributions of scattering and reflection processesion), the air mass factors obtained for different DOAS equa-
(Rayleigh scattering, aerosol extinction, surface albedo, etc.ions are not interchangeable. For example, a use of an air
into the intensity logarithm are approximated by a wave-mass factor derived for the WFDOAS equation, see Table
length polynomial of a low order. This requires also gaseousin combination with the MDOAS equation may lead to a sig-
absorption cross sections to contain a component rapidlyificant retrieval error. Thus, a comparison of AMFs without
varying with the wavelength which is not removed when sub-any reference to the DOAS equation is meaningless. Instead,
tracting the polynomial. the pairs of DOAS equation and associated AMF have always

To derive a DOAS equation a linear relationship betweento be considered.
the intensity logarithm and the gaseous absorber amount In this study we demonstrate that in a case of a weak ab-
needs to be established. Whereas for observations of thsorption all considered DOAS equations as well as corre-
direct solar light transmitted through the atmosphere a lin-sponding expressions for the air mass factor become nearly
ear relationship follows immediately from the Beer-Lambert equivalent. In particular, the air mass factor and the slant
law, a linearization technique needs to be employed to obtairtolumn can be considered to be nearly independent of the
this relationship for observations of the scattered solar lightwavelength. A quantitative criterion of a weak gaseous ab-
with a non-negligible contribution of the multiple scattering. sorption is suggested which is determined by a remaining
In this study we use the most general linearization approachmon-linearity of the relationship between the intensity loga-
based on the expansion of the intensity logarithm in the func+ithm and gaseous absorber amount, see H3f)( This cri-
tional Taylor series with respect to a variation of the gaseougerion can be used, for example, to check the validity of the
absorption coefficient. This allows us to derive the most gen-standard DOAS equation for a given spectral window and
eral representation for the DOAS equation and introduce thebservation/illumination conditions.
appropriate air mass factor corresponding to an infinitesimal In a case of a non-weak absorption neither the DOAS
vertical path. In particular, we obtain that the air mass fac-equations nor the air mass factors are equivalent and one
tor is expressed via the variational derivative of the intensityhave always to ensure using appropriate combinations of the
logarithm with respect to the gaseous absorption coefficient DOAS equation and the air mass factor. |If treated prop-

Using some approximations and simplifications we deriveerly, the correct solution for each particular observation setup
several DOAS equations which are summarized in Téble can be obtained using any DOAS equation coupled with an
To simplify the representation we list DOAS equations for appropriate AMF. However, sometimes an iterative process
the vertical or slant column rather than for partial vertical might be needed. Thus, selection of a particular DOAS equa-
columns. Furthermore, we do not indicate the dependencéion for any practical application is rather a matter of the
of all relevant variables on the observation/illumination con- experience and available tools and is not directly related to
ditions. To each DOAS equation an appropriate expressiorthe measurement setup.
for the air mass factor is associated. For the standard DOAS
equation, the expression provided for the AMF represents an
example realization of the rule to map a wavelength depen-
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Appendix A Multiplying both sides of Eqg. A3) by the matrix | —
P[PTP]*lPT and taking into account EqsA8) and A9),
Relationship between two forms of the standard we obtain

DOAS equation )
o . y'=—sc¢'+[I-P[PTP| PT|Pa. (A10)

In this section we demonstrate that the DOAS fit according

to the standard DOAS equation in form of EG9| results  As the second term in the right hand side of this equation is

in the same slant column as using the DOAS equation writ-equal to zero, we have

ten for the differential optical thickness and differential ab-

sorption cross section given by Ed§]. To simplify further ¥’ =—5¢, (A11)
fcéi[]oii/(js?ratlon let us introduce the vector-matrix notations as, hich is equivalent to Eq.46) written in the vector-matrix

' form. As Eqg. A11) is obtained from Eq.39), we can con-
y=IInL,(k),...,InL, (k) ", (A1) clude that Egs.39) and @6) are equivalent as well.
c=100gsn0ng |1, (A2)  Appendix B

i.e., vectorsy and¢ contain the values of the intensity log- Derivation of alternative general expressions for
arithm and of the absorption cross section, respectively, althe air mass factor

a discrete wavelength grid. The superscript T denotes the

transposition. Using these notations Egg)(can be rewrit- |y this section we derive alternative general expressions for

ten in the vector-matrix form as the air mass factor containing the variational derivative of

