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Abstract. Currently, most of the high-spectral-resolution in-
frared limb sounders use subsets of the recorded spectra (mi-
crowindows) in their retrieval schemes to reduce the com-
puting time of rerunning the radiative transfer model. A fast
linear retrieval scheme is described which allows the whole
spectral signature of the target molecule to be used. We
determine that pressure and temperature retrievals can be
treated linearly up to a 20 % difference between the atmo-
spheric state and the linearisation point for a 3 % error mar-
gin and up to 10 K “difference” for a 3 K error margin near
the stratopause and less than 0.5 K elsewhere. Assuming per-
fect pT knowledge, CH4 retrievals can be be treated linearly
up to a 20 % CH4 concentration “difference” for a 2 % error
margin. As an example, this technique is implemented for the
Michelson Interferometer for Passive Atmospheric Sounding
instrument, but it is applicable to any high-resolution limb
sounder.

1 Introduction

In an infrared limb-viewing instrument, the observed radi-
ance is a function of the wavenumber, pressure, temperature
and composition along the viewing path (the atmospheric
profile). Hence, a set of measurements at different view-
ing angles (different tangent heights) may be used to infer
geophysical parameters of the scene against altitude (Gille,
1971). The inversion of such atmospheric radiances into at-
mospheric parameters is basically the problem of fitting a
theoretical model (the forward model) to observations sub-
ject to errors.

The forward model simulates the observations using the
radiative transfer equation. It assumes a given atmospheric
state to estimate the radiance that reaches the instrument and
then modifies it to consider the instrumental effects such as
finite field of view (FOV) and the instrument spectral re-
sponse. The retrieval procedure is the search of the atmo-
spheric state whose simulated radiances best fit these obser-
vations.

A common approach used to find such an atmospheric
state is the least-squares fit or a constrained version of it.
The core of these approaches is to linearise the relationship
between the measurements and a given atmospheric state.
However, the observations do not depend linearly on the at-
mospheric state and hence the process needs to be iterated.
At each iteration the forward model is run using the atmo-
spheric estimate from the previous iteration as a linearisation
point, and the atmospheric estimate is corrected according to
a recipe (e.g. minimisation of least squares) until the given
convergence criteria are fulfilled.

High-spectral-resolution limb sounders, such as the
Michelson Interferometer for Passive Atmospheric Sound-
ing (MIPAS) (Endemann, 1999; Fischer, 2000; Fischer et al.,
2008) and the Atmospheric Chemistry Experiment (ACE)
(Bernath et al., 2006), provide thousands of spectral mea-
surements each scan, increasing dramatically the comput-
ing time spent by the retrieval running the forward model.
To reduce this computing time, most retrieval schemes se-
lect optimum subsets of spectra (microwindows) that con-
tain most of the potential information (Dudhia et al., 2002).
However, even using this microwindow approach, when the
signal-to-noise (S/ N) ratio is small the number of microwin-
dows needed to process in order to obtain a useful signal is
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1382 L. Mill án and A. Dudhia: Linear retrieval for IR high-resolution limb sounders

too computationally expensive to include in an online algo-
rithm.

This study investigates how close the linearisation point
needs to be to the solution in order to be able to perform a
linear (non-iterative) retrieval scheme (i.e. to establish a lin-
ear regime for the retrievals). That is to say, to only perform
the last iteration step in the iterative schemes. An inversion
under these conditions can use precomputed radiative trans-
fer calculations allowing the incorporation of all the spectral
profiles corresponding to the target parameters without wor-
rying about the computing speed limitations associated with
rerunning the forward model.

We examine how close climatological zonal mean pro-
files come to satisfying this linear range. Also, we suggest
a method for linearising the propagation of temperature and
pressure effects on the gas concentration retrievals.

2 Inverse model

The task of the inverse problem is to estimate an atmospheric
profilex that best matches the measured radiancesy. A com-
mon solution used is to use a least-squares fit – in other
words, to minimise the sum of the square differences be-
tween the vectory and the simulated measurementsF(xi)

around a given linearisation pointxi .
The iterative Twomey–Tikhonov regularised (Tikhonov,

1963; Twomey, 1963) least-squares-fit solution is given by
(von Clarmann et al., 2003)

xi+1 = xi +

(
KT

i S−1
y K i + γ −1R

)−1

[
KT

i S−1
y (y − F(xi)) − γ −1R(xi − xa)

]
(1)

whereK i is the Jacobian matrix (Kjk = ∂yj/∂xk) evaluated
at iterationi using the forward model around the atmospheric
profilexi , Sy is the measurement error covariance matrix,xa

is the related a priori profile,γ is a factor that determines the
strength of the regularisation, and whereR is a regularisation
matrix which can be chosen to constrain the magnitude of a
given order derivative of the retrieved profilexi . This tech-
nique estimates the uncertainties in the retrieved state vector
x according to

Sx =

(
KT S−1

y K + γ −1R
)−1

× KT S−1
y K

(
KT S−1

y K + γ −1R
)−1

(2)

whereSx is the covariance matrix of the estimated atmo-
spheric profilexi+1.

If the linearisation point is sufficiently close to the solu-
tion, it follows that the solution may be obtained in one iter-
ation usingx0 (usually called initial guess) and precomputed
JacobiansK0, hence requiring no online forward model cal-
culations. The first task is to establish the “distance”x − x0
over which the following equation applies:

y − F(x0) ' K0(x − x0). (3)

700 750 800 850 900 950
wavenumber [cm-1]

10-3

10-2

10-1

100

101

102

103

104

ra
di

an
ce

 [n
W

  /
 (

cm
2  s

r 
cm

-1
)]

30 km
60 km
90 km

700 750 800 850 900 950
wavenumber [cm-1]

10-3

10-2

10-1

100

101

102

103

104

ra
di

an
ce

 [n
W

  /
 (

cm
2  s

r 
cm

-1
)]

1250 1300 1350 1400 1450 1500
wavenumber [cm-1]

10-3

10-2

10-1

100

101

102

103

104

ra
di

an
ce

 [n
W

  /
 (

cm
2  s

r 
cm

-1
)]

1250 1300 1350 1400 1450 1500
wavenumber [cm-1]

10-3

10-2

10-1

100

101

102

103

104

ra
di

an
ce

 [n
W

  /
 (

cm
2  s

r 
cm

-1
)]

Fig. 1. (top) CO2 spectra for midlatitude conditions. (bottom) CH4 spectra for midlatitude
conditions. The dashed black line shows the typical MIPAS noise equivalent spectral radiance
(NESR) value.
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Fig. 1. (top) CO2 spectra for midlatitude conditions. (bottom) CH4
spectra for midlatitude conditions. The dashed black line shows the
typical MIPAS noise equivalent spectral radiance (NESR) value.

