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Abstract

The aim of this study is to experimentally demonstrate that the time-average Doppler
spectrum of a continuous-wave lidar is proportional to the probability density function
of the line-of-sight velocities. This would open the possibility of using cw lidars for a
precise determination of the second-order atmospheric turbulence statistics. An atmo-5

spheric field campaign and a wind tunnel experiment are carried out to show that the
use of an average Doppler spectrum instead of a time series of velocities determined
from individual Doppler spectra significantly reduces the differences with the standard
deviation measured using ordinary anemometers, such as ultra-sonic anemometers or
hotwires. The proposed method essentially removes the spatial averaging effect intrin-10

sic to the cw lidar systems.

1 Introduction

Doppler lidars cannot precisely estimate the wind velocity fluctuation statistics because
of the large averaging volume. Many engineering applications such as the load estima-
tion on buildings, and in particular loads on wind turbines, use point-wise measure-15

ments to characterize the turbulence at the site of the structure. To be consistent with
the building and the wind turbine codes it is desirable to have the lidars compensate
for the averaging effect.

Many authors devise methods to measure turbulence statistics such as spectra,
variances or the energy dissipation. The methods for estimating the energy dissipa-20

tion (Frehlich and Cornman, 2002; O’Connor et al., 2010) typically assume a spectral
shape, e.g. the Kolmogorov or von Kármán spectrum, and combine that with detailed
knowledge about the line-of-sight (los) weighting function to derive this small-scale tur-
bulence quantity. Similarly the effects of averaging over the measurement volume are
sometimes estimated using considerably complicated turbulence models. This is done25

for both single-beam systems (Drobinski et al., 2000; Lothon et al., 2009; Sjöholm
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et al., 2009) and multiple-beam systems (Mann et al., 2009). For the variances, Sathe
et al. (2011) investigated the effect of averaging of conically scanning Doppler lidars.
These lidars, which included both pulsed and continuous-wave (cw) systems, provided
the three components of the velocity every few seconds by combining the los velocities
obtained from the scans, and they are used widely by the wind energy industry (Smith5

et al., 2006; Emeis et al., 2007). Sathe et al. (2011) showed that the spatial averag-
ing and the way los velocities are combined had a dramatic influence on the standard
deviation of the velocity components, while Sathe and Mann (2012a) showed similar
influences on the measured turbulence spectra. The vertical component variances are
highly underestimated by the lidars, while the variances of the horizontal components10

are underestimated under stable conditions and overestimated under unstable condi-
tions. The amount of under- or overestimation depends on the height in different ways
for the two systems. Pichugina et al. (2008) showed that the calculation of the horizon-
tal velocity variance depended on various parameters controlling the both the temporal
and spatial averaging in a vertical-slice scanning pulsed lidar. In all of the above inves-15

tigations the Doppler velocity is derived from the Doppler spectrum, and then a sta-
tistical analysis of these Doppler velocities is carried out. In the present contribution,
we average the Doppler spectra directly without calculating the Doppler velocities first.
Following this approach, Mann et al. (2010) devised a method to circumvent the aver-
aging effect completely for the vertical flux of the horizontal momentum for a conically20

scanning cw lidar. The method was based on the assumption that the Doppler spec-
trum averaged over an extended time period is equal to the probability density function
(pdf) of the weighted los velocities in the measurement volume. The velocities are ad-
justed with a certain weighting, which for an untruncated, focused Gaussian beam is
well approximated by a Lorentzian function (Sonnenschein and Horrigan, 1971).25

The purpose of the present study is to experimentally verify the assumption that the
average Doppler spectrum of a cw lidar is proportional to the pdf of the los velocities in
order to promote the possibility of using lidars for precisely estimating the second-order
turbulence statistics.
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A field measurement campaign was carried out at Risø where a ZephIR prototype
(Smith et al., 2006) was mounted on a parked Vestas V27 turbine nacelle staring hori-
zontally upwind towards a mast-mounted sonic anemometer (Angelou et al., 2012b).

A wind tunnel experiment was performed in order to investigate what other effects
than turbulence might contribute to the width of the mean Doppler spectrum. Further,5

in the wind tunnel, by adding a grid, we generated turbulence with a small length scale
of the order of a few centimeters. Under these conditions the averaging effect of the
lidar was considerably larger than in the field experiment and the advantage of deriving
turbulence statistics from the average Doppler spectrum was more evident.

