Responses to Reviewersamt2t83ment s on Man

(Data inversion methodsto determine suls3 nm aerosol size distributions using the Particle Size

Magnifier)

We thank the reviewers for their hatpimprovingthis manuscript. We have addressed the comments
in the following paragraphs and made corresponding changes in the revised manuscript. Comments
are shown ad® | ue i tfolowedcby durergsponses. Changes highlightedin the revised

manuscript and siwn asunderlined textin the responses. Line numbersd equation numbers

guoted in the following responses corresponthtse inthe revised manuscript.

Reviewer #1:

1) Resolution of the PSM: The r evisehweaurl du rbcce rdse

based on the saturator flow rate instead of
saturator flow rate and particle size are dep
of t#Bensnulparticllds .beButeliptf unhay osttiransl|l ate t he
since this study does not <consider the infl ue
was mentioned in the manuscript seveéehal dteit med
of faB8semsparticles even when the partiilcdws a
resobgeiogn ~ 1.0 in Page 11 Line 4) may rel at
example, in thisodtudye, Odaes 3a 9B3e sionl thiasred on
mean that particles of 3.93 nm can ble 9d7entne catned

3.93+41.97 nm?

ResponseThe resolution based on the particle size was not reported in thesenpghdue to the
lacking of an unambiguouslefinition based on the particle siZ@r a given particle size, the kernel
function is determined by the saturator flow rate. Thus, the straightforward definition for sizing
resolution is based on the saturator flow rate. To olataiming resolution based on the particle size,
one need tassume/define a relationship between the particle siz¢hanshturator flow rate, e.g.,
relating the particle diameter to its corresponding saturator flow rate at the kernel function peak (the
dashed line in Fig. 2). However, such a definition doessuificiently indicate the sizeesolving

ability of the PSM because of the differences in the kernel peak heigtitthe asymmetric peak
shape To illustrate thesizeresolving ability herewe proposea nonstandard definition of particle

sizing resolutio based on the particle size:
Resg,=d,/(d, -d) ,

Resp is the sizng resolution based on the particle sigaes the particle diameted, andd are

determined according the following criteriohhe saturator flow rates corresponding to the 90%



maximum detection efficiency fal, and the 10% maximum detection efficiency dbare equal to

the saturator flow rate corresponding to the 10% and 90% maximum detection e#&fend,,
respectivelylt should be clarified thahis nonstandard definition reports a lower resolution than the
Afstandar do def i nfulwidtlathaldneakimumeHbwewues, can kg approxemately
regarded thatl, can be detected by the PSM in the size bins betweand d.. The relationship
between Reg andd, is shown in Fig. R1.
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Fig. R1. The sizing resolution based on the parside as a function of the particle size
However, we prefer not to use this rstiandard definition for the sizing resolution to avoid any
potentialconfusion. Additionally, the possibize range reported by the PS¥timateusingthis

resolutionbased orthe particle sizealonemay not be accurateecause the shape of the kernel
functions are asymmetric.

We a ddhe 8.93m particles contribute to the signal for 2.17 nm particles when using the

stepwise method (inferred from Fig. 1 and Figo2).linel1P a g e 1Howeaarn, the ri@solution

alone is not sufficient to indicate the possible reported size range tvbelASM is measuring

monodisperse particldsecause the kernel functioase asymmetric andhe inversion method also

affect the reconslictedpeaké i n | ine 27 Page 5.

2. Stabil-negabivehkbeash squares met hod: Il n th
and the H&A me-hbgdt useudaedastmenh dlds o foubeacht!iyo nt
in MATLAB) stod vdi néet lpparticle size distribut
instabilities when the inversion matrix becom
could use the Twomey inversion algorultthsn afo ff
nomegati-sguaeastmet hod as an initial guess. @]
(12987) for further detailed calculation metho
sqguares method can ¢ealrgedruictetldm cTdel ¢ moe t dii mab
7 of Mar kowsKki (12987)) i f the authors are cor
Since the Twomey inversion method involves t|

expemesel ¢ be | ow as wel |l



Reference: Mar kows ki , G. BR.al @987 hm T lompri mwie
measurement data." Ae-fiddol Sci. Technol . 7(2)

ResponseWe had tried bottheT wo me y 6 s  a |thg BwomelyMankowsska algorithmusing

the result of the H&A method as the initial g
convergent result. Note that the iteration st
not guarantee convergence. A relaxation factor caappked to reduce the changes in each step and

to increase the probability to obtain a convergent result. However, convergence is still not
mat hematically gQguaranteed even using a | arge 1
the normalized lu-square statistic is smaller than one, and an error tolerance factor was used to
control the chisquare statistic (Eq. 8 in Markowski 1987). The convergence and the iteration result
are affected by the error tolerance factor. For instance, using theaerance factor suggested in
Buckley and Hogai(2017), i.e.,0.03- 0.06 could not obtain a convergence regattsome tests in

this study.

One can get convergent results using the Twom
error toleance factor. Howevethe aim of this study is to figure out a penitential inversion method

to recover various aerosol size distributions measured intloeg m observati on.
algorithm may not benethe best choicebecause thevertedresultis affected by the factors and

the convergence is not mathematically guaranteed.

