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Figure 7. Illustration of solution’s trajectory in the posterior height determination (PHD). a) The heavy solid curve represents the true 
refractivity sounding. The solid line with open-headed arrows around 2.8 km, denoted .(9), indicates the actual trajectory (i.e., connected 
line of positions) of potential solutions for a given refractional radius (or true height). PHD relocates the solutions, making the trajectory to 
be interpreted as the dotted, slanted line next to . ,|9 . b) Magnified view of a relocation in the rectangular inset in a). In this example, the 5 
solution P is smaller than the true refractivity T and is thus relocated to Pß, which is from the true radius , to a higher location ,ß since , =
"-)5. This leads the apparent error PßTß  to be smaller than the true error PT . The slope of PßT is constant, -157 km-1, regardless of the 
true height or the size of true error as shown by the dotted lines in a). See text for more details.  
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Figure 8. An illustrative example of true error versus apparent error. a) Black lines represent the true refractivity (solid) and a hypothetical 
solution (dashed) in the refractional radius coordinate. The hypothetical solution is set to be 5 % larger than the true refractivity in all heights. 
Red lines indicate those in the height coordinate, the true refractivity (solid) and the solution (dashed). b) The vertical gradient of the true 
refractivity. c) The true error (dashed black) and apparent error (dashed red), which are defined as the departure from the true refractivity in 
the same coordinate, i.e., dashed line minus solid line of the same color in a).  15 

dN(r|a)/dr=-157 km-1

N(a)
δδN

N(r’)

δδ r = -10-6·δδN·r

T’

TP

P’

N(a) + δδN

N(a)
N(r|a)

NT

A

B

Deleted: 5:50 
Formatted ... [66]
Deleted: in (a) is

Formatted ... [67]
Formatted ... [68]
Deleted: track

Formatted ... [69]

Deleted: impact parameter 

Formatted ... [70]
Deleted: solution

Formatted ... [71]

Deleted: track55 

Formatted ... [72]
Deleted: dashed

Formatted ... [73]

Formatted ... [74]
Deleted: (
Formatted ... [75]
Deleted: shows an example

Formatted ... [76]
Deleted: the

Formatted ... [77]
Deleted: .60 
Formatted ... [78]
Deleted: the

Formatted ... [79]
Deleted: ; therefore, P

Formatted ... [80]
Deleted: ®ß 
Formatted ... [81]
Deleted: ∏
Formatted ... [82]
Deleted: ∏ß65 
Formatted ... [83]
Deleted: 9
Formatted ... [84]
Deleted: ®ß©ß

Formatted ... [85]
Deleted: ®©
Formatted ... [86]
Deleted: ®ß©
Formatted ... [87]
Deleted: dashed70 
Formatted ... [88]
Deleted: (
Formatted ... [89]

Deleted: 

4.0

4.4

4.8

5.2

Im
pa

ct
 h

ei
gh

t [
km

]

200 220 240 260 280 300
Refractivity [N−unit]

a

2.0

2.5

3.0

3.5

4.0

H
ei

gh
t [

km
]

NT(a)
N (a)
NT(r)
N (r)

2.0

2.5

3.0

3.5

4.0

−150−100 −50 0 50
dN/dz [km−1]

b

2.0

2.5

3.0

3.5

4.0

0 2 4 6
Refractivity error [%]

c

4.0

4.4

4.8

5.2

Im
pa

ct
 h

ei
gh

t [
km

]

N(a)
N(r)

Formatted ... [90]

Formatted ... [91]

Formatted ... [92]
... [93]

Formatted ... [94]

Formatted ... [95]

Formatted ... [96]

Formatted ... [97]

Formatted ... [98]

Formatted ... [99]



 

35 
 

 

Figure 9. Location of COSMIC soundings (red dots) collocated with the operational radiosonde soundings in latitudes between 35° S and 
35° N for the period from 17 February 2007 to 7 November 2010. 

