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Abstract. We review the singular value decomposition (SVD) framework and use it for quantifying and discerning vertical in-
formation in greenhouse gas retrievals from column integrated absorption measurements. While the commonly used traditional
Bayesian optimal estimation (OE) assumes a prior distribution in order to regularize the inversion problem, the SVD approach
identifies principal components that can be retrieved from the measurement without explicitly specifying a prior mean and prior
covariance matrix. We review the SVD method, explicitly recognize the use of an uninformative prior and show it to incur no
bias from the choice of the prior. We also make the connection between the SVD method and the pseudo-inverse, which makes
it more intuitive and easy to understand. We illustrate the use of the SVD method on an integrated path differential absorption
COs lidar measurement model, and verify our derivations and bias free properties versus optimal estimation using numerical
simulations. In contrast, traditional OE retrievals exhibit bias when the prior mean used in the retrieval differs from the true
mean. Hence, the SVD method is particularly useful for situations where knowledge of the prior mean and prior covariance of

the true state (e.g., greenhouse gas profiles) is inadequate.
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1 Introduction

In the past few decades, anthropogenic climate change has brought a renewed interest in carbon cycle science, and thus for
accurate sensing of greenhouse gas (GHG). GHG column remote sensing measurements are made using satellite-based optical
spectrometers such as those aboard the Greenhouse gas Observing Satellite (GOSAT, Kuze et al. (2009)) and the Orbiting
Carbon Observatory (OCO-2, Boesch et al. (2011)), ground-based spectrometers such as the Total Column Carbon Observing
Network (TCCON, Wunch et al. (2011) and other instruments (Gisi et al., 2012). Atmospheric measurements have also been
made using airborne integrated path differential absorption (IPDA) lidar instruments (Abshire et al., 2014; Lin et al., 2015;
Menzies et al., 2014; Refaat et al., 2016). While column-averaged mixing ratios are retrieved from measurements using methods
ranging from simple differential absorption ratioing (Refaat et al., 2016), least-squares line-fitting (Wunch et al., 2011) and
traditional optimal estimation (OE) (Connor et al., 2008), information about the GHG vertical distribution (which we shall
refer to as vertical information) is more difficult to obtain and typically not routinely reported as part of GHG retrievals.

Although in principle, the traditional OE (Rodgers, 2000) is capable of extracting vertical information in the measurement,
in practice the assumption of a prior GHG distribution, which is necessary for the regularization of the problem, makes the
retrieval potentially bias-prone. Here, by traditional OE we mean an application of the optimal retrieval framework as described
in Rodgers (2000) where the input prior covariance matrix is informative (i.e., the prior covariance matrix has at least one finite
eigenvalue). In contrast, the Singular Value Decomposition (SVD) approach Hansen (1990) can extract vertical information
from the measurement without assuming any prior GHG distribution, opening the possibility of an unbiased retrieval. The
SVD method is based on retrieving the leading principal components of the trace gas mixing ratio state vector from the
measurement. The vertical information contained in the principal components can provide useful information for carbon flux
inferences, thanks to the correlations between the pressure broadening (and thus absorption lineshape) of two layers and their
GHG mixing ratios (due to GHG vertical transport).

The theoretical basis of the SVD method has been previously laid out in the context of the general underdetermined inversion
problem (Hansen, 1990). Rodgers (2000) also has a discussion on the topic. Borsdorff et al. (2014) present a review of the SVD
and related methods in the context of trace gas retrievals and the connections to the traditional OE as well as simple profile
scaling methods. The SVD method has also been applied to remote sensing for ozone (Hasekamp and Landgraf, 2001) and
methane (Butz et al., 2010). Previous work has used the SVD method primarily to regularize the underdetermined retrieval
problem, but also for computational efficiency and to eliminate the need for knowledge of the prior distribution.

In this work, we choose a specific greenhouse gas measurement system and study the principal components and illustrate
how they provide useful, quantifiable information about the vertical distribution of the gas. In choosing to evaluate the retrieval
method via the principal components, the implicit prior used is strictly uninformative and do not cause any bias in the retrieved
principal components, which we explicitly show. In addition, we explore the instrument spectral resolution necessary to obtain
vertical information. Finally, we illustrate the theory using numerical simulations.

This paper also attempts to make the theoretical framework of the SVD method more accessible to readers who may not be

as familiar with the matrix algebra conventions used in books like Rodgers (2000). It should be noted that many of the articles



Table 1. Comparison of retrieval algorithms used for GHG remote sensing based on regularization method and source of vertical information.

The approximate spectral resolution (instrument linewidth, see section 4.4), is given in brackets for each type of measurements. The SVD

method proposed in this work extracts information of the vertical GHG distribution strictly from the measurement, making no assumption

of a prior distribution. Note that use of a uniform column for vertical information is equivalent to the use of an uninformative prior. * - Butz

et al. (2011) used the prior distribution for regularizing the CO retrievals but the SVD-reduced dimensionality for CH4

Measurement | Instrument Reference (Algorithm) Regularization method | Column Average | Profile info.
SCIAMACHY (CO2) Reuter et al. (2010) (CO2), Prior distr. prior+meas prior+meas
Frankenberg et al. (2006)
(CHy)
GHG Satellites| GOSAT (CO2, CHy) Kuze et al. (2009) (NIES), Prior distr.* prior+meas prior+meas
(~107tem™h) Crisp et al. (2012) (ACOS),
Butz et al. (2011) (RemoTeC)
0CO-2 (CO2) Connor et al. (2008) Prior distr. prior+meas prior+meas
TCCON (CO2, CH4, | Wunchetal. (2011) (GFIT) Fixed profile measurement prior
CO, N20)
Ground-based | TCCON (CO3) Kuai et al. (2012); Dohe (2013) | Prior + Reduced Levels prior+meas prior+meas
Spectrometers, | TCCON (COz2) Connor et al. (2016) (GFIT2) Prior distr. prior+meas prior+meas
(~1072cm™1)| TCCON (CHy) Tukiainen et al. (2016) SVD-Reduced Dim prior+meas prior+meas
Bruker EM27 (CO2) Gisi et al. (2012) (GFIT) Fixed profile measurement prior
Mini-LHR (CO2) Melroy et al. (2015) Fixed profile measurement uniform
Others  spectrometers | Yuan et al. (2015); Si-Yang Fixed profile measurement prior
(CO2, CHy) et al. (2013); Petri et al. (2012)
CO2 MFLL Lin et al. (2015) Fixed profile measurement prior
Aitborne IPDA CO2 LAS Menzies et al. (2014) Fixed profile measurement prior
) CO; Sounder Abshire et al. (2014) Fixed profile measurement uniform
11(<:1ai;73cm1) CH4 Sounder Riris et al. (2012) Fixed profile measurement uniform
2-pum CO2 IPDA Refaat et al. (2016) Fixed profile measurement prior
CHARM-F Amediek et al. (2017) Fixed profile measurement prior
This work space lidar model SVD-Reduced Dim measurement measurement

cited in Table 1 use non-matrix equations for performing retrievals, even though the matrix formalism is more complete and

general. By choosing a relatively simple CO5 IPDA lidar system to focus on, we are able to make a direct connection between

the retrieval problem and the underlying physics, with no major assumptions or simplifications. We also illustrate the most

important matrices so that the reader is able to get an intuitive sense of the physics beneath the matrix algebra.

The SVD method works similar to least-squares line-fitting retrieval approaches but offers a more formal framework (Bors-

dorff et al., 2014). Here, we extend the approach to retrieve vertical GHG profile information without incurring bias from the
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regularization process. In contrast, the regularization process in the traditional OE method incurs bias when the prior GHG
vertical profile is not close to the true GHG vertical profile. Biases are a concern for atmospheric carbon dioxide (CO5) mea-
surements, since even small biases are known to affect carbon flux inversions (Chevallier et al., 2014).

The paper is organized as follows. In section 2, we introduce the problem of regularization, which is intimately tied in to
the challenge of extracting information about the vertical distribution, and set up the radiative transfer equations and retrieval
equations. We follow it up in section 3 with a description of the SVD method, its ability to extract vertical information and its
robustness against bias in the absence of prior information on the GHG vertical profile. In section 4, we apply the SVD method
to the specific case of the CO5 Sounder lidar instrument, and proceed in section 5 to perform numerical simulations comparing

the SVD and traditional OE methods. We then describe the implications of this work in section 6 before concluding.

2 Retrievals from GHG absorption measurements

A retrieval seeks to extract certain information from a measurement. Retrieval problems may or may not be fully determined.
In situations where the retrieval problem is fully determined, one can perform a least-squares fit to solve for the parameters of
interest. However, for column GHG absorption measurement spectra obtained from remote sensing, the retrieval is generally

underdetermined, and thus needs some kind of regularization to make it more deterministic.
2.1 Regularization of the retrieval problem and vertical information

The traditional Bayesian OE method (Rodgers, 2000) recommends linearization of the problem close to the solution followed
by regularization by a term corresponding to a prior distribution for the state. SVD and related methods (Hasekamp and
Landgraf, 2001) perform an unconstrained retrieval, equivalent to the use of an uninformative prior, on subspaces of the trace
gas column that are informed by the measurement. These regularization methods allow a solution to be computed, but may also
induce bias on either certain dimensions (SVD and related methods) or all dimensions (traditional OE) of the solution space.

At this point it is useful to qualify what we mean by prior information. The use of prior information in some form is
unavoidable in any kind of GHG remote sensing retrieval, since it is not possible to simultaneously measure all the parameters
needed for determining the GHG mixing ratio. For instance, the absorption depends on the spectroscopic parameters, which are
determined from laboratory measurements, and the atmospheric pressure and temperature profile, which are typically obtained
from weather models. A comprehensive quantification of uncertainty that includes errors arising from all these sources of
“prior" information is well beyond the scope of this work. Rather, we will focus on how the assumption of a prior distribution
affects the retrieved estimate of the GHG profile.