3 Linear regimes

Simulations of CO2 and CH4 spectra were used to investigate
how close to the solution an initial guess profile needs to be
in order to lie within the linear regime. Then the question of
whether the atmospheric state can be predicted within this
linear regime was investigated.

As an example of the CO2 and CH4 spectra used, Fig.1
shows CO2 and CH4 modelled spectra at 30, 60 and 90 km.
For CO2 these simulations were performed between the 685
to 970 cm−1 at a spectral resolution of 0.0625 cm−1 (corre-
sponding to the MIPAS band A spectral range for the opti-
mised resolution data; for more information see Sect.7). For
CH4 these simulations were performed between 1215 and
1500 cm−1 (MIPAS band B).

In this study the forward model used is the reference for-
ward model (RFM) (Dudhia, 2012a).

To test the linearity of the forward model due to pressure or
temperature changes, CO2 spectra for midlatitude day condi-
tions were simulated perturbing the entire pressure profile by
1, 5, 10, 20 and 50 % and independently by 1, 5, 10, 20 and
50 K. Then an inversion of the previously computed spectra
was performed using a linear least-squares fit constrained by
a Twomey–Tikhonov regularisation necessary to avoid arti-
facts at high altitudes induced by numerical noise inside the
radiative transfer calculations.

For these simulated retrievals the spectra corresponding
to the perturbed profiles were used as the measurement vec-
tor (y) and the forward model and the Jacobians were com-
puted around the midlatitude day conditions (the unperturbed
scenario). Furthermore, the measurement error covariance
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Fig. 2. Linearly retrieved pressure for different increments of the entire pressure profile (left)
and percentage difference between the actual and retrieved values (right).

Table 1. MIPAS spectral bands.
MIPAS Wavenumber range NESR1 Principal atmospheric
band [cm−1] [nW / (cm2 sr cm−1)] emitting species

A 685 – 970 32 CO2, O3, H2O, HNO3

AB 1020 – 1170 25 CO2, O3, H2O, N2O
B 1215 – 1500 13 H2O, CH4, N2O
C 1570 – 1750 4 NO2, H2O
D 1820 – 2410 2.6 CO2, O3, H2O, N2O, NO, CO

1Noise equivalent spectral radiance (NESR) for MIPAS operating at
the ‘optimized resolution’ (Dudhia, 2007).
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Fig. 2. Linearly retrieved pressure for different increments of the
entire pressure profile (left) and percentage difference between the
actual and retrieved values (right).

matrix was set to the identity matrix (Sy = I ). The resulting
simulated retrieved values have a vertical resolution of 3 km
in the stratosphere and lower mesosphere and around 4.5 km
in the upper mesosphere.

As shown in Fig.2, the linearity assumption holds up to a
20 % perturbation with a 3 % margin of error. In this test the
entire profile was perturbed by a constant amount, while the
real atmospheric perturbations will vary with altitude, but it
seems a reasonable simplification.

As displayed in Fig.3, the linearity for temperature holds
up to 10 K perturbation with a 3 K error margin. However,
it should be noted that this difference is localised only near
the stratopause (i.e. where the temperature gradient changes
sign), and outside this region the actual error margin is al-
ways less than 0.5 K.

To try to improve the linearity of the forward model due to
changes in temperature, rather than retrieving temperature di-
rectly, the Planck function or evenBν(T )/T can be retrieved
instead. For example, to retrieve temperature through the
Planck function, the temperature Jacobian needs to be mul-
tiplied by dT/ dBν̄(T ), where dT corresponds to a tempera-
ture change of 1 K and dBν̄(T ) is the corresponding change
in Planck function at a fixed wavenumber chosen to be in the
middle of the spectral region of interest.

Figure 4 displays the retrieved and actual values for the
same temperature increments as before. As can be seen the
linearity of the problem improves considerably when retriev-
ing temperature via the Planck function. However, despite
this linearity improvement, this approach cannot be easily
used (or theBν(T )/T approach) with real data because os-
cillations in the retrieval profile may cause negative Planck
function values to be retrieved.

Once thepT conditions of the scene are known, the gas
concentrations may be retrieved since it is the only remaining
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Fig. 3. Linearly retrieved temperature for different increments of the entire temperature profile
(left) and absolute difference between the actual and retrieved values (right).
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Fig. 3.Linearly retrieved temperature for different increments of the
entire temperature profile (left) and absolute difference between the
actual and retrieved values (right).
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Fig. 4. Linearly retrieved temperature via the Planck function for different increments of the
entire temperature profile (left) and absolute difference between the actual and retrieved values
(right).
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Fig. 4. Linearly retrieved temperature via the Planck function for
different increments of the entire temperature profile (left) and ab-
solute difference between the actual and retrieved values (right).

unknown in the radiative transfer model equation. Hence, the
gas of interest can be retrieved selecting a spectral region
where it is the principal emitter or where the emissions of
the other gases are already accurately known.

First perfect knowledge of temperature and pressure will
be assumed to test the linearity under ideal circumstances.
Then, since the linear algorithm avoids running the forward
model precomputing the CH4 simulations with thepT con-
ditions of a given linearisation point, a discussion of how to
adjust these simulations to thepT scene conditions (previ-
ously retrieved) will follow.

To test the linearity of the forward model due to CH4
concentration changes, CH4 spectra for midlatitudes daytime
conditions were simulated perturbing the entire CH4 profile

www.atmos-meas-tech.net/6/1381/2013/ Atmos. Meas. Tech., 6, 1381–1396, 2013
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by 1, 5, 10, 20 and 50 %, and an inversion was performed in
the same manner as before. The results are shown in Fig.5.

As displayed, the linearity for CH4 retrievals holds up to
a 20 %x − x0 “distance” with a 2 % margin of error at most
altitudes. This linearisation range is only shown as a maxi-
mum theoretical accuracy of the linear CH4 retrieval because
in practice, if the radiative transfer model is not going to be
run in the retrieval scheme, the CH4 simulations will have to
be adjusted for the difference between thepT linearisation
and scene conditions.

3.1 Climatological variability

Having established the linear range for a pressure, temper-
ature and VMR retrieval, the next question is which clima-
tological resolution is needed to ensure that the linearisa-
tion point is likely to lie within this linear range of the true
state. To answer this, an analysis was performed using MI-
PAS middle-atmospheric retrievals from MORSE (an itera-
tive inversion algorithm; for more information see Sect.7.1)
for the days available in June, July and August for 2007, 2008
and 2009. It is expected that high variability will be found in
the Northern Hemisphere during this month.