Following the work of Mann et al. (2010) the method and assumptions used for deter-10

mining the wind statistics from the Doppler spectra are presented in Sect. 2 along with
considerations about possible additional spectral broadening. Some practical aspects
of the manipulation of raw Doppler spectra are discussed in Sect. 3. In Sects. 4 and 5,
the field and wind tunnel experiments are described, followed by a presentation of the
different results and discussions.15

2 Lidar Doppler spectra for wind analysis

Commercial lidars are commonly used as anemometers in which the velocity is directly
calculated by the internal software provided by the lidar’s manufacturer. This velocity
is obtained from the Doppler spectrum by various estimation techniques. The use of
Doppler spectra for accessing the statistics of the los velocity at the focus point of20

the lidar will be discussed. Under some assumptions, it will be seen that the spatial
averaging of the lidar can be circumvented.

2.1 Lidar Doppler spectra

The los is oriented by a unit vector n in the direction of emission. The beam waist or
focus point is located at a position x in space corresponding to a radial position s = 025
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along the los. The radial velocity (or los velocity) measured by the lidar is assumed to
be a weighted average of all the velocities along the los; therefore,

vr(x) =

∞∫
−∞

ϕ(s)n ·u(sn+x)ds, (1)

where ϕ is the lidar weighting function and u is the three-dimensional velocity field. For5

the ZephiR lidar, and for any well constructed cw lidar, this function is well approximated
by a Lorentzian (Smith et al., 2006; Angelou et al., 2012b).

In practice, the lidar measures the frequency difference ∆f between the emitted
beam and the back-scattered radiation from atmospheric aerosols. To assess this fre-
quency difference, the beat signal between the local oscillator and the backscattered10

radiation is Fourier transformed and absolute squared in order to obtain a spectrum de-
noted as S(f ). The determination of the center frequency is not completely straightfor-
ward as discussed in Sect. 3.1. The frequency shift assessed into the spectral domain
is converted to the wind radial velocity vr(x) using

∆f
f

= 2
vr

c
⇒ vr =

1
2
λ∆f , (2)15

with f , λ and c being the frequency, wavelength, and speed of light, respectively. Using
Eq. (2), we can express the Doppler spectrum in terms of velocity: S(vr).

2.2 Average lidar Doppler spectra

In this section, the mathematical formalism related to the time averaging of the Doppler20

spectra is introduced.
Mann et al. (2010) made a simple assumption about the connection between spectra

and velocity distribution: the Doppler power spectral density corresponding to a velocity
vr is taken as the sum of the contributions of all the radial velocities equal to vr along
the beam weighted by the spatial averaging function ϕ:25
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S(vr) =

∞∫
−∞

ϕ(s)δ(vr − vr(s))ds. (3)

It should be noted that in the above equation, the spectrum is assumed to be normal-
ized to unity for the sake of simplicity. The Doppler spectra are averaged for a given
period, and this time averaging is denoted by 〈 〉. The average spectra are as follows:5

〈S(vr)〉 =
∞∫

−∞

ϕ(s)p(vr|s)ds, (4)

where p(vr|s) is the probability density function (pdf) of the radial velocities at a radial
position s on the beam during the time period investigated.

Mann et al. (2010) pointed out that if the pdf of the velocities does not depend on the10

position s, then p(vr|s) = p(vr) and Eq. (4) becomes:

〈S(vr)〉 = p(vr) . (5)

In the two experiments considered in this paper, the beam direction is in a homoge-
neous direction, meaning that the statistics of the velocity does not change along the15

beam, and Eq. (5) is valid. In Mann et al. (2010), the mean wind speed changes along
the beam; hence if p(vr|s) depends on s, Eq. (4) must be used instead of Eq. (5).

2.3 Other sources of spectral broadening

Scanning the lidar beam through the atmosphere or staring at an angle as compared
to the direction of the wind flow will lead to spectral broadening of the signal even if the20

flow itself is perfectly homogeneous. This is essentially because the time a scattering
particle (or aerosol) is illuminated by the lidar beam is limited. The bandwidth of the
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signal is inversely proportional to the time that an aerosol takes to move through the
beam diameter. We perform a simplified analysis of how this affects the spectrum by
assuming that the aerosol passes the beam close to the focus. We ignore the Doppler
shift itself and focus on the width of the Doppler spectrum.