Although traditional OE has become the de facto standard for satellite GHG remote sensing (Oshchepkov et al., 2013),
ground based spectrometers and airborne IPDA lidar (see Table 1) have largely avoided it and other regularization methods by
resorting to dimension reduction. Typically, a fixed profile shape is assumed (Wunch et al., 2011; Abshire et al., 2014), and only
a simple vertical profile scaling parameter is retrieved. Such simple methods have the advantage of enabling more feedback on

instrument performance by virtue of forcing the retrieval to derive certain information strictly from the measurement even when
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non-optimal. Despite preliminary evidence to the contrary (Wunch et al., 2010), there remains the open question of whether
biases are introduced by the assumption of a fixed vertical GHG profile, the potential under-fitting of the absorption spectrum
and the failure to exploit all the information contained in the measurement. In addition, this simple scaling of a vertical profile
also precludes such instruments from discerning any information about the vertical GHG distribution.

Between the traditional OE retrieval and the least-squares fitting via simple scaling method, there exist some intermediate
choices. In a recent advance, Kulawik et al. (2016) extract the GHG mixing ratio of two vertical layers from GOSAT data using
the OE method with a reduced vertical basis and an uniformative prior. The authors choose to use an uninformative prior for
regularization to ensure that any vertical information can be attributed to the measurement alone. There have also been attempts
to retrieve vertical information from ground-based sun spectrometer measurements by easing the constraints imposed by OE, as
given in Wunch et al. (2011). Kuai et al. (2012) and Dohe (2013) used a reduced number of vertical levels and applied additional
constraints via the choice of the prior covariance matrix. In fact, Cressie et al. (2017) show that, for a fully determined problem,
the (non-Bayesian) least-squares fit is simply a special case of the optimal estimate using an uninformative prior. Thus, one can
move back and forth along the spectrum of retrieval methods from fully-Bayesian to non-Bayesian by combining the choice of
the prior covariance matrix and the choice of dimension of the basis describing vertical structure.

Dimension reduction via SVD has been previously used both for satellite retrievals (Masiello et al., 2012; Thompson, 1992;
Butz et al., 2010), ground-based spectrometers (Tukiainen et al., 2016) and laboratory laser absorption measurements (Bomse
and Kane, 2006). The SVD approach described here comes closest to the one applied for satellite methane retrievals (Butz
et al., 2010), but performs the retrieval in the principal component basis to eliminate bias originating from the choice of the
uninformative prior used (see section 3.5). Components in the reduced dimensional principal component space can be directly
assimilated into flux models similar to the way Xco; is presently assimilated (Basu et al., 2013). Joiner and Da Silva (1998)

describe a method that can ingest such components into an assimilation model based on their information content.
2.2 The Radiative Transfer Problem

Remote sensing measurements of GHGs are typically assimilated into a carbon flux inversion system or other modeling (see
Figure 1). We set up the radiative transfer problem and retrieval keeping in mind that the measurements are not an end in
themselves. In addition, to best illustrate the SVD method, we choose a simplified measurement geometry and atmospheric

conditions, all of which are satisfied by a nadir pointed IPDA lidar instrument such as Abshire et al. (2014) :

1. Nadir sounding geometry with light traveling along a perfect vertical path - Lidar instruments satisfy this condition since

they are pointed nadir and have the source and detector on the same platform.

2. Perfect knowledge of the optical path length with a clear atmosphere - Lidar instruments are pulsed (Abshire et al., 2014;
Refaat et al., 2016), or alternatively have some modulation (Lin et al., 2015)), and simultaneously measure the surface
elevation (via ranging) and thus the precise light path length. In addition, this ranging capability enables the time-gating

of the surface returns so as to exclude aerosol backscatter, a common cause of bias.
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Figure 1. (Color online) Schematic of the various terms involved in a greenhouse gas (GHG) measurement, retrieval and end use. The
Singular Value Decomposition (SVD) method introduces a new retrieval basis space z, which is different from the model parameter space
x. In using the z basis, the SVD retrieval makes no assumptions regarding the prior GHG distribution, thus avoiding a potential source bias

and making the validation and flux modeling more straightforward.

3. Undistorted measure of atmospheric transmittance with negligible instrument broadening - Lidar instruments have a
narrow laser linewidths, which determines their instrument lineshape function, which typically 3-4 orders of magnitude
narrower than spectrometers. The laser line width is negligible compared to the molecular absorption lineshape and can

be assumed monochromatic.

4. Negligible interference from other atmospheric species via careful line choice - Lidar instruments typically sample a
single absorption line, rather than a full absorption band. For this narrow spectral range, absorption from other species

can be ignored.

5. Sufficient number of wavelength samples - Due to complexities in generating precisely tuned laser light for wavelength
samples, many lidar GHG sensing instruments (Refaat et al., 2016; Lin et al., 2015; Menzies et al., 2014) use only 2

wavelength samples. Here, we assume at least a few wavelength samples across the absorption line.

We divide the atmosphere into m layers. We make the layers in equal intervals of pressure to keep the number of air
molecules in each layer the same. The atmospheric transmittance can be expressed as the negative exponent of the sum of the

absorption (expressed in optical depth units) of the individual layers of height h;:

T(\.x,b,h) = exp (—inow,bi)hz), (1)
i=1

where T is the two-way transmittance, O D(\, b;) represents the spectroscopic model calculating the two-way GHG absorption

in units of optical depth per distance at wavelength X for the atmospheric conditions b; (consisting of the atmospheric pressure

and temperature). b is a vector containing the profiles b;. x is the vector containing the GHG mixing ratio profile x;. The total

path length h = Y h; is given in units of distance.
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Next we define a measurement vector y consisting of n samples of an absorption line, and define the measurement equation

with noise assuming perfect knowledge of the forward model,
y=FX)+e, )

and the forward model,

w0~ log (752

F(x) = : . 3)

o0 —los (755 )

€ represents the measurement noise, which will be described in section 2.4. The atmospheric conditions and absorption path

have been assumed fixed for each sounding and thus left out of the explicit notation. We have incorporated a measurement
amplitude x( term, which includes all signal attenuation and loss factors, in the vector x.

Additionally, we have normalized T'(\,x, z) by T'(\, X, 2), where x,, is the uninformative prior. We have also taken the
natural logarithm to make the problem linear with respect to the change in the GHG concentration x, enabling the use of the
tools of linear algebra. With that, y is defined as the deviation in the absorption from that of a column defined by x,, rather

than the absorption itself. A schematic of the model parameter and measurement spaces,

Zo
n
T
X = and y=
Yn
xm,

respectively, is given in Figure 1.
As with most atmospheric measurements, the retrieval problem for GHG remote sensing cannot be expressed as a non-
singular analytic expression based on the forward model. In the remainder of this section, we will set up the retrieval problem

analogous to Rodgers (2000) and define the various matrices needed for the solution.
2.3 Forward model Jacobian

Having set up the radiative transfer problem in Eq. (1) and defined the forward model in Eq. (3), one can see that the problem
is already linear with respect to the change in GHG concentration. For problems that are not linear, one can now take the linear
approximation for small perturbations, a standard technique used extensively by Rodgers (2000).

Here, we will linearize the problem around the prior mean, xg. As we will later show mathematically (section 3.5) and
through numerical simulations (section 5), the retrieval in the principal component basis is insensitive to the choice of the
uninformative prior. We can now express the measurement vector as

y - F(Xu)+61;§:()

c+Kx+e, @

(x—x%y)+e€
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where K is an n x (m + 1) matrix of partial derivatives with the following form,

1 OD(A1,by)hi ... OD(\i,bw)hm
1 OD(\a,by)hi ... OD(a,bw)hm

K = (5)
1 ODAn,bi)hi ... OD(An,bm)hm

and c is a known constant vector. Without lack of generality, we assume that ¢ = 0, since in principle it is known and could be

subtracted from y.
2.4 Measurement Noise Matrix

The measurement y is associated with noise, which we characterize using the measurement error covariance matrix (Rodgers,
2000) S, which has dimensions n x n. The noise is assumed to be Gaussian (random noise only) and the diagonal elements
of S, represent the variance (in a large sample of identical, repeated observations) of the individual wavelength samples. For a
perfect instrument, which we assume here, the off-diagonal terms, which represent covariances between different wavelength

samples are zZero.

{(y1 — (y1))?) 0 0
S, = 0 ((y2— <92>)2> 0

2.5 Retrieval Equations

To derive an estimate of the state x from measured radiance y, we define a loss function (or weighted least-squares error) as

follows,

L(x)=[y -F(x)]"S; [y - F(x)]. (©)
Note that Eq. (6) is the same as the method of least squares, except here we are weighting the sum of squared error by the
measurement error matrix S.. This weighted sum of squared errors is widely used in regression frameworks, and it is the
loss function of choice for retrievals that are not based on optimal estimation (e.g., Atmospheric Infra-Red Sounder or AIRS,
Chahine et al. (2005) and Cressie et al. (2017)). In contrast to the more common Bayesian treatments of the problem (Rodgers,
2000), we are not required to explicitly specify the a priori distribution for x in Eq. (6).

To find the optimum X, we take the derivative of L(x) with respect to x:
dL

== = 2KTSs !y — Kx|.
T <y —Kx]

= K'S 'y -K”'S'Kx
In the above equations, we have carefully exercised our choice in linearly mapping the physical world to x by setting

X, =0
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for simplicity, and scaling x such that 2; = —1 corresponds to the GHG concentration of the i layer in the atmosphere being
zero. As per Eqn. 3, F(x,,) is a constant, which can also be set to zero with no loss in generality. These sorts of transformations
are fairly standard in the literature (Rodgers, 2000) and make the equations less complicated. The optimal state vector X that

minimizes the loss function in Eq. (6) can be found by setting the derivative to 0 and solving as follows,
K'S 'y - K'S;'Kx = 0
K’'S 'y = K”'S;'Kx (7

Equation 7 can be used to solve for the optimal estimate X from a single measurement y. Solving for a unique X is usually
not possible since it requires the inversion of the matrix K”'S~ 'K, which is typically singular. This implies that the complete
information required to retrieve a unique X is not present in the measurement y. The standard practice, as described in Rodgers

(2000) is to use a priori information to regularize Eq. (7), but here we will explore the alternative SVD method.