) the intensity logarithm with respect to the absorber optical
depth and vertical column as given by the third and fourth

where vector contains the polynomial coefficients and ma- entries in Table2, respectively. To this end we employ the

y=—Sc+Pa, (A3

trix P is given by functional Taylor series expansion of the intensity logarithm
with respect to the variation of the absorber optical depth in
11 2% .2y exactly the same way as it was done before with respect to
P=|:: ¢ 1 (A4) the absorption coefficient, see E§OJ:
Lap a2 Ay
- 5In I
Now let us write the differential absorption cross section in- IN1.(k) = |n1x(k)+/ 50,0 )5TA(Z)dZ~ (B1)
troduced by Eq.44) in the vector-matrix form as well: 0 #E
¢! =c—Pa,. (A5) Here, we omit the linearization error and define the absorp-
tion optical depth as
Here, matrixP is given by Eqg. A4) and vectota, contains
the polynomial coefficients. The latter are obtained minimiz- A
ing the following quadratic form: 7.(2) =ka(z’)dz’. (B2)
llc —Pac||? — min. (AB) ¢
) S ) We note that in contrast to the optical thickness which is de-
The solution of this minimization problem is found as fined as an integral over the entire atmosphere, see3Eq. (
11 the optical depth is not only a functional of the absorption
a.= [P P] Pec. (A7) coefficient but also a function of the altitude Clearly, a
Substituting the polynomial coefficienis given by Eq. A7) \é?:/r;a:lg; of the optical deptfd, (2), at an altitude levet is
into Eqg. (A5), we have
-1 i
¢l = {| —P[PTP] PT}c, (A8)  Stu(x) = / sk(z)dz . (B3)

Z
wherel is the unity matrix. In exactly the same manner the

following expression for the differential optical thickness is
obtained:

yi= {I —P[PTP]lPT}y. (A9)

Substituting this expression into E®X) we have

H
Sk(Hd7 |dz. B4
/50,6 / (@)dz ) dz (B4)

H
|n1k(k)=|n1A(1€)+/ oI’
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Introducing in the integral over the Heaviside step-function
H (7' —z) we rewrite Eq B4) in the following form:;

InZ, (k) = InI;\(k)—i-/

—2)8k(z')d7'dz . (B5)

Exchanging the varlables<—> 7,
H

H
InIA(k)zlnI,\(IE)+/f
0 0

(B6)

and excluding the Heaviside step-function we have

siniy
37,.(2)

H(z—2Z)dZ | 8k(z)dz,

A

- A dIn,
|nI)L(k)=|nI)\(k)+/ /
0 0

dz’ |8k(z)dz.

| ®7)
STA (Z/)
Comparing this equation to Ech§) and taking into account
Eq. (74) we see that the representation for the air mass facto
given by the third entry in Tabl2 is derived.

Introducing the absorber vertical column between an alti-
tudez and the top of the atmosphere as

H

V(Z)=/n(z’)dz/,
4

expanding then the intensity logarithm in the functional Tay-

lor series with respect to the variation ©f(z) similar to

Eq. BY),

(B8)

Inl; (k) =In1, (k HM
() = A(>+/8 o

(B9)

and proceeding in exactly the same manner as was done
derive Eq. B7), the following equation is obtained:

H b4
Inlx(k)zlnl,\(lz)—i-f /

o Lo
Assuming that the variation of the absorption coefficient is

8“’]]}L
V()

d7 |én(z)dz. (B10)

77

considered as a function of partial vertical coluning: =
1,2,...,Np), i.e., as a function of several scalar variables,
rather than as a functional of the absorber number density
profile. In this case a linear relationship between the inten-
sity logarithm and partial vertical columns of the absorbing
species is obtained employing the Taylor series expansion
similar to Eq. 47):

alnI, J AV,

Ing; ;(k)y=Inl;, ](k)—i-z (C1)

i

Here, dInI, ;/dV; is the partial derivative of the intensity
logarithm with respect to the partial vertical column calcu-
lated at a priori columr¥; and AV; = V; — V; is the varia-
tion of the partial vertical column in theth altitude layer.
The linearization error is neglected. Using the Taylor se-
ries expansion given by EqC(), an alternative represen-
tation for the layer-integrated weighting function introduced
by Eg. (79) and consequently for the air mass factor can be
obtained. To this end we rewrite the functional Taylor series
for the intensity logarithm given by Eg5®) as follows:

InIA,j(k)zlnIk,j(lE)JrZ/wk A28k ()dz,  (C2)

-1

where we neglect the linearization error, restore the subscript
“j" denoting different illumination/observation conditions,
and represent the integral over the entire atmosphere as a sum
of integrals over the discrete layers. Assuming the variation
of the absorption coefficient to be caused only by a variation
of the absorber number density, i.8k, (z) = 0,.(z) 8n(z),

and taking into account that according to E@7)(én(z) =
AV;ii(z)/V;, we rewrite Eq. C2) in the following equivalent
orm:

InZ; j(k) = In;_; (k)

Np
+>
i=1

(C3)

%/wlé,j()hz)m(z)ﬁ(z)dz AV;.

Zi-1

caused only by a variation of the absorber number density,

i.e.,8k(z) = 0, 6n(z), the representation for the air mass fac-
tor given by the fourth entry in Tabl2is derived.

Appendix C

Alternative expressions for the air mass factor
associated to the WFDOAS equation

In this section we derive alternative representations for th
AMF associated to the WFDOAS equation which are equiv-
alent to Eq. 85) and compare these to other expressions pro-
posed in the literature. Using the partial scaling approxi-
mation for the vertical profile of the absorber number den-
sity as introduced in Sec§, the intensity logarithm can be

www.atmos-meas-tech.net/3/751/2010/

Comparing this equation to EqC{) the following relation is
obtained:

Zi

1 _ d nIM-
Wi,j(l)=7 wi ;Ao ()n(2)dz = ———=.
L

Zi—-1

(C4)

i

Thus, employing the partial scaling approximation, the layer-
integrated weighting function is expressed via the partial
derivative of the intensity logarithm with respect to the par-

Sial vertical column. For numerical calculations of the layer-

integrated weighting function, the finite-difference approxi-

mation similar to Eq.%6) is appropriate:

NG (Vi +AV) =Ink (V)
AV; ’

(C5)

i,J
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whereAV; is a small variation of the absorber partial verti-
cal column in the-th atmospheric layer around its a priori
value, V;. Taking into account the relationship between the
box-AMF and the layer-integrated weighting function given
by Eq. 83), the following expression for the box-AMF is
obtained from Eq.C4):

1 alnIA i
A jA)=— = 8V-’j o
i v

(C6)

i
where we notice explicity that the partial derivative is cal-
culated at a priori partial vertical columi;, andé;, is the
vertical path weighted cross section as given by E4). (

Introducing the layer optical thickness of the absorbing
species as

Zi

(M) = /Ux(z)n(z)dz,

Zi-1

(C7)
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by Eq. €10 the following equation for the total AMF is ob-
tained:

8InIM»
ati (A)

Aj0)=— (C13)

1%[

&

(M) |,
7 (A)

where we take into account that, according to E2¢),(
7(A) =6, V. Assuming each altitude layer to be vertically
homogeneous, the layer optical thickness of the absorbing
species can be expresseddd) = o0, ;n; Az;, where the ab-
sorber cross sectiom;, ;, and the absorber number density,
n;, are constant within theth altitude layer having a geo-
metrical thicknes&\z;. Thus, Eq. C13) results in

1 &
This equation coincides with the expression the for the to-
tal air mass factor in a discrete representation proposed by

Blnl,\yj
ati(2)

AjG)=— (C14)

ox,iNi Az | .
7i(d)

and employing the partial scaling approximation as given byPalmer et al(2001).

Eq. (77), we have

Zi

i(A) = % / oy()n(z)dz = %f A). (C8)
Zi—1

Thus,

Az () =dv; 2 (C9)

i
and Eqg. C6) can be rewritten in the following equivalent
form:

1 Blnl)\,j

_ 1 7i (A)
A== 5 s T (C10)

7i(A)
In a case of a constant absorption cross se@joga o, and
Eq. (C10 is simplified as

aln I)L’j

A==

(C11)

(M)

where we take into account thai{1) = o; V;.

A similar expression has been suggestedshysser et al.
(1996 for the box-AMF and later bystammes and Koele-
meijer (1999 for the total AMF. In these publications the
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