The cross section of the electric field in the focus point of the beam can be described5

by a centered Gaussian

E (x) ∝ exp

[
−
(

x
w0

)2
]

, (6)

where w0 is the beam waist radius (1/e2 half-width) of the optical power, which is the
square of the electrical field, and x is the position perpendicular to the beam. The time10

scale for a scatterer moving perpendicular through the beam waist is

τ =
w0

vpart
, (7)

where vpart is the relative velocity between the focus point and the particle. The voltage,
generated by the detector, will also be a Gaussian as a function of time15

V (t) ∝ exp

[
−
(
t− t0
τ

)2
]

, (8)

where t0 is the random timing of the aerosol transit. In the frequency domain, the
detector output becomes

V (f ) ∝ exp
[
−(πτf )2

]
e2πift0 , (9)20

and hence, the power spectrum S(f ), which is the mean absolute square of the above,

becomes proportional to exp
[
−2(πτf )2

]
. Therefore, the 1/e2 full-width, or the so-called

spectral bandwidth, is
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fBW =
2
πτ

=
2vpart

πw0
. (10)

An additional effect that widens the Doppler spectrum is the finite time T used as
a window in the Fourier analysis of the detector signal. Now, the detector signal be-
comes5

V (t) ∝ exp

[
−
(
t− t0
τ

)2
]
Π(t/T ), (11)

where Π(t/T ) is the rectangle function, i.e. 1/T for t ∈
[
−T/2,T/2

]
and zero otherwise.

Fourier transforming this gives

V (f ) ∝
T/2∫

−T/2

exp

[
−
(
t− t0
τ

)2
]

dt10

∝ e2πif t0 exp
[
−(πf τ)2

]
×
[

erf
(

1
2
T
τ
−
t0
τ
− iπf τ

)
− erf

(
1
2
T
τ
+
t0
τ
+ iπf τ

)]
, (12)

where erf is the error function of a complex argument. Taking the mean square of this
equation implies averaging over the random time t0, so

S(f ) ∝ exp
[
−2(πf τ)2

]
×

∞∫
−∞

∣∣∣∣erf
(

1
2
T
τ
−
t0
τ
− iπf τ

)
+erf

(
1
2
T
τ
+
t0
τ
+ iπf τ

)∣∣∣∣2

dt0, (13)15

where the integral has to be calculated numerically. The resulting spectral shapes
approach a Gaussian for T � τ and a sinc2 for T � τ. By fitting a Gaussian to
Eq. (13) to obtain the 1/e2 full-width with the parameters of the wind tunnel experi-
ment (w0 = 57 µm, using Eq. 7 to get τ and T = 5 µm), we obtain the resulting widths20
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shown in Fig. 11 together with the relation Eq. (10). Parallel considerations may be
found in Kristensen et al. (2011).

The derivation presented here is only approximate. The aerosols do not necessarily
pass through the focus point, and it is not guaranteed that only one aerosol passes the
volume during each spectral calculation. The purpose of the derivation is to show the5

proportionality under non-turbulent flow conditions of the Doppler spectral width with
the wind speed as expressed in Eq. (10), and the small additional offset due to the
Fourier analysis time T .

3 Problems raised by the manipulation of raw spectra

3.1 Determination of the frequency10

Determining the radial velocity vr from the lidar Doppler spectra is in reality more com-
plex than stated in Eq. ( 2). The averaging of the Doppler spectra allows a better signal-
to-noise ratio, and this first averaging step is carried out internally by the lidar. Once
the signal is sufficiently significant, the challenge lies in the determination of the main
frequency of the spectrum. The different techniques employed by the manufacturers15

are beyond the scope of this paper. Nevertheless, a method to determine the main
frequency of the spectrum had to be used for this study and a choice had to be made
between three different methods. First, the frequency can be considered to correspond
to the maximum power spectral density. Secondly, the frequency can be considered
the barycenter of the power density. Finally, the frequency can be determined as the20

median of the spectrum. This last method has been used in the analysis of the lidar
spectra presented here to determine the lidar wind speed time series (also see Angelou
et al., 2012a).
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3.2 Different scaling for the lidar spectra