3 The Singular Value Decomposition approach

The Singular Value Decomposition (SVD) approach (Hansen, 1990) involves regularizing Eq. (7) by only solving for the
principal components of the (m + 1) x (m + 1) matrix KT SZ1K. Alternatively, it can be interpreted as inverting Eq. (7) using
a reduced-rank pseudo-inverse (discussed in section 3.3). Matrix SVD is a standard tool in matrix algebra whose applications
include least-squares fitting, principal component analysis (Wall et al., 2003; Madsen et al., 2004) and calculating the pseudo-
inverse of a matrix, all of which are related to the approach used here.

Before getting into the formal derivation of the principal component basis, it is useful to bring in some physical intuition.
The nature of the principal components are tied to the lineshapes of the various atmospheric layers. Pressure broadening of the
lineshape in the atmosphere leads to the first principal component being shaped like a “mean" lineshape, and representing a
sort of column average. Higher order principal components represent higher order moments in the atmospheric profile, and as
one would expect are more challenging to measure.

The remainder of this section formally reviews and describes the SVD framework along the lines of Butz et al. (2010). In
contrast to previous SVD work (Hansen, 1990; Hasekamp and Landgraf, 2001; Butz et al., 2010), we describe the mathematics
underlying the SVD approach using the retrieval basis z of the principal components of K'S~ 1K, which we will refer to as
the principal component basis. In section 3.3, we connect the SVD retrieval method to a rank-reduced pseudo-inverse applied
to the retrieval equation. In section 3.5, we show how using the SVD method with the principal component basis can avoid
bias from regularization and thus render the prior truly uninformative. Readers with a preference for an intuitive understanding
based on the underlying physics can, as they read along, refer to section 4, which illustrates the SVD framework applied to a

specific instrument and measurement.
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3.1 The z Retrieval Basis of Principal Components

To calculate the principal component basis z, we perform a singular value decomposition (Wall et al., 2003) of the matrix

_1
S ?°K:
_1 T
S.2K=UI'V", ®)
where
— U is an n x n orthogonal matrix (rows consist of unit vectors that are normal to each other)
- T'isann x (m + 1) matrix having all non-main diagonal elements (i, j : ¢ # j) equal to zero
- Visan (m+1) x (m+ 1) orthogonal matrix

The matrix singular value decomposition described in Eq. (8) is a standard function available in most numerical software
packages. It is also equivalent to extracting the principal components of K”'S-1K via eigenvector decomposition. In a singular
value decomposition, the first few rows of V7' capture the most significant information contained in (S, %K), and thus by
changing and reducing the basis of x, we can obtain a unique solution to (7).

The new principal component z basis is defined by

z = VTX, where 9
VT = ifmﬂ,va
1 0 0]
0 1 0
im+1,p = "
0 0 1
_O 0 ... O_

~T ~ ~

where V' is a row-truncated version of V7. Both V and I,,+1,p have dimensions (m+1) x p, where p < (m—+1), and p < n.
The truncation size p depends on the information content in the measurement, with typically 2 < p < 4 for GHG measurements
described here. The choice of p will be discussed in more detail in section 5.

. . T = =T .
We note that the truncation of V leads to the matrix multiplication of V and V  being non-commutative for the general

case:
ViV o= 1, (10)
vV £ Lo (11)

The subscript to I denotes the dimensions of the identity matrix. This non-commutative behavior has implications on the types

of biases resulting from the SVD truncation as we will later see in section 3.5.

10
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Finally, for completeness, we will look at transformations between the x and z bases. Given a vector z, one can project it

back on to the x-basis using
x =V, 1,2 (12)

However, conversion using Eq. (12) only projects on to a subspace of x. Mathematically, in making a transformation from x to
z using Eq. (9) and back to x using Eq. (12), any information corresponding to the m + 1 — p dimensions not present in the z

basis is lost. But, starting with the reduced basis space z, one can transform to the x-basis and back with no loss of information.
3.2 Retrieval equations in the z basis

By substituting Eq. (12) into Eq. (7), effectively projecting the retrieval onto the subspace of x spanned by z, one can solve the

retrieval equation:
K7s 'y = KTST'KVz
V'KTS ly = V' KTS['KVa.

In the second equation line above, we have multiplied both sides by \~/'T to also reduce the column space of the equation to

the z basis. This yields an estimate Z in the z basis,

z = GSVDy7 where (13)
~ ~1—1 .
Gsvp = [VTKTS;lKV VI KTSs 1 (14)

Ggyp is a p X n matrix analogous to the G or “Gain" matrix used in (Rodgers, 2000). In determining Ggsyp, one needs to ensure
sufficient truncation in V to ensure that the p x p matrix [VTKTS;IKV} is invertible. Since V consists of the eigenvectors
of KTS- 'K, truncation can easily be done by selecting only eigenvectors with positive eigenvalues.

Equation (13), by selecting just the principal components, offers a way of regularizing and solving Eq. (7) without relying on
the assumption of a prior distribution in x. This allows an alternative retrieval method to the commonly used Bayesian optimal

estimation method.
3.3 Relationship between SVD and OE retrieval

In this section we will explicitly describe the SVD retrieval as an OE retrieval with a particular uninformative prior and with
the replacing of the inverse with the pseudo-inverse in computing the gain matrix Gog. Although the algebra here has been
shown previously (Rodgers, 2000; Butz et al., 2010), we find it useful to think of the SVD method as simply implementing a
pseudo-inverse in lieu of an inverse to solve the underdetermined retrieval equations.

We start with the analogous traditional OE version of (13) as described in Rodgers (2000):
X0k = Xa + Goe(y — F(xa)), (15)

11
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where
Goe = (S; ' +K'S'K)'K”s !

where x, and S, are the a priori mean and covariance matrix of the state vector x, respectively. With no loss in generality, we
set x, = 0. We then use an uninformative prior where S, is infinitely large such that S; ! = 0. Note that this prior contains no

information on the distribution of the state x, hence the name ‘uninformative’ prior. The above equations then reduce to the

following:
XuOE — GuOEy (16)
Gor = (KTS'K)'KTs !, (17)

where the subscript #OE on x and G indicates that we are using an uninformative prior within OE. Without the term S; ! in
(17), KT'S_'K might not be full-rank and hence non-invertible. We will replace its inverse with the Moore-Penrose pseudo-

inverse, which is well defined for singular matrices. The gain matrix is now
Goe = (KTST'K)TKTS 1 (18)

where the superscript * above a matrix denotes its pseudo-inverse. Since S, is positive definite, KTS-1K is positive-
semidefinite and its singular value decomposition is identical to its eigenvalue decomposition. Therefore, we can express

the singular value decomposition of K”'S_-1K as follows:
K'S:'K =VvDVT (19)

where T'T =D, a (m+1) x (m+1) diagonal matrix. T here is the same as defined in Eq. (8). We can truncate the right hand
side of the equation to remove degenerate rows in V and degenerate rows and columns in D, without affecting the equality.

However, we choose to truncate further to rank p to get numerical stability:
K'S 'K~ VDVT, (20)

where V and D are truncated versions, with V being identical to that used in Eq. (9). If the truncation is applied only to the
degenerate rows, the approximation in Eq. (20) can be replaced by equality and the pseudo-inverse can be constructed from
the singular value decomposition per Petersen and Pedersen (2012). The key results still hold even when we choose to more
aggressively truncate D to rank p in our SVD method. This is equivalent to replacing the term K7'S-'K in (17) with the
closest rank-p matrix approximation under the Frobenious norm and then computing its pseudo-inverse (Eckart and Young,
1936):

(KTS7'K)" = VD~ 'V7, (21)

12
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Substituting D from (20) into (21), we see that OE with an uninformative prior and pseudo-inverse is equivalent to SVD:

xwE = Guory

= (K'S/'K)"K”S 'y

= V(VIKTS'KV) 'VTKTS 1y

= VGsypy

= Xsvp- (22)
The result in Eq. (22) indicates that the OE retrieval with x, = 0 and S; ! = 0 is identical to an SVD retrieval. In other words,
the SVD retrieval may be viewed as a special case of the OE retrieval that uses an uninformative prior for the state x and a

pseudo-inverse for computation of the Gain matrix. This has also been found by Cressie et al. (2017) in their analysis of the

AIRS retrieval algorithm.
3.4 SVD Retrieval Error Covariance Matrix and Averaging Kernels

One of the strengths of the OE method is the ability to propagate errors from the inputs to the final estimate of the state vector
x. Given the prior covariance matrix S, and measurement-error covariance matrix S, Rodgers (2000) demonstrated that the
posterior covariance matrix for the OE estimate in Eq. (16) is,

Syoe = (S;' +K"S7'K) . (23)

Since we have demonstrated in Section 3.3 that the SVD approach is equivalent to optimal estimation with x, = 0and S; ! = 0,

we can apply those values into (23) to obtain the SVD posterior covariance matrix Sy svq as follows,
Sysva = (K'S7'K) . (24)

In some application, (KTS;lK) might not be full rank, and thus the expression in (24) may be approximated using a pseudo-

inverse:
Syeva = (KTS7'K) ™. (25)

Note that the SVD posterior matrix in Eq. (24) is in the x-basis. It is straightforward to transform it to the z-basis using the

linear transformation in Eq. (9):

Sz = stx,svd{f
- V' (K'S;'K)"V
- Vv (v KTS‘lKV)_ v
- N\ —1
S, — (VTKTS;lKV) (26)
~T - -1
= (Im+17pr FIm+1 P)
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Since I' and im+1,p have non-zero elements only on the main diagonal, the retrieval error covariance matrix S, has no
off-diagonal terms implying that errors in the retrieved parameters are uncorrelated.