The analysis consisted in computing the pressure, temper-
ature or CH4 deviation from a zonal mean with respect to lat-
itude bin mean profiles (i.e. global, 60◦, 30◦, etc) until the de-
viation at any given point was smaller than the linear regime
established previously. As shown in Figs.6, 7 and8 a global
mean climatology cannot represent the variability found in
the atmosphere. An analysis of these figures suggests that
for pressure and temperature, a linearisation point for every
30◦ of latitude is needed to ensure that the “distance”x −x0
is less than the required 20 % or 10 K proximity, while the
CH4 retrieval needs a linearisation point for every 20◦ of lati-
tude to ensure that the “distance”x−x0 is less than the 20 %
required proximity. Note that these climatology latitudinal
resolutions are only tentative guidelines, they will vary with
season and in particular for other trace species.

4 Forward model adjustments

To avoid running the radiative transfer model during the lin-
ear inversion scheme, the gas simulations are calculated us-
ing thepT linearisation conditions and then adjusted to the
pT scene conditions retrieved in an earlier stage of the re-
trieval. Two adjustments are needed: one to adjust thepT de-
pendence of the simulated spectra and a second one to adjust
thepT dependence of the Jacobians.

4.1 VMR forward model pT adjustment

The simulated spectra can simply be modified using the tem-
perature and pressure Jacobian of the corresponding spectral
range, i.e.
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Fig. 5. Linearly retrieved CH4 for different increments of the entire CH4 profile (left) and per-
centage difference between the actual and retrieved values (right).
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Fig. 6. Pressure variation about a global (left), 60◦ (middle) and 30◦ (right) latitude bin profiles
for the the MIPAS MA mode days available in June, July and August 2007, 2008 and 2009.
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Fig. 5.Linearly retrieved CH4 for different increments of the entire
CH4 profile (left) and percentage difference between the actual and
retrieved values (right).

F∗(x0) = F(x0) + KT0(T − T 0) + Kp0(p − p0), (4)

where F∗(x0) is the corrected spectrum for the actualpT
scene conditions (p, T ), F(x0) is the linearisation point sim-
ulated spectrum andKT0 andKp0 are the linearisation point
temperature and pressure Jacobians, respectively.

Figure 9 displays the CH4 linear retrievals for different
changes in temperature. To isolate the effects of the term
“KT0(T −T 0)” in Eq. (4), the CH4 Jacobians used were com-
puted with the temperature of the scene (i.e. the true temper-
ature) with the CH4 concentration remaining constant (only
the temperature varies). As shown, for a 10 K perturbation
the errors induced are less than∼20 % except around 45 km,
where the deviation is almost 70 %. This deviation is caused
by oscillations in the linear retrieval presumably induced by
the 10 K constant difference between the linearisation pro-
file and the atmospheric state. For a 20 K perturbation the re-
trieved values are non-realistic; for this reason the retrieved
CH4 corresponding to a 50 K increment is not shown.

Figure10 is the equivalent figure for pressure increments
(testing only the “Kp0(p−p0)” term of Eq.4). As portrayed,
the adjustment works up to a 20 % perturbation with less than
2 % error margin except around 20 and 50 km.

Figures9 and 10 suggest that the VMR forward model
simulationspT adjustment given by Eq. (4) may be valid as
long as thepT x − x0 “distances” are not greater than 10 K
and 20 % accordingly.

4.2 VMR JacobianspT adjustment

As the forward model has been adjusted to the temperature
and pressure of the scene, in a similar manner the VMR,v,
Jacobians can be adjusted using

K∗
v = K0v + HT (T − T 0) + Hp(p − p0), (5)

Atmos. Meas. Tech., 6, 1381–1396, 2013 www.atmos-meas-tech.net/6/1381/2013/
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Fig. 5. Linearly retrieved CH4 for different increments of the entire CH4 profile (left) and per-
centage difference between the actual and retrieved values (right).
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Fig. 6. Pressure variation about a global (left), 60◦ (middle) and 30◦ (right) latitude bin profiles
for the the MIPAS MA mode days available in June, July and August 2007, 2008 and 2009.
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Fig. 6. Pressure variation of global (left), 60◦ (middle) and 30◦ (right) latitude bin profiles for the MIPAS MA mode days available in June,
July and August 2007, 2008 and 2009.
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Fig. 7. Temperature variation about a global (left), 60◦ (middle) and 30◦ (right) latitude bin
profiles for the MIPAS MA mode days available in June, July and August for 2007, 2008 and
2009.
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Fig. 7. Temperature variation of global (left), 60◦ (middle) and 30◦ (right) latitude bin profiles for the MIPAS MA mode days available in
June, July and August for 2007, 2008 and 2009.

whereK∗
v is the adjusted VMR Jacobian for the actual scene

pT conditions (p, T ), K0v is the VMR Jacobian computed
with the linearisation point conditions (p0, T 0), and where
H corresponds to the changes of the VMR Jacobian with re-
spect to either temperature or pressure; that is to say,

HT ijk =
∂Kvij

∂Tk

=
∂

∂Tk

(
∂Li

∂vj

)
=

∂2Li

∂Tk∂vj

(6)

and

Hpijk =
∂Kvij

∂pk

=
∂

∂pk

(
∂Li

∂vj

)
=

∂2Li

∂pk∂vj

, (7)

where i corresponds to the measurement tangent height,
while j andk correspond to perturbation heights. Theoret-
ically, these matrices are dimensionallym × n × n (where
m and n are the number of elements in the measurement
vectory and the atmospheric profilex, respectively), but it
should be noted that for optically thin cases the atmospheric
limb monochromatic radiance,Lν , leaving an stratified at-
mosphere, is given by (see appendix)

Lν '

∑
i

Bν(Ti)
pi

RTi

li

(∑
j

vijσν(ij)

)
, (8)

wherei refers to theith stratified level,B(T ) is the Planck
function,p, T andl are the pressure, temperature and length
along the given path, respectively, and wherej corresponds
to thej th absorber with absorption coefficientσ and volume
mixing ratiov. Equations (6) and (7) become

Kv =
∂Li

∂vj

' B(Tj )
pj

RTj

ljσj , (9)

and hence

∂2Li

∂Tk∂vj

,
∂2Li

∂pk∂vj

= 0 if k 6= j (10)

and

∂2Li

∂Tk∂vj

,
∂2Li

∂pk∂vj

6= 0 if k = j, (11)

which reduces the size ofH to m × n.
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Fig. 7. Temperature variation about a global (left), 60◦ (middle) and 30◦ (right) latitude bin
profiles for the MIPAS MA mode days available in June, July and August for 2007, 2008 and
2009.
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mode days available in June, July and August for 2007, 2008 and 2009.
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Fig. 8. CH4 variation of global, 60◦, 30◦ and 20◦ latitude bin profiles for the MIPAS MA mode days available in June, July and August for
2007, 2008 and 2009.
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Fig. 9. Linearly retrieved CH4 concentrations (after adjusting the forward model) for different
temperature increments of the entire profile (left) and percentage difference between the actual
and retrieved values (right).
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Fig. 9. Linearly retrieved CH4 concentrations (after adjusting the
forward model) for different temperature increments of the entire
profile (left) and percentage difference between the actual and re-
trieved values (right).