Post processing of the raw ZephIR lidar spectra is required prior to the application of the
frequency estimator method used to derive the Doppler shift. The first step is to divide
the spectrum with the background noise spectrum in order to obtain a flat background.
Then, the background noise of the spectrum is removed, and for convenient storage,5

the signals are scaled so that they take values in the same range. These two steps are
performed as follows:

Each frequency spectrum S(f ) output by the lidar is scaled and stored in a database
according to

SDB(f ) = 255×
S(f )−Snoise

Smax −Snoise
= αS(f )+β . (14)10

The noise threshold level Snoise is determined on an interval away from the frequency
corresponding to the maximum of the spectra Smax. The Doppler shift signal is indeed
expected to be where the spectra are maximum so that far from this maximum, the
spectra consist of the flat background noise. The noise threshold is given by the mean15

plus, somewhat arbitrary, three times the standard deviation of the spectra on this in-
terval. The spectra stored in the database SDB take values between 0 and 255.

At this stage, all database spectra have the same amplitude for a convenient storage,
but prior to averaging them over ten or thirty minutes, the spectra are scaled a second
time by division with another scaling factor α∗. For this second stage three different20

scaling methods are considered. The first possibility is to keep the database spectra
as they are (α∗ = 1) implying the same contribution to the average spectra from signals
with low backscatter and signals with high backscatter. Another possibility is to scale
back the database spectra to get to the original lidar spectra without noise (α∗ = α).
Finally, the third option involves normalizing each spectrum by its area (α∗ =

∫
SDB(f )df )25

assuming a constant energy content for all the spectra. After scaling, the frequency
spectra are converted to velocity spectra according to Eq. (2), then averaged over
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a given period, typically 30 min, and normalized to have unit area. All methods were
tested on the field experiment described in Sect. 4, and as later described the last
method was slightly superior, and was applied for the wind tunnel experiment in Sect. 5.

4 Field experiment

The field experiment used to validate Eq. (5) and show the benefit of analyzing average5

Doppler spectra for turbulence statistics will be described in this section.
From April 2009 to December 2009 a measurement campaign was carried out at

the DTU Risø campus test site where a ZephIR prototype lidar was mounted on the
nacelle of a Vestas V27 wind turbine staring horizontally. During one day, the turbine
was stopped and its yaw locked so that the laser beam focused 1 m above a Metek USA10

sonic anemometer measuring at 32 Hz and located on a meteorological mast 67.5 m
from the lidar. The Metek sonic was corrected offline according to the wind-tunnel-
based calibration provided by the manufacturer (Berg et al., 2011). Refer to Angelou
et al. (2012b) for further details.

The direction of the lidar’s line of sight was determined by performing a correlation15

between the sonic wind speed projected on different angles and the lidar radial velocity
using 10-min statistics. The time series from the lidar and the sonic anemometer were
synchronized using the lidar time series as a reference and determining the time shift
by cross-correlation. Periods where the radial velocity was below 4 ms−1 were ignored
because they are of less relevance for wind energy applications and because at some20

velocity less that 4 ms−1 the precision of the lidar deteriorates.
In this experiment, the lidar stared horizontally over a terrain that had a slight slope

of the order of 2 %. As the first approximation it was assumed that the flow was homo-
geneous along the los. The relation p(vr|s) = p(vr) was hence assumed, and data from
this experiment were used for validating Eq. (5).25
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5 Wind tunnel experiments

Two experiments, one with and the other without turbulence, were carried out in a wind
tunnel.

5.1 Turbulence

To verify the expression given in Eq. (5), a comparison study between a hotwire5

anemometer (HW) and a short-range cw lidar was performed in an aerodynamic wind
tunnel. The wind tunnel had a test section with the dimensions of 7×2.7×1.35 m3

and was capable of delivering wind speeds up to 100 ms−1 (Fischer, 2012). To create
a turbulent airflow, a metal grid was placed in the inlet of the test section. The HW was
a 2-D X-wire probe (Dantec 55P61), and it was placed in the middle of the wind tunnel10

test section measuring two perpendicular components of the wind velocity, one along
the wind and the other in the transverse direcion, at a rate of 25 kHz (Fischer, 2012).
The lidar was a ZephIR 300 cw lidar modified to measure high wind speeds of up to
80 ms−1. However, the most important modification was the replacement of the stan-
dard telescope unit with a smaller and externally connected telescope. This telescope15

had a 1-inch lens that gave the lidar a measurement range of approximately 1–10 m
and was connected to the laser and signal processing unit through a 35 m optical fiber
duplex cable such that it could be mounted inside the wind tunnel with a bulky base
unit placed outside (Pedersen et al., 2012). The lidar stared horizontally into the wind
with the waist of the laser beam placed approximately 2 cm above the HW.20