The averaging kernels of the z retrieval elements can be calculated using (Eskes and Boersma, 2003)

0%
Asyp = :ZGSVDK 27)

_ FVTKTSE‘lKV}_lffTKTSE‘lK,
[

~ ~ ~1—1 o ~
AgpV = VTKTS;lKV} V' KTSIKV
= 1, pxpidentity matrix
-7
Asyp = V. (28)

Thus, in calculating the averaging kernel, one obtains the simplified Eq. (28), where \~7T can be directly obtained from the
singular value decomposition step with the appropriate truncation. The reader should note that the degree of truncation only
affects the number of components (rows) in the averaging kernel Agyp, but not the information content (number of columns)

or shape of the individual components themselves.
3.5 SVD principal components free of bias from regularization and use of a prior

In practice, biases in GHG measurements occur due to several reasons, many of which are out of the scope of this paper.
To limit the discussion to biases arising from the solving of an underdetermined problem using some form of regularization

(retrieval error, which is universal to all GHG measurements) we make two further assumptions:

1. Negligible error from imperfect knowledge of the atmospheric pressure, temperature and water vapor profile (b). These
errors have been found to be small in practice (Abshire et al., 2017) and can be further reduced with auxiliary measure-

ments.

2. Negligible errors in radiative transfer equations (forward model), instrument calibration or other similar systematic

effects.

Retrieval errors in the traditional OE method arise from incorrect assumptions about the true greenhouse gas profile distri-
bution. For the SVD method, we see a potential bias in retrievals in the original x basis, but not in the principal component z
basis.

We will first derive the expected bias for the OE method where the input prior mean and covariance matrix are incorrect. We
assume that true state process x has the true mean x; and the true covariance matrix S;. However, we assume that in practice
the OE algorithm is using the prior mean x,, and covariance matrix S,. Note that true prior distribution, {x;,S;}, and the one
used in the computations, {X,, S, }, are not necessarily the same. When they do differ, there is an expected bias, which we will
show below.

The expected bias is defined as

Bias = F(%X — x;), (29)
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where F() denotes the expectation value averaged over several measurements, such that random noise, € averages out to zero.

We now substitute the OE retrieval equation (Eq. 15:

Biasop = E(Xa+GOEy_xt>7
E(xq + Goe(K(x; —X4) +€) —%¢),

where we have applied the forward model equation for a true state x; with noise e. Simplifying the equation and substituting

for Gog, we get

Biasog = (I—GoeK)(xq—x¢)
= (S, +KS'K) 'S, (x — xy) (30)
Looking at Eq. (30), we see that the expected bias in OE retrievals is proportional to (x, — x;), or the difference between
true prior mean and one used in practice. Eq. (30) also shows that when the constraint on the Bayesian OE is set too high (S, is
small and thus S ! is large), there is a significant bias in the retrieval from the mismatch between the true mean and the prior
mean assumed in the retrieval.

We now derive the bias when using the SVD method. We assume a true state x; and an uninformative prior x,,. We again

start with the bias equation

Bias = E(x — xy),

where X denotes the SVD retrieved result z (Eq. 13) transformed to the x basis using Eq. 12. This can be expanded to give
Bias,,, = E(x, + VGsypy — X;). 31)

We have deliberately left in the uninformative prior x,, for better illustration of the bias. We now include the linearized forward

model (Eq. 4), and the noise (Eq. 2):

Bias,,, = FE(x,~+ VGgsyp(K(x;—x,)+e€)—x;). (32)
= (I-VGsvpK)(x, —x:)

(T (KTSTTK) "K' STK) (xu — xy), (33)

where we have applied the pseudo-inverse derivation (Eqgs. 18 and 22) of the SVD retrieval.
As we can see in Eq. (33), when the term K7 S-1'K is singular, then the product of it against its pseudoinverse (i.e.,
(KTS7'K)*KTS_ 1K) is not equal to the identity matrix, and hence the bias will generally be non-zero. This can be further

illustrated by applying Egs. (19) and (21),

BiaSSVD = (I - VVT)(XU - Xt)> (34)

where VV7 is of rank p and not equal to the (m+1) rank identity matrix (see Eq. 11) .
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Fortunately, when we look at the retrievals on the z space, the retrievals are unbiased. Given that there is no loss of informa-
tion in projecting the retrieval results from the z basis to the x basis as was done above, we can simply project Eq. 34 back to
the z basis using Eq. 9:
= VII-VVT)(x, —xt),
= (VI -VT'VVT)(x, —x),

Biasg,; 2

= 0, (35)

where we have used VIV = I, from Eq. 10 . It should be noted that the bias free result holds regardless of the degree of

truncation or choice of the uninformative prior. The bias free result will be illustrated via numerical simulations in section 5.
3.6 SVD Retrieval Validation

SVD retrievals can be validated directly in the retrieval z-basis by transforming the validation data in the parameter space x-
basis using (9). Since the retrieval error covariance matrix S, is defined in this basis, the expected scatter based on the assumed

noise distribution, calculated using (26) can be compared against the actual scatter based on a large number of measurements.

4 SVD approach applied to IPDA lidar CO, measurements

We choose the NASA Goddard CO, Sounder instrument concept (Abshire et al., 2014) as an example to describe the SVD
technique. The CO, Sounder is a lidar instrument that probes the 1572.335 nm CO» absorption line with multiple (between 15
and 30) wavelength samples (Abshire et al., 2017). To best illustrate the matrix algebra, we choose the 15-wavelength sampling
scheme from a recent field campaign (n = 15). The column absorption lineshape and wavelength sampling are shown in Figure
1. For COgy, the atmosphere can be modeled using 100 layers (m = 100), where the layers are spaced almost evenly in pressure

to have equal weight.
4.1 Forward model

The forward model can be linearized to produce the Kernel matrix K as shown in (5). In Figure 2, we illustrate K by plotting
two columns of the K kernel matrix and two rows. The heterogeneity of the K matrix in row and column space is key for the

SVD technique to be able to extract principal components.
4.2 Measurement Noise

For IPDA lidar instruments, one primary limitation is photon shot noise, which is a fundamental quantum noise with variance
equal to the number of photons detected. Photon shot noise is the key limiting factor of measurement precision when lidar
instruments are laser power limited, which is often the case. Although other forms of noise such as detector dark current noise,
laser speckle noise and solar background noise also play a role, their effect on the principal components is limited. For this

reason and for simplicity, we will assume a photon shot noise limited lidar instrument.
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Figure 2. (Color online) Forward model K matrix : (left) We illustrate the K matrix by plotting two columns, each corresponding to the
absorption due to a certain slice of the atmosphere. With increasing atmospheric pressure, the absorption lineshape is pressure-broadened.
(right) We plot three rows of K, each showing the dependence of the absorption to different parts of the atmosphere for a given measurement
wavelength sample. The sample wavelength corresponding to each row has been expressed as a deviation from the absorption line center

1572.335122 nm. The absorption is lower the further one deviates from the absorption line center.

For this example, we will assume an integrated photon count of sg for a wavelength sample with no CO4 absorption. This

would give an optical signal level of
s(Aj) = $oT'(Aj,%) (36)

for each of the wavelength samples ) ;. From the definition of the forward model in (3), we can set
s(A5) )
. = —lo _ P\
v & (T()‘j ) XU)
2
= = (550 % Vew)
(A7)

1
T sl (Ax) 7
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samples. (right) The averaging kernels of the first three CO2 principal component terms are plotted. Each subsequent term has an additional

zero-crossing in the averaging kernel.

Using (37), we can now define the measurement error covariance matrix as

T(M\,x)"! 0 0
1 0 T(Ag,x)"1 ... 0
S.=— ’ (38)
50 : : : :
0 0 e T(Ayx)"!

4.3 SVD Averaging Kernels and Error Covariance

The CO- column dependence of the averaging kernels are plotted in Figure 3. The first term of the singular value decomposition
is mostly derived from x (\71,1 > 0.999), and thus a measure of the mean signal amplitude (see Figure 3, left). It is more
sensitive to wavelength samples on the wings of the absorption line since those do not see much of CO5 absorption. The

second term of the SVD is the first CO5 principal component (PC) and behaves like a column-averaged CO» mixing ratio or

Xcoz with units of ppm.

18



10

15

20

25

30

The third term from the SVD or second CO5 PC behaves analogous to a dipole moment (for instance, the electric dipole
moment in physics) and can be assigned dipole moment units of ppm B2. Analogous to the electric dipole moment, which has
units of electric charge x distance, this dipole moment has units of ppm B ("charge") x B ("distance") = ppm B2.

The vertical dipole PC carries information about the vertical distribution of CO5 and will be examined in detail in the next
section. Typical values are between -0.5 to 0.5 ppm B2, with more extreme values going up to £1.5 ppm B2. One requires a
precision of about 0.1 ppm B? in retrieving the CO, vertical dipole moment in order to provide some useful vertical information
about the CO;, distribution. The fourth term or third CO2 PC is the quadrupole moment of the column CO, mixing ratio profile.
The averaging kernels for the first three CO5 principal components are plotted in Figure 3 (right).

As seen earlier in (26), the SVD approach ensures that the random error in the retrieved quantities are uncorrelated. The
variance of the retrieved quantities increases with principal component order, with the vertical dipole moment being about 4.5
times less precise (standard deviation) than the column mean and the vertical quadrupole moment being a further 7 times less

precise.
4.4 Effect of spectral resolution on SVD retrievals

Higher order CO, PCs rely on the differential pressure broadening in the CO4 absorption lineshape along the atmospheric
column to provide information about the vertical distribution of CO;. For this reason, unlike the column Xcq;, they are expected
to be sensitive to the instrument spectral resolution.