Although these matrices can be computed by perturbing
height by height the temperature or pressure profiles and then
subtracting the original VMR Jacobians as computed by the
forward model, here a simpler technique was implemented.
Noting that, while the VMR Jacobian at the scene conditions
will be given by Eq. (9), the linearisation profile VMR Jaco-
bian will be given by

K0v =
∂L0i

∂vj

' B(T0j )
p0j

RT0j

ljσj . (12)

Hence, the linearisation point VMR Jacobian can be mod-
ified to thepT scene conditions by
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Fig. 10. Linearly retrieved CH4 concentrations (after adjusting the forward model) for different
pressure increments of the entire profile (left) and percentage difference between the actual
and retrieved values (right).
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Fig. 10.Linearly retrieved CH4 concentrations (after adjusting the
forward model) for different pressure increments of the entire pro-
file (left) and percentage difference between the actual and retrieved
values (right).

K∗
v = K0v

[
B(Tj )pj

B(T0j )p0j

T0

Tj

]
. (13)

The effect of this simple adjustment can be appreciated
in Fig. 11. Note that the only parameter that it is varying in
these simulations is the temperature dependence of the VMR
Jacobian to isolate its effects in the retrieval. As shown when
the Jacobians are not adjusted, the error induced in the re-
trievals for a 10 K perturbation are up to 30 %, while when
the Jacobians are adjusted the errors induced are significantly
reduced (less than 10 % for a 20 K perturbation).

Figure12 is the equivalent figure for pressure increments.
As can be seen the errors induced to the retrieval when the
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Fig. 11. Percentage difference between the actual and linearly retrieved CH4 concentrations
for different increments of the entire temperature profile when using the linearisation point Ja-
cobians (left) and when adjusting them (using equation 13) to the new temperature conditions
(right).
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Fig. 11. Percentage difference between the actual and linearly re-
trieved CH4 concentrations for different increments of the entire
temperature profile when using the linearisation point Jacobians
(left) and when adjusting them (using Eq.13) to the new temper-
ature conditions (right).

VMR Jacobians are adjusted to thepT conditions of the
scene (right) are much smaller than when the VMR Jaco-
bians are not adjusted (left).

5 Linear regime summary

The results shown so far suggest that the retrievals of pres-
sure and temperature can be treated linearly up to ax − x0
“distance” of 20 % for a 3 % error margin and up to a 10 K
difference for a 3 K error margin near the stratopause and less
than 0.5 K elsewhere. The CH4 simulated retrievals shown
suggest that, for simulations with perfectpT knowledge, the
CH4 retrievals can be treated linearly up to a 20 % CH4 x−x0
“distance” with a margin of error of 2 %. However, since in
the linear algorithm the radiative transfer model is not run,
the adjustments for thepT difference between the linearisa-
tion point used and the scene conditions worsen this linear
error estimate. These CH4 pT adjustments hold up to a 10 K
and 20 % (pressure)x − x0 “distance” with an error margin
of 20 % and 10 %, respectively.

An analysis of the pressure, temperature and CH4 variabil-
ity revealed that to ensure the proximity required between the
linearisation and the true profile, a climatology with a latitu-
dinal resolution of at least 20◦ is needed.

It should be noted that so farp, T andv have been treated
independently, although Eq. (8) predicts that they multiply
each other and that these simulations have been performed
perturbing the entire profile rather than level by level, and
hence these linear regimes are only a measure of guidance.
Furthermore, signal-to-noise limitations, overlapping emis-
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Fig. 12. Percentage difference between the actual and linearly retrieved CH4 concentrations for
different increments of the entire pressure profile when using the linearisation point Jacobians
(left) and when adjusting them (using equation 13) to the new pressure conditions (right).
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Fig. 12. Percentage difference between the actual and linearly re-
trieved CH4 concentrations for different increments of the entire
pressure profile when using the linearisation point Jacobians (left)
and when adjusting them (using Eq.13) to the new pressure condi-
tions (right).

sion by other molecules and nonLTE effects have been ig-
nored. Before the linear algorithm can produce useful results
in a practical application, the influence of these factors needs
to be properly taken into account.

6 Error analysis

The total error in the linear retrieval will be given by the sum
of the random, systematic and linear approximation errors.
The random errors are determined by the random noise in
the measurements and are given by the diagonal elements
of the covariance matrix of the retrieved state (Eq.2). The
systematic errors arise from forward model uncertainties, in-
strumental issues and retrieval approximations and will have
to be included in a full error analysis – not pursued here.

The linear approximation errors are a function of the devi-
ation between the retrieved profile and the linearisation point.
For pressure and temperature, the following equations are
suggested:

ξp =
λp

3p

(
p − p0

p0

)
(14)

and

ξT =
λT

3T

(T − T 0) , (15)

whereξp is the pressure approximation error in % (hence the
ratio in the right-hand side of the equation) and whereξT is
the temperature linear approximation error in K. Also,λ is
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the pressure or temperature error margin (also in % or in K)
established in Sect.3 for a given perturbation,3.

For VMR, v, the linear approximation errors are given by

ξv =

[(
λv

3v

(
v − v0

v0

))2

+

(
λvT

3vT

(T − T 0)

)2

+

(
λvp

3vp

(
p − p0

p0

))2
]1/2

(16)

whereξv is in percentage andλv, λvT andλvp are error mar-
gins in percent due to perturbations in VMR, temperature or
pressure,3v, 3vT and3vp. Note that3v and3vp are in
percent and3vT is in kelvins.

Figure13 displays the random error estimates of the lin-
ear pT and VMR retrievals, as well as the sum of the random
errors and several linear approximation errors computed for
different deviations between the retrieved profile and the lin-
earisation point. The random errors were computed using the
same spectral regions as before and assuming the characteris-
tic noise present in the MIPAS radiances (see Sect.7 for more
details). The linear errors were computed using the error
margins and perturbations discussed in Sect.5 (for instance,
λT = 3 K for a3T = 10 K,λp = 2 % for a3p = 20 %, etc.).
Note that the deviations from the linearisation points were as-
sumed constant throughout the profile and as such should be
considered only as worst case scenarios.