Two series of tests were conducted in which the tunnel was set to deliver a mean
wind speed of 45 and 55 ms−1, respectively. The hotwire recorded data for 83.9 s at
a rate of 25 kHz while the lidar sampled for 60 s at 50 Hz. From the HW data, the velocity
component in the staring direction of the lidar was calculated, and from this, the pdf was
subsequently calculated by dividing the range from 41–47 ms−1 (or 51–57 ms−1) into25

100 bins and counting the occurrences. For the lidar, two different approaches were
used. In the first approach, the ensemble averaged mean spectrum was calculated as
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described in Sect. 2.2. In the second approach one wind speed is calculated from each
50-Hz Doppler spectrum using the median method, and then, the pdf was found as for
the HW.

5.2 Doppler width in laminar flow

To experimentally examine the spectral broadening due to reduced dwell time, the lidar5

was placed in the wind tunnel without the grid such that a laminar flow was achieved.
This time a telescope with a 2-inch lens was used, and the lidar beam was focused
at a distance of 1.05 m, well inside the boundaries of the test section, and pointed
downwards at an angle of 66.5◦ as compared to the horizontal wind flow. The short
focus range resulted in a tight focus with a waist radius of 52 µm, but because of the10

angle between the direction of the beam and the flow, the effective waist radius was
57 µm. Using this value for the waist radius, we could rewrite Eq. (10) as

fBW = 11163 m−1 · vpart. (15)

The wind speed was ramped up from 10 to 70 ms−1 in steps of 10 ms−1, and the15

data were collected for two minutes in each step. The lidar sampled 50 spectra per
second, and after spectra not containing a wind signal were discarded, approximately
5820 usable spectra were obtained for each step. The spectra were then ensemble
averaged as described in Sect. 3.2 and subsequently a Gaussian distribution was fitted
by a least-squares technique to obtain the width.20

6 Results

In the field experiment described in Sect. 4, the pdf of the radial velocities at the mea-
surement point can be assessed in three different ways using the data from the lidar
and the sonic anemometer. The reference pdf is the one obtained from the wind speed
time series of the sonic anemometer projected on the los of the lidar. From the wind25
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speed time series of the lidar that corresponds to the weighted average of the radial
wind speeds along the beam (according to Eq. 1), another pdf is derived. Eventually,
provided the assumptions that led to Eq. (5), averaging the Doppler spectra from the
lidar during a given period should give an unbiased assessment of the pdf of the radial
velocities at the focus point for this period. Here, the focus is to prove the validity of5

Eq. (5) by the means of the experimental setup on the V27 nacelle at the DTU Risø
campus.

An example of the comparison between the sonic pdf for a given period and the cor-
responding lidar spectra is shown in Fig. 1. As can be seen, the curves follow each
other really well but a small shift is observed. This shift is found from the small differ-10

ence in the mean wind speed measured by the two instruments. This will be further
investigated in the following paragraphs.

6.1 Moments comparisons

The mean is derived from the pdf as

µvr
=

∞∫
−∞

vrp(vr)dvr, (16)15

and the standard deviation as

σ2
vr
=

∞∫
−∞

(
vr −µvr

)2
p(vr)dvr. (17)

Using the wind speed time series from the lidar and the sonic anemometer, we find that20

these moments correspond exactly to the moment obtained by using ensemble aver-
aging over the studied period, which is µvr

= 〈vr〉 and σ2
vr
= 〈v2

r 〉− 〈vr〉
2. The comparison

of the mean radial velocity from the lidar and the sonic shows a really good correlation
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with a slope of 0.993 as shown on Fig. 2. A similar slope (not shown here), but with
a slightly inferior coefficient of determination R2, is found by comparing the mean from
the average spectra calculated with Eq. (16) and the time series of the sonic anemome-
ter. As seen in Fig. 1, this small shift in the mean wind speed is visible when comparing
the pdf. As a result, the small difference in mean is corrected for further comparisons5

of the pdf. The difference in mean is discussed in Sect. 7. The results for the field
experiment concerning the standard deviation will be presented in Sect. 6.3.