 

Figure 10. Comparison with collocated operational radiosonde data (ORD). a) Mean difference from ORD of CDAAC’s refractivity derived 5 
via Abel inversion (thick dark grey line, denoted AI), ECMWF’s 12h forecast (solid blue) and 24h forecast (dashed green), and VR-produced 
refractivity for which 12h (solid red) or 24h (dashed gold) forecast is used as the background. The unit used here is %, i.e., the percentage 
with respect to the mean value of ORD. b) Same as in a) except for the standard deviation. The inset shows the difference from AI in the 
standard deviation from ORD. c) Number of samples used in the comparison. Note that scales of the x-axis in b) and c) are not linear. 
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Figure 11. Location of US-owned HVRRD stations used in this study. The stations are classified into three latitudinal regions: the tropics 
(15 sites, red filled circles); US (64, green open diamonds); and, Arctic (Alaska) (13, blue filled squares).  
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Figure 12. Comparison with collocated HVRRD. a-c) Mean difference (%)from HVRRD of CDAAC’s refractivity derived via Abel 
inversion (dashed blue line, denoted AI), ECMWF’s 24h forecast (heavy solid grey, FCST), and VR-produced refractivity (solid red) for 
which the FCST is used as the background. Shown are the statistics over a) the tropics, b) the US, and c) Alaska. The insets show the vertical 
data counts. d-f) The same as in a-c) except for the standard deviation. The insets show the differences from FCST in the standard deviation 5 
from HVRRD. 
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An alternative to the analytical inversion is finding the inverse solution of the forward Abel transform (FAT) 

numerically. In our setting, FAT simulates the bending angle given the refractive index. Thus, the numerical inversion 

(note that it differs from numerical implementations of the analytical AI) attempts to find the refractive index that 

maps into the measured bending angle through the FAT. Unfortunately, inverse problems of the kind of FAT are 

generally known to be ill-posed in the presence of measurement error, e.g., the solution may not exist or may not be 

unique. Therefore, it is challenging or even infeasible at times to obtain useful solutions by applying straightforward 

algebraic methods to the underlying discrete operators.   

Regularization methods such as the Tikhonov regularization (Tikhonov, 1963) are widely used to  
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which regularizes the solution). Besides warranting that the inverse problem remains well posed, regularization 

methods are known useful for reducing adverse effects of measurement error.  

Regularization methods have proven useful for a variety of inverse problems in different forms. However, it is seldom 

straightforward to apply those to real-world problems. First of all, the computational cost, which rises rapidly as the 

number of model parameters increases, 
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In this study, we propose and study a variational regularization (VR hereafter) for the Abel transform in GPS RO. The 

degree of benefit attainable from using regularization methods depends on the quality of measurement. That is, while 

comparable to AI in the solution for error-free measurements, regularization methods are more promising for noisier 

measurements. In order to attain the benefit maximally, however, it is essential to estimate the uncertainties of RO 

measurement and a priori realistically and take them into account properly. In this study, the data uncertainties are 

estimated by a reliable method, and they are incorporated into the proposed regularization method through error 

covariance matrices. This differs from classical regularization methods, which in general do not make use of the data 

uncertainty. The quality and vertical coverage of RO measurements differ significantly across occultation events 

varying with the occultation geometry, atmospheric conditions encountered, and other environmental factors. The 

variability causes a well-known difficulty in classical regularization methods as to determining the regularization 

parameter, which is a constant that controls the tradeoff between the data fidelity term and the penalty term. The 

proposed method on the other hand is highly adaptive to those variations because the error covariances offer a proper 

scaling for the data fidelity and penalty terms. Moreover, the proposed method reduces the computational cost 

significantly, solving the underlying inverse problem iteratively by means of the adjoint method, which is a very 

efficient way of calculating the gradients of the cost function with respect to all control parameters at once. 

The quality of AI-derived refractive index also depends on how the AI is numerically implemented. However, varying 

implementations might not cause significant difference in the refractive index because the data resolution of RO 

bending angle is sufficiently high so that the numerical error due to the discretization of AI is limited in the magnitude. 