As shown in Fig.13, the error in the linearpT or VMR
retrieval, at least in the worst case scenario, when the devia-
tion between the retrieved profile equals the maximum devi-
ation allowed, might be too high for scientific results. In an
operational retrieval many linearisation points can be tested
(see Sect.7.3) to find the one closest to the true atmospheric
state, hence avoiding the maximum deviation allowed. Fur-
thermore, if the linear approximation error is still too large,
in those cases, the linear retrieval could be used as a first it-
eration of an iterative scheme, presumably reducing its com-
puting time considerably.

7 Implementation for MIPAS

As a practical implementation, apT and CH4 linear retrieval
was implemented using data from the Michelson Interferom-
eter for Passive Atmospheric Sounding (MIPAS) instrument
(Endemann, 1999; Fischer, 2000; Fischer et al., 2008) on
board the Envisat satellite. MIPAS was a Fourier transform
spectrometer conceived to detect limb emission spectra on
a global scale. MIPAS covered the infrared spectral region
between 685 cm−1 and 2410 cm−1 (divided into five bands
listed in Table1), where emission features from many atmo-
spheric species are present.

Originally, between July 2002 and March 2004 MIPAS op-
erated with an spectral sampling of 0.025 cm−1 (referred to
as “full resolution” data); however, the instrument developed
problems with the interferometer mirror slide mechanism
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Fig. 13.Error estimates for pressure, temperature and CH4 concen-
tration. Aqua lines show the random errors, while orange, purple
and blue lines show the sum of the random errors and the linear
approximation errors for different deviations between the retrieved
profile and the linearisation point. The random errors correspond to
estimates for midlatitude conditions, but other conditions are simi-
lar.

and the instrument was switched off. In January 2005 opera-
tions were resumed restricting the mirror movement to 40 %
of is original maximum displacement corresponding to a re-
duced spectral sampling (referred to as “optimised resolu-
tion” data) of 0.0625 cm−1. MIPAS took quasi-continuous
measurements until April 2012 when the European Space
Agency (ESA) lost contact with Envisat.

In the optimised resolution operation, the MIPAS nominal
(NOM) measurement mode consists of 27 tangent heights
from 6 km to 70 km, but MIPAS altitude coverage was ex-
tended well into the thermosphere using special measure-
ments modes (Fig.14) such as the middle atmosphere (MA)
mode with 29 tangent heights from 18 km to 102 km and the
upper atmosphere (UA) mode with 35 tangent heights from
42 km to 172 km. Since April 2007, MIPAS operated in MA
mode for 1 day in every 10, and similarly in the UA mode.

Here we use the spectra taken in the MA mode from band
A, where most of the CO2 lines occur, and because these CO2
lines (as opposed to the CO2 lines in band D) are close to LTE
up to at least 100 km (López-Puertas and Taylor, 2001), and
from band B, where most of the CH4 lines occur. The MA
viewing mode was selected to apply the algorithm here de-
scribed because in this mode more microwindows are needed
to compensate the small signal-to-noise ratio encountered at
higher altitudes, and hence in this mode this algorithm has
the most potential.
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Table 1.MIPAS spectral bands.

MIPAS Wavenumber range NESR∗ Principal atmospheric
band [cm−1] [nW/(cm2 sr cm−1)] emitting species

A 685 – 970 32 CO2, O3, H2O, HNO3
AB 1020 – 1170 25 CO2, O3, H2O, N2O
B 1215 – 1500 13 H2O, CH4, N2O
C 1570 – 1750 4 NO2, H2O
D 1820 – 2410 2.6 CO2, O3, H2O, N2O, NO, CO

∗ Noise equivalent spectral radiance (NESR) for MIPAS operating at the “optimised resolution” (Dudhia, 2007).

150 200 250 300 350
temperature  [K]

0

50

100

150

al
tit

ud
e 

 [k
m

]

Nominal mode
Middle atmosphere mode
Upper atmosphere mode

TROPOSPHERE

S
T

R
A

T
O

S
P

H
E

R
E

M
E

S
O

S
P

H
E

R
E

T
H

E
R

M
O

S
P

H
E

R
E

 - - - - - - - - - - - - - - - - - - - -   Tropopause

 - - - - - - - - - - - - - - - - - - - -   Stratopause

 - - - - - - - - - - - - - - - - - - - -   Mesopause

Fig. 14. MIPAS optimized resolution operation measurement modes.
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Fig. 14. MIPAS optimised resolution operation measurement
modes.

7.1 MIPAS retrieval algorithms

Several algorithms have been developed to retrieve altitude
profiles of temperature, pressure and composition from the
MIPAS spectra (Ridolfi et al., 2000; von Clarmann et al.,
2003; Hoffmann et al., 2005; Carlotti et al., 2006; Dud-
hia, 2012b). These retrievals exploit the redundancy in MI-
PAS measurements, which allows the selection of subsets
of the spectra, known as microwindows. These microwin-
dows maximise the information content as well as minimise
the contribution of other parameters that influence the spec-
tral lines selected, such as spectrally overlapping species,
nonLTE emissions, etc.

The use of microwindows instead of broader spectral in-
tervals helps to reduce the size of the matrices involved in
the inverse problem as well as the computing cost of the for-
ward model. Nevertheless, when retrieving at mesospheric
heights (using special viewing modes) the number of addi-
tional microwindows needed to counteract the low S/ N ratio
increases the computing time of the retrieval considerably.

In this study the linear retrievals are compared against the
MORSE (MIPAS Oxford Retrieval using Sequential Estima-
tion) results. The MORSE inversion strategy is based on an
optimal estimation technique (Rodgers, 2000). It was devel-
oped at Oxford University to replicate and if possible im-
prove the results of the standard ESA processor. It has been
upgraded to retrieve more constituents as well as to retrieve
MIPAS data acquired using different viewing modes (MA
mode and UA mode) (Dudhia, 2012b).

7.2 pT practical considerations

7.2.1 Emission from other gases and nonLTE emissions

Due to the high spectral resolution of MIPAS, the signal con-
tributions of interfering species can be masked out of the
measurements by simply removing the measurement points
influenced by their emission. The spectral profiles assumed
to be due to “pure” CO2 emissions were selected, tangent
height at a time, using

0.9 ≤
LCO2

LTOT
≤ 1.1, (17)

whereLCO2 is a CO2-only simulated spectrum andLTOT is
a simulated spectrum including other gases.