For passive spectrometers that work by resolving sunlight passing through the atmosphere, the instrument spectral resolution
and sampling resolution are directly related, and often close to one another. In contrast, lidar instruments probe the atmosphere
with essentially monochromatic light, i.e. the laser spectral width is much narrower than gas absorption linewidth, and have
spectral resolutions orders of magnitude smaller than the sampling resolution. It is important for the reader to note that high
quality measurements for the purposes of obtaining vertical information require high spectral resolution but not necessarily
high sampling resolution. As we shall see in this section, for a given sampling, the measurement precision depends strongly on
the instrument spectral resolution.

We calculate the expected random noise in retrieving the first two PCs for a range of instrument spectral resolutions (see
Figure 4). The precision of the column Xco, showed little change with poorer spectral resolution as one would expect. In
contrast, the precision of the COs vertical dipole moment very quickly degrades with instrument line broadening. The result
has been calculated for the specific case of a wavelength sampling scheme sampling a single absorption line, i.e. the CO4
Sounder lidar sampling scheme. Nevertheless, the results still give some indication on the importance of spectral resolution.

The ability of satellite-based passive spectrometers to resolve the CO5 vertical structure is expected to be significantly
hampered by their poorer spectral resolutions compared to instruments like TCCON or the CO2 Sounder. Although in theory,
random error can be overcome by longer integration times or having more wavelength samples, in practice, as has been the
experience of satellite GHG instruments as of the time of writing, systematic effects ultimately limit the accuracy of the

measurement. Thus, spectral resolution is crucial in trying to resolve information on the vertical GHG distribution.
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Figure 4. (Color online) Retrieval uncertainty versus instrument spectral linewidth for the first two CO2 principal components (PCs): While
the column Xco» is largely unaffected by the spectral resolution, the precision of the CO» vertical dipole moment degrades strongly with
poorer resolution. We assume a CO2 instrument model, but with some instrument line broadening. The x-axis denotes the full-width at half
maximum of the triangular instrument line shape used to broaden the CO4 absorption. We assume photon shot noise with a SNR of 1000 for
points with no CO3 absorption. The spectral resolutions of TCCON (Wunch et al., 2011), satellite GHG sensing spectrometers (Kuze et al.,
2009; Connor et al., 2008) and the CO2 Sounder instrument are indicated, though the calculations done in this work apply only to the CO»

Sounder instrument.
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Figure 5. (Color online) Comparing SVD and OE retrievals : Using simulated data y generated from a CO2 profile X, we perform SVD
and traditional OE retrievals and compare their results averaged over an N=1000 ensemble projected onto the z-basis. Specifically, we look
at the variance and the bias compared to Zun, Which is projected from Xqun. We specify an uninformative prior x,, for the SVD results and

a Bayesian prior mean x,, and prior covariance matrix S,.

5 Numerical Simulations comparing Singular Value Decomposition with Bayesian Optimal Estimation

In this section, we will look at the retrieval performance of the SVD and traditional OE (refers to OE retrievals with finite S,)
methods for simulated data. After describing the methodology used for comparisons, we will highlight the pitfalls of using
too strong or too weak a constraint with the traditional OE method, and how the SVD method provides useful information in
the principal component basis independent of the degree of constraint. Then, we will show a case where the SVD approach

successfully extracts vertical CO5 information from the absorption measurement.
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Figure 6. (Color online) Sample retrieval for a single simulated measurement (noise instance) under weak constraint (4 principal components
for SVD, 100% prior uncertainty for each CO> level for OE) - (left) The SVD and traditional OE approaches successfully minimize the fit
residual to match that of the noise, thus demonstrating convergence. Results projected to the z-basis show reasonable performance of the
Xco2 column mean (first principal component), but poor performances for higher order terms (not shown), indicating overfitting to the noise.
(right) Results projected to the x-basis show highly oscillatory and divergent profiles due to the instability in overfitting. Thus, traditional OE
results in the full model x-basis are not useful, and need a projection onto the z-basis or other transformation. Note - This has been shown

for illustrative purposes. A proper evaluation of the methods requires an ensemble average of such simulations (see Fig. 8 left and center)

5.1 Methodology

For the simulations, we use a CO2 Sounder instrument model with 30 wavelength samples (n = 30) to better illustrate the
shape of the residuals. The measurement is made over a vertical air column from the surface to the top-of-atmosphere. For the
full model basis (x-basis), we divide the atmosphere into 100 equal levels (m = 100), each spanning a 10 mB pressure interval.
We make comparisons for three different cases, which will be described in the following subsections.

For each case, we define a “true” CO,, profile, x,n, and compute the total absorption lineshape. We then compute the signal
at the sample wavelengths (using (36)) and add photon shot noise as per (37) to create a “measurement” y (see Figure 5.
For all simulations, we set sg = 105, which implies SNR=1000 for points with no CO; absorption. The measurement error
covariance matrix is computed using (38). We then perform retrievals with the traditional OE (using (15)) and SVD (using
(13)) approaches in their respective bases. By doing this for an ensemble of “measurements”, using the same X, and sg but
a different instance of noise each time, we get a set of results that can be characterized by a mean and standard deviation.

Since the SVD principal components are unbiased, we make quantitative comparisons between the two techniques in that
z-basis. While the idea of using the z-basis might seem new, in practice, column-averaged measurements are typically used for

flux estimations. Thus, results in the z-basis for the OE method do have wider implications. We also project the SVD results
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Figure 7. (Color online) Sample retrieval for a single simulated measurement under strong constraint (1 principal component for SVD,
0.1% prior uncertainty for each CO2 level for OE) - (left) Both the SVD and traditional OE approaches produces persistent residuals well
above the noise levels due to the strong constraint. For the SVD method, the Xco> column mean (first principal component in the z-basis) is
nevertheless bias free. However, the OE method shows a bias when the results are projected to the z-basis. (right) Results projected to the
x-basis also show a clear bias for the OE method, though the CO> profile is well behaved. This shows that when using the Bayesian prior
as a regularization to get a well behaved CO> profile, one runs the risk of overconstraining the retrieval and incurring a bias in the column

mean. See Fig. 8 (right) for ensemble results.

back on to the x-basis using (12) to get an intuitive sense of how the SVD and OE approaches work. This last projection is
essentially a reduced-rank pseudo-inverse calculation (see section 3.3).

For the SVD approach, we set the uninformative prior x, to be a uniform 400 ppm COs profile and anchor our definition
of x to it. From this, x = —0.02,0,0.02 would correspond to mixing ratios of 392, 400 and 408 ppm respectively. For the OE
approach, a proper choice of a Bayesian prior would factor in local meteorology, vertical mixing and confidence in global GHG
models at the location in question. However, for the purpose of illustration of the workings of the OE method, we have kept the
Bayesian prior mean and covariance simple. The Bayesian prior mean and variance (diagonal terms on the covariance matrix)
are chosen on a case-by-case basis. For the prior covariance (off diagonal terms in the covariance matrix), we assume a 200

mB 1/e? vertical correlation distance in the CO, concentration in the atmosphere.
5.2 Constraining the retrieval for regularization

GHG retrievals require some sort of constraint to regularize the retrieval problem (see section 2.1). The level of constraint of
an OE retrieval can be expressed as the relative strength of the weighting on the prior value, which is inversely proportional to
the prior uncertainty. This uncertainty is specified in the prior covariance matrix S,. In our simulations, the prior uncertainty

of the CO4 concentration at each level (x; in x) is varied between 0.1-100% (strong-weak) depending on the case.
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Figure 8. (Color online) Ensemble results for retrieved CO> parameters from numerical simulations. For a weak constraint (see Figure 6),
the SVD method and OE methods both produce good results in the z-basis for both the CO2 vertical dipole moment (left) and Xco2 column
mean (center), which constitute the first two principal components. Results are in line with the expected variance, S, from the SVD method.
Under strong constraint (right, Figure 7), the OE method produces a smaller standard deviation, but starts to incur a bias, whereas the SVD
method continues to produce accurate results, but with no reduction in the variance. Note - For the strong constraint case, the SVD CO3

vertical dipole moment is not retrieved.

SVD retrievals are constrained by the number of principal components used in the line-fitting. While the constraint is
applied in qualitatively different ways to the two retrieval methodologies, the effect is somewhat similar particularly for weak
constraints, since the SVD method is the limiting case of a weak prior constraint (discussed in section 3.3). For the SVD

method, we retrieve between 1-4 (strong-weak) CO5 principal components depending on the case.
5.3 Case 1: Underconstrained fit

In this case, we set the prior uncertainty in S, for the traditional OE method to be 100%. For the SVD retrieval, we include
four CO4 principal components (see Figure 3 for a description of the components) in the fit. The results for a single simulated
measurement are shown in Figure 6 (this can be contrasted with Fig. 7, which has results for an overconstrained fit). As
expected, the OE retrieval (and SVD retrieval projected to x-basis) results in a CO, column with widely varying mixing
ratios. Nevertheless, in the SVD z-basis, both methods produce meaningful column averaged Xco, results. This is due to the
orthogonality of the principal component basis, ensuring that lower order components are unaffected by large swings or errors
in higher order components.

Ensemble results (Figure 8, left and center) further confirm that the SVD and OE methods both produce bias-free results in
the principal component z-basis. In addition, we see that the calculated uncertainty from (26) is in good agreement with the

variance in the SVD ensemble as well as the weakly constrained OE ensemble.
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Figure 9. (Color online) Sample simulated measurement of vertical dipole moment using the SVD method and appropriate constraint - (left)
The SVD and OE approaches demonstrate good convergence, and since the SNR is relatively high, the residuals are small. Results projected
to the z-basis show reasonable performance of both techniques for retrieving the Xco2 column mean (first principal component) and vertical
dipole moment, with agreement within the expected variance. (right) Both methods detect the overall decrease in the CO2 concentration
at low altitudes. Despite a helpful Bayesian prior, the OE retrieval still differs significantly from the true profile. In addition, despite the
CO., profile differing significantly from the uninformative prior used in the SVD method, the bias in the retrieved Xco> is small and for this

instance, likely due to random error (see Fig. 10 for more precise comparisons using an ensemble of simulations).