Moreover, RO data processing centres worldwide are now using polished algorithms aiming at attaining the best data 

quality, which includes well-tuned implementation of the discrete AI. The additional quality improvement in the 

refractive index obtainable from further polishing the discrete AI is thus likely to be marginal at most. This necessitates 



a breakthrough that can improve the quality of refractive index to a level beyond AI can tender. This study explores 

the possibility with the proposed method of variational regularization. Section 2 describes the methods of obtaining 

refractive index from measured bending angle. Section 3 demonstrates the performance of the proposed method 

against AI with a synthetic sounding. Some issues in practical application of the Abel transform are also discussed. In 

Sect. 4, a real-data validation with respect to two sets of radiosonde observations is given. We conclude with a short 

summary of our results in Sect. 5. 
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While real-world measurements cannot be flawless, AI considers them to be complete. Consequently, Eq. (5) 

integrates not only signal components but also the noises contained in the measured bending angle. Indeed, they are 

integrated in the same manner without being distinguished from each other. Hence, the quality of derived refractive 

index is strongly dependent on the signal-to-noise ratio (SNR) of the bending angle. For an effective use of Eq. (5), it 

is thus crucial to control the measurement noise properly. In practical applications, one may rely on external means of 

noise mitigation while preparing the bending angle for Eq. (5). The limitation is that the information about the 

measurement noise apprehended by the pre-mitigation is simply thrown away. Hypothetically, the information could 

have been utilized in some ways while obtaining the refractive index.  

In the presence of measurement error, the AI using Eq. (5) generally does not yield the best possible refractive index; 

and, corrupted measurement often causes Eq. (5) ineffective or unreliable. An alternative to AI is seeking for the 

inverse solution of FAT numerically. However, doing so is challenging because the inverse problem of the form of 

Eq. (4) is generally considered to be ill-posed violating the so-called Hadamard’s stability criterion (Hadamard, 1902). 

The standard approach to addressing the ill-posedness in inverse problems is regularization methods, described in the 

following. 
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Regularization methods have been used for a variety of inverse problems in different forms. Detailed description of 

the methods is beyond the scope of this study. Here, a sketch of the 
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provided in the context of GPS RO data processing. Amongst the regularization methods, TR is perhaps  
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Noises in measured bending angle give rise to high-frequency artifacts in  
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! shown above suppresses such high-frequency modes effectively, it is difficult to choose a  
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. The difficulty is not different from what one may encounter designing an optimal filter. Moreover, the particular ! 

does not account for any height dependency of  
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spatiotemporal variations because neither ! nor " does. However, # is typically a constant (i.e., scalar) and it does not 

have any structural information inside regarding the spatiotemporal variations. 

Given that only noisy measurements are available in the real world, 
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An obvious distinction from TR in the formulation is that VR makes use of the error covariance matrices that conveys 

the prior information about the uncertainty of $% and &'. In our study, ( and ) are built for each month on a 5° ´ 5° 

latitude-longitude grid. This allows VR to account for spatiotemporal variation of the data uncertainty. Specifically, 

the normalization of & − &' and $% − + &  with their respective error, which is the square root of the diagonal 

elements of ( and ), eliminates the dependency of RHS terms on height, latitude, season, and so forth. In addition, 

the off-diagonal elements of the matrices permit VR to take into account spatial error correlations, which is essential 

for the background term 
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The forward observation operator used here is Eq. (4), which maps the state variable (refractive index) onto the 

observation (bending angle). It must be emphasized that the state variable (control variable to be precise) of VR resides 

in the impact parameter space where the observation exists, as can be conjectured from Eq. (4). This differs from 

meteorological 
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assimilations the state variables of which are usually the same as those of the prediction model: temperature, moisture, 

pressure, wind, and so on. In the data assimilations 
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and the forecasts of the European Centre for Medium-Range Weather Forecasts (ECMWF) interpolated to the location 

of RO soundings. The method separates forecast and observation errors from the variance of $% − + & , under  
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in Sect. 2.3 for more details). This is identical with the way that AI determines heights of the refractivity. On the other 

hand, the height of refractivity in the aforementioned examples (propagation of perturbations and data assimilation) 

is predefined in the model space and does not change afterwards. The difference in the way that the height is 

determined  
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 where /|1 stands for the conditional radius of the solution given the impact parameter.  
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, the refractivity error might be small in some height below the ducting layer. In some cases, a large error of ORD can 

counteract the RO error. Moreover, the refractivity error can be the largest at the surface rather than in the vicinity of 

the ducting layer. This is because AI accumulates the RO error vertically throughout the height range below the ducting 

layer. All these make the  
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anomalous wave propagation to AI is very complicated and is beyond the scope of this study.  