In a similar manner the CO2 spectral points affected by
departures from LTE conditions can be masked out from the
measurements. These spectral masks can be constructed us-
ing

0.9 ≤
LnonLTE

LLTE
≤ 1.1, (18)

whereLnonLTE andLLTE are CO2-only simulated spectra ei-
ther in nonLTE or in LTE, respectively. The combination
of these two masks disregards around 90 % of the spectral
points available – around upper mesospheric heights due to
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a combination of emission from other gases and nonLTE ef-
fects, and lower down only due to emission from other gases.
The 10 % range (i.e. the assumed limits of 0.9 and 1.1) is a
compromise between the spectral points available and the in-
fluence of the overlapping species and nonLTE emissions.
Simulated retrievals showed that this 10 % range removes
within 0.3 K the influence of overlapping species and reduces
by around 70 % the impact of nonLTE emissions. To prop-
erly take into account the nonLTE emissions, either vibra-
tional temperatures need to be retrieved as part of the re-
trieval scheme (too computationally expensive) or a vibra-
tional temperature climatology needs to be developed.

7.2.2 Hydrostatic constraint

The MIPASpT retrievals can be constrained using the engi-
neering data defining the line of sight (the pointing informa-
tion at each tangent height) as an indirect measurement of the
state vector. Assuming hydrostatic balance, these engineer-
ing altitudes can be used to constrain the temperature and
pressure via the hydrostatic equation (Ridolfi et al., 2000)

zi+1 − zi =

(
R

g

)
Ti + Ti+i

2
log

(
pi

pi+1

)
, (19)

wherez correspond to two tangent profile altitudes (i and
i + 1) with associated temperaturesT and pressuresp, R is
the specific gas constant for dry air andg is gravity (as a
function of height and latitude).

This constraint is implemented by incorporating the en-
gineering altitudes as part of the measurement vector (with
their corresponding uncertainties) and by constructingpT Ja-
cobians differentiating Eq. (19) with respect to either pres-
sure or temperature. This scheme is also used by the opera-
tional ESA level 2 retrieval.

7.2.3 Measurement noise

One problem of the linear retrieval scheme is that, since it
uses entire emission bands rather than just microwindows,
the analysis of a single tangent height involves several thou-
sand spectral points. Thus, inverting the measurement error
covariance matrix (which in the case of MIPAS is not diag-
onal due to the correlation of adjacent spectral points due to
the apodisation of the spectra) becomes a time-consuming
process.

This can be aided by exploiting the almost negligible MI-
PAS measurement error variation through the day. That is
to say, the error covariance matrix can be inverted just once
each day allowing for the minor changes in each scan by

S−1
y = S−1

y0

(
ε

ε0

)−1

, (20)

whereSy is the updated error covariance matrix,Sy0 is the
error covariance matrix constructed with the mean error of
the first scan (ε0) andε is the mean error associated with the
current scan.
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Fig. 15. Linearisation points selected within an ensemble (equatorial, midlatitude day, midlat-
itude night, polar summer and polar winter profiles) using equation 21 for the retrieval of 7th
June 2007.
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Fig. 15. Linearisation points selected within an ensemble (equa-
torial, midlatitude day, midlatitude night, polar summer and polar
winter profiles) using Eq. (21) for the retrieval of 7 June 2007.

7.3 Multiple linearisation points

Despite the linear regime summarised in Sect.5, there will
be always regions where a single linearisation point will be
unlikely to be adequate (like the polar vortex). In such cases,
several linearisation points may be used to cover more atmo-
spheric variability and the one that minimises aχ2 function
(i.e. the square of the residuals between the measurements
and the expected spectrum for the linearly adjusted profile)
is selected as the solution.

Theχ2 function suggested for this purpose is

χ2
=

[1y]T [1y]

yT y
, (21)

where1y is given by

1y = y − [F(x0) + K(x − x0)] (22)

and theyT y term is needed to weight the residuals according
to each tangent height radiance strength.

Figure15 shows the linearisation points selected for the
pT retrieval (from MIPAS spectra band A) of 7 June 2007
using Eq. (21). This linearisation point ensemble consists of
five profiles corresponding to equator, midlatitude day, mid-
latitude night, polar summer and polar winter conditions.

As can be expected, this criterion is selecting for the South
Pole (the winter pole in June) mostly the polar winter lin-
earisation profile, while for the North Pole (the summer pole
in June) mostly the polar summer linearisation profile. For
equatorial and midlatitude conditions, this criterion is select-
ing a mixture of the day, night midlatitude and the equatorial
profiles. This ensemble of linearisation points will be used to
gain further insight into the performance of a linear retrieval.
Although the equatorial profile is not selected as often as ex-
pected, this will not affect the retrieval results as shown in
Sect.7.4.

Typical averaging kernels for thepT linear retrieval are
shown in Fig.16. They describe how the true atmospheric
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Fig. 16. Averaging kernels for the pT midlatitude day linearisation point (equatorial, midlatitude
night, polar summer and polar winter are very similar).The dashed gray line is a measure of the
vertical resolution of the retrieved profile (derived from the full width at half maximum (FWHM)
of the averaging kernels).
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Fig. 16.Averaging kernels for thepT midlatitude day linearisation
point (equatorial, midlatitude night, polar summer and polar winter
are very similar).The dashed grey line is a measure of the vertical
resolution of the retrieved profile (derived from the full width at half
maximum (FWHM) of the averaging kernels).

state has been distorted by the retrieval at each pressure level.
A measure of the vertical resolution of the retrieval is given
by the half width of each kernel. As shown, thepT retrieval
has a vertical resolution of about 3 km in the stratosphere, in-
creasing up to 8 km in the lower mesosphere and up to 14 km
in the upper mesosphere.

7.4 Results

To gain an idea of the performance of the linear retrieval,
Fig. 17 shows a zonal mean comparison for 7 June 2007
between the linear retrieval, MORSE and Microwave Limb
Sounder (MLS) (Waters et al., 1999, 2006) dataset. It also
displays the COSPAR International Reference Atmosphere
(CIRA, 1988) climatology for that period – not to be con-
fused with the linearisation points used (shown in Fig.15).

MLS is an instrument that measures thermal microwave
limb emission in five spectral regions from 118 GHz to
2.5 Thz. It was launched in July 2004 on board the Aura
spacecraft. MLS scans the limb from the ground to about
95 km 3500 times per day. It covers between 82◦ S and 82◦ N,
providing near global coverage. The vertical resolution of
this data is about 3 km (Waters et al., 1999, 2006). Its tem-
perature retrievals have been extensively validated (Schwartz
et al., 2008).