5.4 Case 2: Overconstrained fit

A strong constraint puts restrictions on the state vector and prevents a retrieval from fully minimizing the residual. Here, we
set the prior uncertainty in S, for the traditional OE method to be 0.1%. For the SVD retrieval, we allow just 1 COs principal
component in the fit. The effects of a strong constraint in each case is shown in Figure 7. While the OE method shows a clear
bias towards the prior mean (X,), the SVD method is still able to retrieve an accurate Xco, column mean. Again, this is due
to the orthogonality of the principal component basis, ensuring that lower order components are unaffected by the absence of
higher order components in the fitting.

Ensemble results (Figure 8, right) further illustrate the bias in the traditional OE method with strong weighting towards the
prior mean. Correspondingly, with a low uncertainty in the prior mean, the traditional OE retrievals produce a lower variance.
Thus in order to benefit from the availability of prior information, the prior mean needs to be in good agreement with the true
mean. Ensemble results for the SVD method show that it remains bias free. The calculated uncertainty for the SVD method,
which is independent of the number of principal components, is unchanged, and ensemble results confirm the same.

Although a rather extreme constraint has been applied for the traditional OE method, the results show that there are intrinsic

problems in using a constraint that is too strong. Often, such biases are subtle and less obvious, but nevertheless affect flux
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measurements, which are based on several thousand soundings and sensitive to small biases. In contrast, the SVD approach is

more robust.
5.5 Case 3: Extracting vertical CO, information using the vertical dipole moment term

Having demonstrated the SVD method’s general robustness, we now look at the extraction of vertical information about the
CO., distribution. During a flight over Iowa during the summer crop season in 2011, in situ measurements of the atmospheric
COs concentration profile showed a sharp 15 ppm drawdown in the boundary layer compared to the free troposphere (Ra-
manathan et al., 2015). When projected on the basis of principal components, this corresponded to a significant vertical dipole
moment of -1.53 ppm B2. Figure 9 shows the SVD method capture the vertical dipole moment with an uncertainty of 0.15
ppm B2. When projected back to the x-basis, the CO, vertical profile reconstructed from the principal components shows that
the SVD method is able to reproduce the overall shape, but not the sharp increase in the planetary boundary layer. The OE
method produces similar results despite a helpful prior from climatology data being used. Biases in the x-basis are still rather
high, >5 ppm.

Figure 10 highlights the performance of the SVD and traditional OE methods in measuring the column mean. For the SVD
method, we look at ensemble results for several choices in the number of principal components, ranging from 4 (undercon-
strained) to 1 (overconstrained). For the OE method, we correspondingly vary the prior mean uncertainty (for each layer) from
100% (underconstrained) to 0.1% (overconstrained). We look at the variance and the bias of the Xco> column mean. At the
weakest constraints, the SVD and OE methods behave similarly as expected. As the level of constraint is increased, the OE
measurement starts to have a lower variance, but incurs a bias since the assumed prior CO4 profile differs from the truth (see
figure 9). The SVD method column mean, in contrast is unaffected, despite the uninformative prior (400 ppm uniform column)
also differing significantly from the truth. This illustrates the robustness of the SVD method.

Figure 11 shows similar behavior for the retrieved vertical dipole moment. As with the column mean, the SVD and traditional
OE methods behave similarly at weak constraints. As the constraint is increased the OE method starts to have a lower variance,

but also incurs a significant bias.

6 Discussion

The SVD framework and its use of principal components provides the mathematical basis to determine what information
can be extracted from GHG column absorption measurements. Section 3.5 confirms the notion that the retrieval of a column
mean using least-squares line fitting of an absorption spectrum yields an estimate of the Xgpg without incurring bias from the
regularization or retrieval, regardless of the shape of the profile used in the prior (which turns out to be uninformative). Beyond
the retrieval of the column mean, the SVD framework identifies higher order modes such as the vertical gradient (vertical
dipole moment) that can potentially be retrieved with sufficient measurement precision.

Although the numerical results from the SVD method have been shown for the COs Sounder lidar instrument, the SVD

method itself can also be applied to total column absorption measurements from ground-based and satellite spectrometers
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Figure 10. (Color online) Robust measurement of the Xco» column mean by the SVD method - Results from ensembles of 1000 numerical
experiments show that for retrievals using the SVD method for a range of constraints (one to four principal components), the variance (top)
and bias (bottom) in the column mean Xco, are robust. In contrast, a similar change in constraint when using the OE retrievals (changing
prior uncertainty in the layer CO2 mixing ratio from 100% to 0.1%), produces a decrease in the variance of Xcoz, but also a sharp increase
in bias, above the 0.5 ppm accuracy needed for reasonable CO» flux inversions. Insets in the lower plot illustrate the ensemble distributions

at different constraint points as done in Figure 8 (center and right plots).

27



& 03
m
£ I
s 0.25
e
e 0.2t
9
® 0.15} o . o
Q o1}
o]
o
o 0.05f —e— Optimal Estimate | ]
s —e—SVD
wud 0 I
(/)
Increasing Constraint

107
& 0
m 10 E
£
o -« \
Q . 3 |
~ 10
7))
8
(11} }

10 1

=e—Optimal Estimate
—e—SVD

2110*° 3[10*"] 410"
NPCS [OE % Prior Unc.]

Figure 11. (Color online) Robust measurement of the CO- vertical dipole moment by the SVD method - As in figure 10, we look at the
variance (top) and bias (bottom) in the retrieved CO- vertical dipole moment for ensembles of 1000 numerical experiments at varying con-
straints. As with the column Xco2, the SVD results are robust and unaffected by the changing number (two to four) of principal components.
In contrast, the OE results incur a significant bias (0.1 ppm B?) when the prior uncertainty (the regularizing constraint) for the CO mixing

ratio at each layer is set at 1%. Insets in the lower plot illustrate the ensemble distributions at the minimum and maximum constraint as done

in Figure 8 (left plot).
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since those instruments also measure pressure-broadened absorption lineshapes in the atmosphere. A key parameter affecting
the principal components and the precision to which they can be retrieved is the instrument spectral resolution or linewidth
(see Figure 4). While ground-based spectrometers like TCCON and mini-LHR have a high spectral resolution and can retrieve
more than one principal component, others such as the lower resolution Bruker EM27 (0.5 cm~! resolution, Gisi et al. (2012))
will have significantly poorer precision for higher order principal components. Furthermore, satellite instruments like GOSAT
and OCO-2, besides having coarser spectral resolution, have the additional complication of aerosol scattering mixed with the
signal (due to the lack of range gating of the surface reflected signal), which can limit the accuracy of the retrieved principal

components.

6.1 Advantages of using Principal Components

The primary benefits of using the SVD method with retrievals in the principal component basis can be summarized as follows:
1. Retrieval of higher order terms of the greenhouse gas vertical distribution (beyond the column mean) in the atmosphere
2. No bias from the use of an uninformative prior

3. Orthogonality of principal components leading to robust retrievals independent of the degree of constraint (number of

components solved for)

The robustness of the SVD method makes it useful in situations where the prior state is not well known or the uncertainty in
the prior is not well quantified. For instance, CO5 vertical profiles are measured only at a few locations around the Earth. While
COs, retrievals over those select locations could benefit from the use of a Bayesian prior, retrievals over remote regions far from
those places would better be served by the SVD method since the prior knowledge of the CO5 profile is not well known (see
section 6.4 for when to choose SVD over OE). This is a key virtue of the SVD method.

The robustness of the SVD method also may makes it easier to use in an operational environment, where atmospheric and
surface conditions can change the measurement precision significantly. Rather than using advanced retrieval methods to get
vertical information separate from the main retrieval of the column mean (as in Kulawik et al. (2016)), one can simply retrieve
several principal components in the main retrieval itself (and keep them as part of the main product), but only assimilate the
components that have sufficient precision into GHG flux models.

Furthermore, in performing the retrieval in the principal component basis, the SVD method requires fewer computations
than the OE method, which works in the full model basis. This has the potential to make the retrieval faster and more efficient.
In addition, the reduced basis of mutually orthogonal principal components makes retrieval analysis easier. Troubleshooting
systematic or forward model errors are also simpler in the principal component basis since the basis is smaller and the prior is

uninformative, allowing one to more easily see the effects (manifested as a bias) on the different components.
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6.2 Practical application of the SVD method to GHG retrievals

In practice, interference from other gas species in the atmosphere (for instance, water vapor) and instrument systematic errors
prevent the simultaneous realization of all benefits listed in section 6.1 with the use of the SVD method. Nevertheless, one can
use the SVD framework to analyze the problem and try to get most of the benefits. While a full analysis of all interferences
and systematic errors and their effects on SVD retrievals is beyond the scope of this work, we give a simple example to show
how certain types of interferences can be treated within the SVD framework.

The presence of a water vapor line at the shoulder of the CO5 absorption line described in this work (also see Abshire et al.
(2017)) causes the principal components to have combinations of water vapor and CO2 mixing ratios that are not physically
meaningful. If one chooses to use the principal component retrieval basis, one gets benefits 2 and 3 described above, but not
benefit 1. If one chooses to keep the CO; mixing ratio principal components separate from the water vapor components in the
retrieval basis, one gets benefits 1 and perhaps benefit 2, but not benefit 3. One can also use techniques like clumped fitting
(Abshire et al., 2017) to use information based on spatial correlations of the water vapor mixing ratio as well as other systematic

effects to try and get at all three key benefits.
6.3 Comparing the SVD method to Kulawik et al. (2016)

The SVD method discussed here bears some similarity to the approach used by Kulawik et al. (2016) to extract vertical
information. Both methods use an uninformative prior and retrieve two pieces of information about the CO5 column. Although
the LMT (lowermost troposphere) CO2 product is easier to relate to given that it represents the mixing ratio of the bottom 2.5
km of the atmosphere, it does have some sensitivity (with opposite sign) of higher altitude CO5 concentrations similar to that
of the CO,, vertical dipole moment term discussed in this work.