6.2 Comparison of sonic pdf with average lidar spectra

Averaging periods from 30 s to 30 min have been investigated for comparisons with the
sonic pdf. Results for 10-min or 30-min periods are presented in the following para-10

graphs as they are reasonable periods for evaluating turbulence statistics and their
resulting pdf is relatively smooth. A correlation method is presented to quantify the
similarity between the sonic pdf and the average Doppler spectra. As the first means
of comparison, the sonic pdf and the average spectra are plotted above each other
as shown in Fig. 3. This instationary case corresponds to a 30-min period where the15

radial velocity decreased significantly, thus explaining the observed double spikes. The
correction for the small difference in mean is taken into account for these plots and it
can be seen that the curves agree impressively well. Such graphical comparisons were
performed for 13 30-min periods and 46 10-min periods, showing similar results.

To quantify the similarities between the shapes of the pdfs, a correlation between the20

curves is performed with the sonic pdf taken as a reference. For the correlation to make
its full sense, the distributions compared are slightly adjusted so that their means cor-
respond. This analysis allowed the comparison of the reference sonic pdf with the lidar
pdf and with the average spectra obtained from the different scaling methods presented
in Sect. 3.2. In total, 46 different 10-min periods and thus 46 different average spectra25

and pdfs were used for the results presented in Fig. 4. For the sake of clarity, only the
results for the method of scaling per area are shown. The correlation from the lidar
wind speed time series pdf showed the lowest correlation with an average coefficient
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of 98.4 %, whereas the average spectra showed an average of 99.5 %. Among the dif-
ferent scaling methods, the method of scaling by area exhibited the best correlation
results with a correlation coefficient 0.1 % higher than the next best method.

These results confirm what was seen graphically; i.e. the average Doppler spectra
and the sonic pdf agree really well, which in turn confirms that the assumption of a con-5

stant probability density function along the horizontal los is fair. Further, this comparison
showed that the average Doppler spectra showed closer resemblance to the sonic pdfs
than the lidar pdfs did. This emphasizes the potential of the method in circumventing
the effect of the spatial averaging effect.

6.3 Standard deviation10

The interesting aspect of the analysis of the Doppler spectra under the assumption of
a constant probability density function of the radial velocities along the los lies in the
fact that the spatial averaging is removed. In this case, the spatial averaging inherent to
the physics of the lidar disappears when the lidar spectra are averaged, whereas it is
present when the lidar wind speed time series is used. This issue is critical for the de-15

termination of turbulence statistics. It has been observed and derived that the standard
deviation measured by the lidar has an inherent systematic error due to this spatial
averaging (Mann et al., 2009; Sjöholm et al., 2009; Angelou et al., 2012b). To illustrate
the benefit of the present method, the wind speed standard deviation obtained from the
lidar time series is compared to the standard deviation calculated using Eq. (17) on the20

average Doppler spectra. The standard deviations obtained are expressed with respect
to the standard deviation measured by the sonic anemometer as shown in Fig. 5.

For this figure all the 46 10-min periods available were used. It is seen that the
standard deviation from the average spectra systematically shows a better agreement
with the sonic standard deviation. The gain of this method is hence obvious for the25

determination of the turbulence statistics.
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6.4 Wind tunnel turbulence

We now present the results from a similar comparison in the wind tunnel.
Figure 6 shows the resulting pdfs based on the HW (blue) and lidar (green and red)

measurements as described above. All three measurements find essentially the same
mean wind speed of approximately 44.3 ms−1 (see Table 1), but clearly the width of the5

pdf based on wind speeds from velocity determination from individual Doppler spectra
(red) stands out from the other two. This pdf is considerably narrower than the other
two with a standard deviation of 0.30 ms−1 as compared to 0.56 ms−1. This is due to
the spatial averaging inherent to the lidar as described above. The HW pdf and the lidar
mean spectrum, however, are seen to resemble each other very well also with respect10

to their widths which are 0.5647 and 0.5634 ms−1, respectively.
The same tendency is clearly seen in Fig. 7 showing the results of the second test

series where the tunnel was set to deliver a mean speed of 55 ms−1. Again, the widths
of the HW pdf and the lidar average spectrum are found to match each other very well
with standard deviations of 0.6729 and 0.6747 ms−1, respectively, while the lidar pdf15

is considerably narrower with a width of 0.3206 ms−1. However, it is also seen that
the mean wind speeds estimated by the HW and the lidar deviate by approximately
0.18 ms−1 from each other or by approximately 0.3 %.