The linear retrieval results display the structure shown in
the climatology data, in MORSE and in MLS with cold tem-
peratures in the polar summer mesopause (>50◦ N for this
day) and a higher stratopause in the polar winter (<50◦ S).
However, as seen in the absolute difference subplot, com-
pared to MORSE and MLS the linear retrieval seems to

overestimate the temperatures for pressures between 0.1 and
0.01 hPa at all latitudes and underestimate the temperature
for pressures between 1 and 0.1 hPa. For pressures greater
than 1 hPa in general there seems to be no significant dif-
ference (less than 3 K) between the linear, MORSE and the
MLS results.

Figure18 shows a profile by profile seasonal comparison
between the linear retrieval, MORSE and MLS data. For the
linear–MLS comparisons, two profiles were considered to be
coincident if they were within 500 km radius and 6 h. The
seasonal bins compared correspond to latitude bins between
90◦ S–50◦ S, 20◦ S–20◦ N and 50◦ N–90◦ N and sorted into
winter, equatorial and summer according to the date of the
profile. These bins were selected to cover most of the atmo-
spheric variability.

As shown in Fig.18, there seems to be an overestimation
of the temperature by the linear retrieval for pressures lower
than around 0.1 hPa. This overestimation varies with season
and it is around 3–5 K for the MORSE comparisons and up to
around 5–10 K for MLS ones. For greater pressures the bias
found is less than 3 K.

In addition to the mean bias, this figure also show the stan-
dard deviation of the profiles compared to gain an idea of the
variability of the data. For pressures greater than 0.5 hPa, the
variability found in most seasonal bins (for the MORSE and
MLS comparisons) is approximately 3 K, which is the ex-
pected error margin for a 10 Kx − x0 “distance”.

These comparisons might suggest that the linear retrieval
is not as precise as needed for pressures lower than 0.1 hPa.
However, it should be pointed out that the performance of the
linear retrieval will improve when a proper linearisation point
climatology is used. Even if when using this climatology the
retrievals are not as precise as needed, the linear results are
presumably going to be closer to the true state than the clima-
tology, so they may be used as a first iteration in the iterative
schemes, potentially saving computing time.

7.5 Further VMR practical considerations

As for the pT retrievals, the VMR retrievals will be in-
fluenced by overlapping emissions of other gases and by
nonLTE processes. These influences can be reduced using
spectral masks as the ones described in section7.2.1. In this
case, the combination of these two masks disregards around
88 % of the spectral points available, mainly due to emission
from other gases.

The linearly retrieved VMR altitude range was truncated
above the altitude where the estimated random error was
greater than 30 %. Above these altitudes the retrieved values
are dominated by noise. Although coaddition could be used
to retrieve gas concentrations at upper mesospheric altitudes,
this approach is not pursued here. The vertical resolution of
these retrievals is 3 km throughout the entire vertical retrieval
range.
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Fig. 17. Temperature zonal mean for the 7th June 2007 for climatology, MORSE, MLS and the
MIPAS linear retrieval. The top row displays climatology, MORSE and MLS while the bottom
row displays the MIPAS linear retrieval results as well as the absolute difference between the
retrievals (linear−MORSE and linear−MLS). Note that the absolute difference contours are not
equally spaced.
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Fig. 17. Temperature zonal mean for 7 June 2007 for climatology, MORSE, MLS and the MIPAS linear retrieval. The top row displays
climatology, MORSE and MLS, while the bottom row displays the MIPAS linear retrieval results as well as the absolute difference between
the retrievals (linear−MORSE and linear−MLS). Note that the absolute difference contours are not equally spaced.
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equatorial, winter and summer case respectively.
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Fig. 18.Mean temperature biases (left) and scatter (right) between
the MIPAS linear retrieval, MORSE (solid) and MLS (dashed). The
grey dashed line shows a 3 K difference. The number of profiles
compared in each bin for the MLS comparison were 40, 2918 and
3159 for the equatorial, winter and summer case, respectively.

Currently, for eachpT linearisation point there is one CH4
profile associated with it. However, it should be noted that,
tentatively, for eachpT linearisation point, different CH4 sce-
narios can be simulated. At each scan, a retrieval will be per-
formed for each scenario and the one that best minimises the
χ2 suggested in Sect.7.3(Eq.21) used as solution.

7.6 VMR results

Figure19displays the zonal mean CH4 comparison between
the linear retrieval and MORSE for 7 June 2007. It also dis-
plays the IG climatology (Remedios et al., 2007) for that pe-
riod, not to be confused with the linearisation points used
(displayed in Fig.15). As shown, the linear retrieval displays
the structure found in the climatology and in MORSE with
higher values around the equator; however, as seen in the per-
centage difference subplot, the linear retrieval seems to over-
estimate the CH4 concentration by around 20 % for pressures
between 10 and 1 hPa.

Figure 20 displays a profile-by-profile comparison be-
tween the linear retrieval and MORSE for the same days as in
Sect.7.4. As can be seen the linear retrieval is always over-
estimating the CH4 concentrations. Figure21 shows VMR,
pressure and temperature zonal meanx − x0 “distances”, or
in other words the separation between the retrieved atmo-
spheric state and the linearisation points used. For most alti-
tudes and latitudes, these “distances” are greater than the re-
quirements to fall within the linear regime (see Sect.4), sug-
gesting that the linear retrieval results should improve once a
more reasonable linearisation point climatology is used.

In the case where the linearisation point is not a good rep-
resentative of the atmospheric state, the linear retrieval re-
sults may be used as a first iteration in an iterative scheme, or
if the linear retrieval error is greater than the expected clima-
tological variation, the iterative scheme can be used starting
from the best initial guess available.
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Fig. 19. CH4 zonal mean for the 7th June 2007 for climatology, MORSE and the MIPAS linear
retrieval. The top row displays climatology and MORSE while the bottom row displays the
MIPAS linear retrieval results as well as the percentage difference between the two retrievals
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Fig. 19.CH4 zonal mean for 7 June 2007 for climatology, MORSE and the MIPAS linear retrieval. The top row displays climatology and
MORSE, while the bottom row displays the MIPAS linear retrieval results as well as the percentage difference between the two retrievals
(linear−MORSE).
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Fig. 20. Mean CH4 bias (left) and scatter (right) between the MIPAS linear retrieval and
MORSE. The gray dotted line shows the expected equatorial CH4 variability. The gray dashed
line shows a 3 K difference.
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Fig. 20. Mean CH4 bias (left) and scatter (right) between the MI-
PAS linear retrieval and MORSE. The grey dotted line shows the
expected equatorial CH4 variability. The grey dashed line shows a
3 K difference.