There are also some important differences between the two methods. In using principal components, the SVD retrieval
produces orthogonal parameters that have uncorrelated errors and thus errors in the Xcop are uncorrelated with those of the
CO, vertical dipole moment. In contrast, given the way the information is partitioned in Kulawik et al. (2016), the LMT
product is expected to be negatively correlated with the U (upper atmosphere) product. In addition, it is expected to have
higher precision than the SVD vertical dipole moment for the same data. Future work will involve a quantitative comparison
of retrievals using the two techniques on the same absorption data, which could better illustrate the advantages of each of these

methods.
6.4 Implications of using the traditional OE method

Going beyond the domain of trace gas retrievals to the broader problem of atmospheric sounding, the simulations shown in this
paper underscore the importance of choosing a proper Bayesian prior and prior covariance if using the OE method. Ideally, the
choice of these parameters will be from a large sampling of the true state space. In the absence of such data, the prior mean may
be different from the true mean. Setting or tuning of the constraint from the Bayesian prior for the purpose of regularization of

the retrieval problem runs the risk of overstating prior knowledge and thus causing a bias.
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Figure 12. Decision tree for suitable retrieval approach when the first principal component is a column mean - The quality of prior information
compared to the signal to noise ratio (SNR) determines which retrieval method would be better suited. The SVD method (with principal
components retrieved) is robust and can be applied to a range of situations. However, in situations where the prior information is good

(relative to the measurement SNR), the OE method offers a clear advantage of a lower variance in the retrieved Xcoo.

In choosing between the SVD method and the traditional OE method, one needs to factor in the quality of the prior infor-
mation (See Figure 12) relative to the signal to noise ratio of the measurement. While the SVD method is always the safer
option (less susceptible to bias), in situations when the measurement is noisy but the Bayesian prior is well characterized, the

OE retrieval will result in a lower variance.

7 Conclusions and future work

We have described an approach to deducing vertical information from column GHG retrievals based on the Singular Value
Decomposition. The SVD approach does not require an assumption of a prior distribution of the GHG profile for regularizing
the retrieval problem, and by using the principal component basis for retrievals, the prior is rendered as uninformative. Sim-
ulations comparing the SVD method to the traditional Bayesian OE (using an informative prior) show that the SVD method
is more robust and better suited to situations where prior knowledge of the CO, concentration and distribution is lacking or

poorly characterized.
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Intuitively, OE derives an estimate of the state using both the measurement and prior knowledge, while SVD only uses
just the measurement to inform its estimate. When the prior information is correct, there is no doubt that OE will have lower
posterior uncertainty since OE can leverage an extra source of information to more efficiently derive its estimate. However,
this efficiency comes at a potential cost when the prior is incorrect. For instance, we showed that when OE uses an incorrect
prior mean, then the estimate is guaranteed to be biased. Estimates from the SVD method in the principal component basis, on
the other hand, are insensitive to incorrect information coming from the prior. The choice between SVD and OE then mostly
comes down to how well one understands the prior distribution of the state of interest.

In this work, we have assumed a perfect forward model and only random errors in the measurement. This is necessary
first step check for the feasibility of the method. However, in practice, other sources of error such as imperfect instrument
calibration, imperfect knowledge of atmospheric state and forward model approximations play important roles. Our preliminary
attempts using CO2 Sounder data from airborne field campaigns have shown that small errors in spectroscopy arising from
neglecting the non-Voigt component of the lineshape can cause significant biases. These errors are beyond the scope of this
paper and will be addressed in future work.

Another interesting topic is extending this work to non-linear forward models, where the minimization of the loss function
in Eqn. (6) amounts to solving a non-linear least square problem. In the traditional OE framework, the maximum a posteriori
solutions are popularly solved using some variation of Newton’s method. Since we have shown that the SVD method can be
viewed as an OE algorithm, its extension to the non-linear forward model can similarly make use of the iterative Newton’s
method (Rodgers, 2000) to solve for the maximum a posteriori solutions. Preliminary numerical simulations indicate that the
SVD method is still unbiased for non-linear forward models as long as F(-) is sufficiently “smooth” at the retrieved state,
though further studies are required.

Future work will also explore other aspects of the measurement problem such as determining the optimal wavelength sam-
pling. In contrast to passive spectrometers, which can have a large number of samples, lidar instruments bear some cost for
each additional sample. While in theory one needs a wavelength sample for each principal component retrieved, in practice one
needs to oversample the line to help reduce systematic errors (control biases). Determining the optimal wavelength sampling,
to best obtain information about the vertical distribution of the GHG while keeping biases low, is important in the design of

space-based IPDA lidar instruments for GHG measurements.

Acknowledgements. AKR, XS, JM and JBA are grateful for support from the NASA ASCENDS Mission Science definition activity.

32



10

15

20

25

30

35

References

Abshire, J. B., Ramanathan, A., Riris, H., Allan, G. R., Sun, X., Hasselbrack, W. E., Mao, J., Wu, S., Chen, J., Numata, K., Kawa, S. R.,
Yang, M. Y., and DiGangi, J.: Airborne Measurements of CO2 Column Concentrations made with a Pulsed IPDA Lidar using a Multiple-
Wavelength-Locked Laser and HgCdTe APD Detector, Atmospheric Measurement Techniques Discussions, 2017, 1-36, doi:10.5194/amt-
2017-360, https://www.atmos-meas-tech-discuss.net/amt-2017-360/, 2017.

Abshire, J. B. et al.: Airborne Measurements of CO2 Column Concentration and Range Using a Pulsed Direct-Detection IPDA Lidar, Remote
Sensing, 6, 443469, doi:10.3390/rs6010443, http://www.mdpi.com/2072-4292/6/1/443, 2014.

Amediek, A., Ehret, G., Fix, A., Wirth, M., Biidenbender, C., Quatrevalet, M., Kiemle, C., and Gerbig, C.. CHARM-F—a new airborne
integrated-path differential-absorption lidar for carbon dioxide and methane observations: measurement performance and quantification
of strong point source emissions, Applied Optics, 56, 5182-5197, 2017.

Basu, S., Guerlet, S., Butz, A., Houweling, S., Hasekamp, O., Aben, 1., Krummel, P., Steele, P., Langenfelds, R., Torn, M., et al.: Global CO2
fluxes estimated from GOSAT retrievals of total column CO2, Atmospheric Chemistry and Physics, 13, 8695-8717, 2013.

Boesch, H., Baker, D., Connor, B., Crisp, D., and Miller, C.: Global characterization of CO2 column retrievals from shortwave-infrared
satellite observations of the Orbiting Carbon Observatory-2 mission, Remote Sensing, 3, 270-304, 2011.

Bomse, D. and Kane, D.: An adaptive singular value decomposition (SVD) algorithm for analysis of wavelength modulation spectra, Applied
Physics B, 85, 461-466, 2006.

Borsdorff, T., Hasekamp, O., Wassmann, A., and Landgraf, J.: Insights into Tikhonov regularization: application to trace gas column retrieval
and the efficient calculation of total column averaging kernels, Atmospheric Measurement Techniques, 7, 523-535, 2014.

Butz, A., Hasekamp, O., Frankenberg, C., Vidot, J., and Aben, I.: CH4 retrievals from space-based solar backscatter measurements: Perfor-
mance evaluation against simulated aerosol and cirrus loaded scenes, Journal of Geophysical Research: Atmospheres, 115, 2010.

Butz, A., Guerlet, S., Hasekamp, O., Schepers, D., Galli, A., Aben, 1., Frankenberg, C., Hartmann, J.-M., Tran, H., Kuze, A., et al.: Toward
accurate CO2 and CH4 observations from GOSAT, Geophysical Research Letters, 38, 2011.

Chahine, M., Barnet, C., Olsen, E., Chen, L., and Maddy, E.: On the determination of atmospheric minor gases by the method of vanishing
partial derivatives with application to CO2, Geophysical research letters, 32, 2005.

Chevallier, F., Palmer, P. I, Feng, L., Boesch, H., O’Dell, C. W., and Bousquet, P.: Toward robust and consistent regional CO2 flux estimates
from in situ and spaceborne measurements of atmospheric CO2, Geophysical Research Letters, 41, 1065-1070, 2014.

Connor, B. J., Boesch, H., Toon, G., Sen, B., Miller, C., and Crisp, D.: Orbiting Carbon Observatory: Inverse method and prospective error
analysis, Journal of Geophysical Research: Atmospheres, 113, 2008.

Connor, B. J., Sherlock, V., Toon, G., Wunch, D., and Wennberg, P. O.: GFIT2: an experimental algorithm for vertical profile retrieval from
near-IR spectra, Atmospheric Measurement Techniques, 9, 3513-3525, 2016.

Cressie, N., Wang, R., and Maloney, B.: The Atmospheric Infrared Sounder Retrieval, Revisited, IEEE Geosciences and Remote Sensing
Letters, 14, 1504-1507, 2017.

Crisp, D., Fisher, B. M., O’Dell, C., Frankenberg, C., Basilio, R., Bosch, H., Brown, L. R., Castano, R., Connor, B., Deutscher, N. M., Elder-
ing, A., Griffith, D., Gunson, M., Kuze, A., Mandrake, L., McDuffie, J., Messerschmidt, J., Miller, C. E., Morino, 1., Natraj, V., Notholt,
J., O’Brien, D. M., Oyafuso, F., Polonsky, I., Robinson, J., Salawitch, R., Sherlock, V., Smyth, M., Suto, H., Taylor, T. E., Thompson,
D. R., Wennberg, P. O., Wunch, D., and Yung, Y. L.: The ACOS COx retrieval algorithm ; Part II: Global XCO2 data characterization,
Atmospheric Measurement Techniques, 5, 687-707, 2012.