Table 1 summarizes the results for all turbulence runs in the wind tunnel. The wind
tunnel is equipped with a heat exchanger, which, as a side effect, removes aerosols.20

Therefore, a tiny quantity of smoke was introduced into the tunnel flow prior to the ex-
perimental runs. The sequence of runs in Table 1 thus corresponds to smaller and
smaller aerosol loading. The average wind speeds derived from the lidar average
Doppler spectrum and the histogram of lidar velocities are, as expected, virtually identi-
cal. The difference from the mean from the hotwire varies from 0 to 0.6 %. The standard25

deviations from the average Doppler spectra are vastly superior to the ones obtained
from the time series of lidar velocities. The performance of the lidar deteriorates from
run 1 to run 7 most probably because the particle concentration in the wind tunnel
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decreases as a function of time. This progression can also be seen on the pdfs shown
in Figs. 6, 7, 8, and 9.

6.5 Laminar wind tunnel flow

We now discuss the very narrow Doppler spectra obtained in the non-turbulent ex-
periments in the wind tunnel. Figure 10 shows the ensemble mean of the 5824 valid5

spectra recorded at the pre-set speed wind speed of 50 ms−1, which is the equivalent
to 45.3 ms−1 perpendicular to the beam. The Gaussian fit used for deriving the width
of the average Doppler spectrum is also shown.

The procedure for obtaining the width is now repeated for every wind speed, and
Fig. 11 shows the 1/e2 width of the fitted Gaussian as a function of wind speed per-10

pendicular to the beam together with the simple theoretical prediction given in Eq. (15)
and the prediction based on Eq. (13). The distributions are seen to be slightly wider
than those predicted by Eq. (13). A possible explanation for this is that the flow in the
wind tunnel may not be completely laminar, which could add to the width. According
to Fischer (2012), the turbulence level in the “laminar” wind tunnel is very difficult to15

measure, but it seems that it is less than 0.2 %. For a mean wind speed of 50 ms−1, it
would correspond to a maximum standard deviation of 0.1 ms−1. This corresponds to
a frequency shift of 132 kHz, which is of the same order as the difference between the
theoretical and the measured values. Therefore, by comparing the measurements and
the theoretical curve of Fig. 11, we cannot rule out the possibility that weak velocity20

fluctuations in the wind tunnel account for the additional spectral width.

7 Discussion

The cw lidars used in these investigations performed at least as well as other similar
investigations with respect to the mean wind speed (Wagner et al., 2011; Gottschall
et al., 2012). The differences in the mean measured by the sonic are generally less25
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than 1 %, and around 0.1 % for the hot-wire in the wind tunnel. These small differences
are of no concern here. It is the ability of the cw lidar to measure wind fluctuations by
the use of the average Doppler spectrum, which is the central issue of this paper.

The graphical comparisons of the sonic pdf and the average Doppler lidar spectra
showed a strong agreement between the two curves; this agreement was also con-5

firmed by the correlation analysis. The comparison in the wind tunnel between the
pdf from the hotwire and the average Doppler spectrum from the cw lidar was equally
encouraging. In both experiments, the agreement with the average Doppler spectrum
was significantly better than the pdf based on lidar derived velocities, see for example
Fig. 6, implying that the spatial averaging could be circumvented. In the wind tunnel10

experiment, the difference between the methods of obtaining turbulence statistics from
the lidar is very pronounced because in this case, the scale of the turbulence is of the
order of the full-width half-maximum length of the cw lidar. In the atmosphere at the fo-
cus distance used in this experiment (67.5 m), the measurement length is smaller than
the turbulence length scale; therefore, the difference between the methods is not huge.15

However, it should be kept in mind that the measurement length increases quadrati-
cally with an increase in focus distance (Smith et al., 2006); hence, the benefit of the
method will be more significant at relatively long focus distances.