Since CH4 does not possess pure rotational bands and
hence no microwave signature in the spectrum, a compari-
son against MLS is not possible. A comparison against other
instruments was considered unnecessary at this stage due to
the clear overestimation (considering the differences against
the IG climatology and MORSE) of the linear CH4 retrievals.

8 Retrieval speed

An important feature of the linear retrieval is its speed. Since
there is no need to run the radiative transfer model, once the
error covariance matrices are inverted (only needed once a
day), the main time-consuming processes are the assimila-
tion of the data into the retrieval and the inversion of the mul-
tiple linearisation points (five in the current configuration of
the scheme). Using the same computer to run MORSE and
the linear retrieval, it has been determined that the linear re-
trieval is faster than MORSE at least by a factor of 20 (re-
ducing the processing time of a day of middle atmosphere
data from days to a couple of hours on a single CPU) when
retrievingpT and CH4. Furthermore, it should be noted that
speed of the linear retrieval can be improved by retrieving
only some of the linearisation points, selecting them accord-
ing to the time and latitude of the scene.

9 Conclusions

An alternative algorithm to retrieve temperature, pressure
and composition from limb-viewing infrared spectrometers
has been introduced. This algorithm performs the inversion
without rerunning the radiative transfer model as long as the
linearisation point is close enough to the scene conditions.
This new algorithm can use the whole spectral band of the
molecule rather than a small subset of it (the microwindows)
and therefore, theoretically, leads to a higher precision.

It was shown that the retrievals of pressure and temper-
ature can be treated linearly up to a 20 %x − x0 “pressure

www.atmos-meas-tech.net/6/1381/2013/ Atmos. Meas. Tech., 6, 1381–1396, 2013
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Fig. 21.VMR, pressure and temperaturex −x0 “distances” (in percentage or Kelvin) for 7 June 2007. Note that the “distance” contours are
not equally spaced. Also (bottom right corner), the CH4 linear approximation error, computed using equation16, is shown.

distance” for a 3 % error margin and up to 10 K “distance”
for a 3 K error margin near the stratopause and less than 0.5 K
elsewhere.

Assuming perfectpT knowledge, it was shown that the
CH4 concentrations can be treated linearly up to ax − x0
“distance” of 20 % CH4 concentration for a 2 % error mar-
gin. However, since the linear algorithm requires precom-
puted simulated spectra and Jacobians for thepT and CH4
conditions of the linearisation points, adjustments for thepT
dependence of the simulated spectra and Jacobians have been
proposed. These CH4 pT adjustments hold up to a 10 K and
20 % pressurex−x0 “distance” with an error margin of 20 %
and 10 %, respectively.

In order to fulfill all these restrictions (i.e. the required
proximity between the linearisation point and the true pro-
file) a pT and CH4 climatology with a latitudinal resolution
of at least 20◦ of latitude is suggested. Furthermore, it was
also shown how to select the best retrievals from different
linearisation points for regions where a single linearisation
point is unlikely to be adequate.

This retrieval scheme was implemented using MIPAS ra-
diances and compared to the results of the MIPAS iterative
scheme MORSE and the results of MLS.

ThepT comparisons revealed that linear retrieval is within
a 3 K range difference on average for pressures greater than
0.1 hPa, while for lower pressures there seems to be an over-
estimation of the temperature by the linear scheme up to 5 K.
The CH4 comparisons showed that the linear retrieval is over-
estimating the CH4 concentrations. This overestimation may
be due to the lack of proper linearisation points climatology,

especially considering the CH4 retrieval temperature require-
ments to fall within the linear regime.

Even if the linear retrieval is not as precise as required, it
has proven its potential to be close to the actual scene condi-
tions that they may be used as the first iteration of the iterative
schemes, thereby reducing the processing time.

Appendix A

Linearising the forward model

The radianceIν measured by an instrument is given by

Iν =

∫
ν

∫
ω

Fνdν ∗ 8dω ∗ Lν, (A1)

whereν is wavenumber,ω is solid angle,Fν is the instrument
spectral response,8 is the field of view andLν is the radi-
ance that reaches the satellite given by the radiative transfer
equation

Lν = L0ντν(x) +

x∫
0

Bν(T )
d

dx′

(
τν(x

′)
)
dx′, (A2)

wherex is distance along the path,L0ν represents the back-
ground emission at the end of the path (negligible for the
infrared region of the spectrum),Bν(T ) is the Planck func-
tion, which describes the thermal emission of the atmosphere
(assuming local thermodynamic equilibrium and neglecting
scattering) andτν is the transmittance of the path from the
pointx′ to the spacecraft (x = 0). This quantity is defined by

Atmos. Meas. Tech., 6, 1381–1396, 2013 www.atmos-meas-tech.net/6/1381/2013/



L. Mill án and A. Dudhia: Linear retrieval for IR high-resolution limb sounders 1395

τν(x) = exp(−χ(xν)) (A3)

and

χν(x) =

x∫
0

∑
j

v(x′)σν(x
′)ρ(x′)dx′, (A4)

whereχν is the optical thickness of the path,j corresponds
to the j th absorber with absorption coefficientσν , volume
mixing ratiov and densityρ.

Assuming a stratified atmosphere, the numerical integra-
tion of Eqs. (A2) and (A3) can be formulated as

Lν = L0ντ0ν +

∑
i

Bν(Ti)[τν(i−1) − τν(i)] (A5)

and

τν = exp

(
−

∑
i

∑
j

ρi livijσij

)
, (A6)

wherei refers to theith stratified level,τi corresponds to the
transmittance from the satellite up the given stratified level
andli is the length along the path in that level.

Assuming that the path is optically thin (χ � 1), it can be
shown that Eq. (A6) can be approximated by

Lν '

∑
i

Bν(Ti)ρi li

(∑
j

vijσν(ij)

)
(A7)

and using the ideal gas law by

Lν '

∑
i

Bν(Ti)
pi

RTi

li

(∑
j

vijσν(ij)

)
, (A8)

which is the “most” linear scenario of the radiative trans-
fer (except in the microwave region of the spectra where
Bν(T ) ' T , and hence much of the temperature dependence
cancels) and still involves the product of atmospheric varia-
tions depending onT , p, v andσν .

However, assuming that the spectral sampling of the in-
strument ('0.5 cm−1) is coarse relative to the actual line
width ('0.001 cm−1 in the upper stratosphere) we can as-
sumeσν independent ofp, T or v. Under this scenario,
Eq. (8) implies that when the path is optically thin, the for-
ward model is linear with respect top, v andBν(T )/T .
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