33


http://dx.doi.org/10.5194/amt-2017-360
http://dx.doi.org/10.5194/amt-2017-360
http://dx.doi.org/10.5194/amt-2017-360
https://www.atmos-meas-tech-discuss.net/amt-2017-360/
http://dx.doi.org/10.3390/rs6010443
http://www.mdpi.com/2072-4292/6/1/443

10

15

20

25

30

35

Dohe, S.: Measurements of atmospheric CO2 columns using ground-based FTIR spectra, Ph.D. thesis, Karlsruhe, Karlsruher Institut fiir
Technologie (KIT), Diss., 2013, 2013.

Eckart, C. and Young, G.: The approximation of one matrix by another of lower rank, Psychometrika, 1, 211-218, 1936.

Eskes, H. and Boersma, K.: Averaging kernels for DOAS total-column satellite retrievals, Atmospheric Chemistry and Physics, 3, 1285-1291,
2003.

Frankenberg, C., Meirink, J., Bergamaschi, P., Goede, A., Heimann, M., Korner, S., Platt, U., Van Weele, M., and Wagner, T.: Satellite char-
tography of atmospheric methane from SCIAMACHY on board ENVISAT: Analysis of the years 2003 and 2004, Journal of Geophysical
Research: Atmospheres, 111, 2006.

Gisi, M., Hase, F.,, Dohe, S., Blumenstock, T., Simon, A., and Keens, A.: XCO 2-measurements with a tabletop FTS using solar absorption
spectroscopy, Atmospheric Measurement Techniques, 5, 2969-2980, 2012.

Hansen, P. C.: Truncated singular value decomposition solutions to discrete ill-posed problems with ill-determined numerical rank, STAM
Journal on Scientific and Statistical Computing, 11, 503-518, 1990.

Hasekamp, O. P. and Landgraf, J.: Ozone profile retrieval from backscattered ultraviolet radiances: The inverse problem solved by regular-
ization, Journal of Geophysical Research: Atmospheres, 106, 8077-8088, 2001.

Joiner, J. and Da Silva, A.: Efficient methods to assimilate remotely sensed data based on information content, Quarterly Journal of the Royal
Meteorological Society, 124, 1669-1694, 1998.

Kuai, L., Wunch, D., Shia, R.-L., Connor, B., Miller, C., and Yung, Y.: Vertically constrained CO3 retrievals from TCCON measurements,
Journal of Quantitative Spectroscopy and Radiative Transfer, 113, 1753-1761, 2012.

Kulawik, S. S., O’Dell, C., Payne, V. H., Kuai, L., Worden, H. M., Biraud, S. C., Sweeney, C., Stephens, B., Iraci, L. T., Yates, E. L., and
Tanaka, T.: Lower-tropospheric CO2 from near-infrared ACOS-GOSAT observations, Atmospheric Chemistry and Physics Discussions,
2016, 1-55, doi: 10.5194/acp-2016-720, http://www.atmos-chem-phys-discuss.net/acp-2016-720/, 2016.

Kuze, A., Suto, H., Nakajima, M., and Hamazaki, T.: Thermal and near infrared sensor for carbon observation Fourier-transform spectrometer
on the Greenhouse Gases Observing Satellite for greenhouse gases monitoring, Applied optics, 48, 67166733, 2009.

Lin, B., Nehrir, A. R., Harrison, F. W., Browell, E. V., Ismail, S., Obland, M. D., Campbell, J., Dobler, J., Meadows, B., Fan, T.-F,, et al.:
Atmospheric CO 2 column measurements in cloudy conditions using intensity-modulated continuous-wave lidar at 1.57 micron, Optics
express, 23, A582-A593, 2015.

Madsen, R. E., Hansen, L. K., and Winther, O.: Singular value decomposition and principal component analysis, Neural Networks, 1, 1-5,
2004.

Masiello, G., Serio, C., and Antonelli, P.: Inversion for atmospheric thermodynamical parameters of IASI data in the principal components
space, Quarterly Journal of the Royal Meteorological Society, 138, 103-117, 2012.

Melroy, H., Wilson, E., Clarke, G., Ott, L., Mao, J., Ramanathan, A., and McLinden, M.: Autonomous field measurements of CO2 in the
atmospheric column with the miniaturized laser heterodyne radiometer (Mini-LHR), Applied Physics B, 120, 609-615, 2015.

Menzies, R. T., Spiers, G. D., and Jacob, J.: Airborne laser absorption spectrometer measurements of atmospheric co2 column mole fractions:
Source and sink detection and environmental impacts on retrievals, Journal of Atmospheric and Oceanic Technology, 31, 404-421, 2014.

Oshchepkov, S., Bril, A., Yokota, T., Wennberg, P. O., Deutscher, N. M., Wunch, D., Toon, G. C., Yoshida, Y., O’Dell, C. W., Crisp, D., et al.:
Effects of atmospheric light scattering on spectroscopic observations of greenhouse gases from space. Part 2: Algorithm intercomparison
in the GOSAT data processing for CO2 retrievals over TCCON sites, Journal of Geophysical Research: Atmospheres, 118, 1493-1512,
2013.

34


http://dx.doi.org/10.5194/acp-2016-720
http://www.atmos-chem-phys-discuss.net/acp-2016-720/

10

15

20

25

30

Petersen, K. B. and Pedersen, M. S.: The Matrix Cookbook, http://www2.imm.dtu.dk/pubdb/p.php?3274, version 20121115, 2012.

Petri, C., Warneke, T., Jones, N., Ridder, T., Messerschmidt, J., Weinzierl, T., Geibel, M., and Notholt, J.: Remote sensing of CO2 and CH4
using solar absorption spectrometry with a low resolution spectrometer, Atmospheric Measurement Techniques, 5, 1627-1635, 2012.

Ramanathan, A. K., Mao, J., Abshire, J. B., and Allan, G. R.: Remote sensing measurements of the CO2 mixing ratio in the planetary
boundary layer using cloud slicing with airborne lidar, Geophysical Research Letters, 42, 2055-2062, 2015.

Refaat, T. F,, Singh, U. N., Yu, J., Petros, M., Remus, R., and Ismail, S.: Double-pulse 2-&#x03BC;m integrated path differential absorption
lidar airborne validation for atmospheric carbon dioxide measurement, Appl. Opt., 55, 4232-4246, doi:10.1364/A0.55.004232, http:
/lao.osa.org/abstract.cfm?URI=a0-55-15-4232, 2016.

Reuter, M., Buchwitz, M., Schneising, O., Heymann, J., Bovensmann, H., and Burrows, J. P.: A method for improved SCIAMACHY CO»
retrieval in the presence of optically thin clouds, Atmospheric Measurement Techniques, 3, 209-232, doi:10.5194/amt-3-209-2010, https:
//'www.atmos-meas-tech.net/3/209/2010/, 2010.

Riris, H., Numata, K., Li, S., Wu, S., Ramanathan, A., Dawsey, M., Mao, J., Kawa, R., and Abshire, J. B.: Airborne measurements of
atmospheric methane column abundance using a pulsed integrated-path differential absorption lidar, Applied optics, 51, 82968305,
2012.

Rodgers, C. D.: Inverse methods for atmospheric sounding: theory and practice, vol. 2, World scientific Singapore, 2000.

Si-Yang, C., Liang, X., Min-Guang, G., Sheng, L., Ling, J., Jing-Jing, T., Xiu-Li, W., Jian-Guo, L., and Wen-Qing, L.: Ground-based remote
sensing of atmospheric total column CO2 and CH4 by direct sunlight in Hefei, Chinese Physics B, 22, 129 201, 2013.

Thompson, O. E.: Regularizing the satellite temperature-retrieval problem through singular-value decomposition of the radiative transfer
physics, Monthly weather review, 120, 2314-2328, 1992.

Tukiainen, S., Railo, J., Laine, M., Hakkarainen, J., Kivi, R., Heikkinen, P., Chen, H., and Tamminen, J.: Retrieval of atmospheric CH4
profiles from Fourier transform infrared data using dimension reduction and MCMC, Journal of Geophysical Research: Atmospheres,
2016.

Wall, M. E., Rechtsteiner, A., and Rocha, L. M.: Singular value decomposition and principal component analysis, in: A practical approach
to microarray data analysis, pp. 91-109, Springer, 2003.

Wunch, D., Toon, G., Wennberg, P., Wofsy, S., Stephens, B., Fischer, M., Uchino, O., Abshire, J., Bernath, P., Biraud, S., et al.: Calibration
of the Total Carbon Column Observing Network using aircraft profile data, Atmospheric Measurement Techniques, 3, 1351-1362, 2010.

Wunch, D., Toon, G. C., Blavier, J.-F. L., Washenfelder, R. A., Notholt, J., Connor, B. J., Griffith, D. W., Sherlock, V., and Wennberg, P. O.:
The total carbon column observing network, Philosophical Transactions of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences, 369, 2087-2112, 2011.

Yuan, T., Cheng, L., Wen, S. Y., Hua, X. P., Wei, W., Qing, L. W., Guo, L. J., Ang, L., Zhi, H. R., and Yi, Z.: Retrieval of Atmospheric CO2
and CH4 Variations Using Ground-Based High Resolution Fourier Transform Infrared Spectra, Journal of Spectroscopy, 501, 736 382,
2015.

35


http://www2.imm.dtu.dk/pubdb/p.php?3274
http://dx.doi.org/10.1364/AO.55.004232
http://ao.osa.org/abstract.cfm?URI=ao-55-15-4232
http://ao.osa.org/abstract.cfm?URI=ao-55-15-4232
http://ao.osa.org/abstract.cfm?URI=ao-55-15-4232
http://dx.doi.org/10.5194/amt-3-209-2010
https://www.atmos-meas-tech.net/3/209/2010/
https://www.atmos-meas-tech.net/3/209/2010/
https://www.atmos-meas-tech.net/3/209/2010/