We have also shown that neither the transit time nor the finite time period of the
Fourier analysis significantly widens the average Doppler spectrum. For wind speeds20

perpendicular to the laser beams of 70 ms−1, spectral widths of up to 1 MHz were ob-
served, but that relatively large width was obtained for an extremely small beam radius
and in a very homogeneous flow. For very low wind speeds, the spectral width is dom-
inated by the rectangular window function imposed by the sampling of the signal. This
width is less than two frequency bins in the digitized spectrum and is thus considerably25

smaller than what is usually seen in the measurements of atmospheric wind speeds.
For a conically scanning cw lidar, wind speeds perpendicular to the beam can eas-
ily exceed the maximum speed tested here because of the normally long focus ranges
and resulting circumference of the scanned disc. However, a relatively long focus range
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will also lead to a relatively large beam waist radius. For example, for a ZephIR lidar
focused at 100 m and with a scan rate of 1 s, the tangential scan speed will be ap-
proximately 160 ms−1, but the waist radius of approximately 2 mm and the spectral
bandwidth will be dominated by the window function. Notice also that because the tan-
gential speed and the waist radius both increase linearly with focus distance, this is5

true for all ranges. Therefore, for spectral broadening to severely affect the recorded
Doppler spectrum substantially higher scan rates are required.

For the method of average Doppler spectra to be really useful, it must be applica-
ble in situations where the flow changes statistically along the laser beam. This was
shown in Mann et al. (2010) for some statistics including the covariance between the10

horizontal and vertical velocity components, but remains to be verified for other impor-
tant statistical quantities such as various variances relevant for siting of wind turbines
in natural terrain. The first attempt of proceeding in this direction is presented in Sathe
and Mann (2012b).

8 Conclusions15

The advantage of using average Doppler spectra for the study of wind statistics was
confirmed by field and wind tunnel experiments. The hypothesis that the lidar average
Doppler spectrum is related to the probability density function of the radial velocities
in the vicinity of the focus point was confirmed as well. This expected relation was an
identity if the flow was homogeneous along the los, which was the case for both the20

field and the wind tunnel experiments.
The benefit of using the method of average Doppler spectra for the determination of

standard deviation was proved as it significantly reduced the differences in the stan-
dard deviation measured with ordinary anemometers by removing the spatial averaging
effect.25
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Table 1. Mean wind speeds and widths for the different instruments and analysis methods.
Dimensional variables are in meters per second.

Run vset 〈v〉 σ
HW Lidar avg. Lidar hist. HW Lidar avg. Lidar hist.

1 45 44.2249 44.2765 44.2668 0.5647 0.5634 0.3000
2 55 53.9259 54.1091 54.1015 0.6729 0.6747 0.3206
3 45 44.2914 44.2914 44.2749 0.5539 0.5329 0.2257
7 45 44.0622 44.3158 44.2610 0.5626 0.5171 0.2905
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Fig. 1. Comparison of sonic pdf with the corresponding lidar average spectra for a period of
30 min.
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shown. Data are obtained during the day of 5 May 2009.
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averaged lidar spectrum. See Table 1.
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Fig. 7. Same as Fig. 6, but for run 2.
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Fig. 8. Same as Fig. 6, but for run 3.
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Fig. 9. Same as Fig. 6, but for run 7.
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Fig. 10. Example of ensemble averaged Doppler spectrum together with a Gaussian fit obtained
at a nominal wind speed of 50 ms−1.

1976

http://www.atmos-meas-tech-discuss.net
http://www.atmos-meas-tech-discuss.net/6/1943/2013/amtd-6-1943-2013-print.pdf
http://www.atmos-meas-tech-discuss.net/6/1943/2013/amtd-6-1943-2013-discussion.html
http://creativecommons.org/licenses/by/3.0/


AMTD
6, 1943–1977, 2013

Wind statistics from
the average spectrum

of a cw lidar

E. Branlard et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

0 10 20 30 40 50 60 70
0

1

2

3

4

5

6

7

8

9

10

11
x 105

Wind speed [m/s]

G
au

ss
ia

n 
1/

e2 −
w

id
th

 [H
z]

 

 
Measurement
Theory
Convolution

Fig. 11. Spectral bandwidth as function of wind speed. The measured values are represented
by the dots, while the green and black curves indicate the theoretical values.
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