The behavior of retrieved refractivity under the ducting layer is erratic and it 
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and unused for VR. We do not use the refractivity retrieved via AI for the detection since it cannot have a gradient 

smaller than 23 by definition. Although it is the best not to use the bending angles below the ducting layer for AI, we 

decided to stick to the CDACC’s refractivity and discard the data below the ducting layer instead. In order to reduce 

the dependency on  
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refractivity, the detection is repeated with the refractivity of ORD. 
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 (denoted AI) indicates the CDAAC’s refractivity; the lines denoted as FCST indicate 12h (solid blue) and 24h (dashed 

green) ECMWF forecasts; and, the refractivity produced by VR is also shown for which the 12h (solid red) and 24h 

(dashed magenta) forecasts are used as the background. AI 
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 for the purpose or there could be other RO-side sources of the systematic error. 
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ECMWF’s forecast model is likely to have a wet bias in the planetary boundary layer, at least with respect to ORD. 

VR is similar with the background above 2 km, but shifts toward AI in lower heights. In general, VR lies in between 

AI and FCST. This is not surprising because VR combines RO and FCST by some means, and AI might be a good 

indicator of RO in the systematic error. Although overly simplistic, the assumption here is that the bias of RO bending 

angle can be translated into refractivity bias via the observation operator and the subsequent refractivity bias is close 



to that shown by AI. As is naturally expected, the relative weighting given to RO and FCST is though crucial for VR 

to reduce the bias. 
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As mentioned above, all data including HVRRD are interpolated to a regular grid of 50-meter interval and thus the 

comparison does not need the data binning used for ORD. Without the blurring due to the binning, the comparison 

yields a more detailed vertical structure of the statistics. Another distinction from the comparison with ORD is that 

the data rejection below the top of the highest ducting layer detected from radiosonde  
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is omitted here. The reason is that the differentiation between very shallow layers (due to the high resolution) 

intensifies measurement noises and so the vertical refractivity gradient computed with HVRRD oscillates rapidly. 

Unless a heavy pre-filtering is applied, the refractivity gradient is unreliable to be used for the ducting-layer detection. 

In addition to the strength of refractivity gradient, the effect of ducting also depends on the depth of the ducting layer. 

That is, some paper-thin ducting layers can be ignored. The radiosonde-based detection of ducting layer is omitted 

because the choice of pre-filtering, numerical differentiation, and threshold depth is difficult to be made properly and 

is arbitrary at best. The background-based data detection is still applied.  

Figures 10a-c show the systematic differences from  
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, the overall feature of AI is similar with that shown by the comparison with ORD  
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with ORD. In addition, VR is analogous to AI deviating significantly from FCST above 2 km, whereas it is close to 

FCST in the comparison with ORD. After looking into the difference between the comparisons with ORD and 

HVRRD, it is found that VR gives a heavier weighting to RO observations on average at the HVRRD stations than at 

the tropical ORD stations. At the tropical HVRRD stations, RO observations are assumed to be more accurate, while 
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soundings are less reliable. The difference in the weighting relates to the geological coverage. 
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 (Fig. 7).  

Compared to AI, VR shows a smaller bias in the lowest 2 km and in the stratospheric heights. The error reduction is 

pronounced in the low tropical troposphere (Fig. 10a) and Arctic stratosphere (Fig. 10c). In general, however, the 

difference between AI and VR in the bias is small except for in the lowest 2 km. Although all of AI, FCST, and VR 

deviate significantly from HVRRD, they show similar patterns from mid-troposphere to 20 km in all “latitudinal” 

regions. Especially, AI and FCST are very close to each other over  
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Arctic even though they are largely independent. In principle, AI and FCST can be weakly correlated in the error since 

the ECMWF assimilates COSMIC data while producing the initial condition of the forecast. If it is the case, however, 

HVRRD will exert a greater influence on FCST because the  
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data, which are also assimilated, are routinely available at the  
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location (of FCST) at every 12 hours, whereas COSMIC data are obtainable intermittently at random locations. The 

nearness between AI and FCST thus 
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Schuster, T., Kaltenbacher, B., Hofmann, B., and Kazimierski, K. S.: Regularization methods in Banach spaces, 

Walter de Gruyter, Berlin, 294 pp., 2012. 
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(black solid) everywhere. Both reside in the impact parameter coordinate. The solution (red dashed) and true (red solid) 
refractivity 
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