3. The detecl3 imm mpdr tfiadIlsees:subhe reviewer is (¢
suUd nm particles when the testwiaer onedlho dwdroeg a
theoretically, according to Egq. 4, n_m woul d
Even i f we consider the | imited resolution of
report t he dest ebcetlioown 10.f5 anem,oswHi ch i s shown I
wonders i f the f &l ;nen deatradtcil ceie rarfe rtf reddiaseeltl at lo t
the simulation and experi ments, rat heorultdh atnh et
aut hors shhewstureedPPMr ticle concentrations as
6, similar to the one in Figure 5b, so that

evaluated?

ResponseThe simulated/experimentalrer contributes to the reported false sulmm particle
concentrations. When assuming there is no error in the simulated particle concentration detected by
the PSM, the EM algorithm, the H&A method, and the kernel function method report nearly zero
sub3 nm particle concentrations and the stepwise reports zerd.Subm particle concentration
(indicated by the dastiot lines in Fig. 5)The idea of Fig. 5 is to simulate the performance of the
four inversion methods under the influence of experimentalerftie false particle size distribution
reported by the stepwise method (indicated by the-dashines in Fig. 5f) when assuming no error

was because of neglecting the sizing resolution.



To clarified this, we reised the discussions in linesl@, pagel 2 dle simufiated uncertainty is

the main cause of the false sBimm particle concentrations reported by the H&A method and the

kernel function method in Fig. 5. When assuming that there is no error in the particle concentration

detected by the PSivhé H&A method and the kernel function method report nearly no particles in

the sub3 nm size rangd®ifferent from the H&A method and the kernel function method that reported

false results due to their instability, the steigsing method reported false piate size distributions
whenassuming there are no uncertain{iesy. 5f). This is because the stefsing method assumes

a simple ondo-one relationship between the saturator flow rate and the recovered particle diameter

instead of accounting for theide kernel function peaksor subl1.5 nm patrticles, the nonzero mean

particle concentration reported by the stepwise method is due to the simulated uncedtainties.

Thepatrticle concentrations detected by the P&&de shown in Fig. 6 he discussions oi¢ false
particle concentr at i dased on hothRhe gimulathg amd expenmental s e
results, we conclude that the PSM may report false3snim particle size distributions when there

are actually no suB nm particles because tfe urcertainties and thaeonideal data inversion

methods, especially the stepsing method i n20, pagenl@.

Techni cal comment s:

1. Page MBéalLiregulari zaanaont paragmredement with t
dattadWas PSM dat asamagl y hed Thkhonov regul ari zat

ResponseWe r evi sed f P S Mrecoededsigndde di rd altiame als9 ,Ai page

2 . Page Msilkientgbbkilzi wo?abil ity
ResponseDone.

3. Page nHt-dp gtién Bt e pwsiasnee atpop Itihees rest of t he m
ResponseDone.

4 . Eq. (4): Pl ease check the -&i)njtamd thhen. d&nc
di mensionl ess Al s o, regarding t he efficien
eta(s_i1,d_psmax)l, dnd, man) , because the cal cul
saturator flow rates?
ResponseThanks. We revised Eq. (4) as

o __ 2(R4y-R) 1

) h(srnax'di)+/($r1ax’q+1) q_dﬂ
5. Pl ease check-(d@dyatitchrey (h@&@)vearmsdbme8)f or mat i s

ResponseWe replacedhosesymbokthat may lead to format issues



6. Eq. (10): According to the definition of t
Jel ? Otherwise, please include some mantproirx.ant

ResponseEq. 10 is the key step to get the square ma@ixlVe added Eqg. 9 and Eg. 11 and revised

Eq. 12 to illustrate the main idea of the converting steps.
2
R=an(s.d)°n *PI @
=1

R..=P, O, 3)

Eq. 9 is the vector form for Eg. 8 aRds the matrix relatingjrandR. é

n° f(n.d), (4)

nJal ° FJ 3 ﬁ? By (5)

wheref is the function relating; andni (ni is a vector)n; is the particle size distribution function at

di; nj is estimated using more than one singl@nd Eq. 11 is the vector form for Eq. £0.

RI310 I:)I 3 a 13 nlq3 QI I: 3n 1 (6)

P andF are determined according to Eq18 and thu®) is determined by, f, adéd. o

7. Page Mol i/oden3nER( ?
ResponseWe replaced all the No./crwith cn®,

8. Page 9 Line 30: What was the appsrtoexpipmantge nto
and how stable was the wire generator?

ResponseWWe a dldteokl apgroximately 30 min to measure a particle size distribiuitiora n d

fiThe relative standard deviation of the peak particle concentration measured by tRECHIA

system wasvithin ~ 1 0 % dines 47, page 10.

9. Page Tda lhiceséit abBl: e
ResponseDone.



Reviewer #2:

The Revi ewer i's wondering how the different

particle number concentriast i ©tnr oonfgl yhedeah easee
at mospheric conditions? Have any <considerat.
at mospheric conditions?

ResponseTheoretically, none of the studied inversion metwidl report sub3 nm particles when
themeasured particle concentration decreases monotonically with the increasing saturator flow rate.
When measuring particles around 7.3 nmgradually decreasing particle concentration was observed
due to the instability of the wire generatbhe sub3 nmparticle concentrations inverted using the
studied methods were zero/negligible.

The uncertainties/errors of the observed raw particle concentration in atmosphere are usually larger
than in the laboratory. Thus, it is more complicated to test the perfoenmdiuthe inversion methods
under various atmospheric conditios ongoingstudy is focusing on the comparisons of the

inversion methods using atmospheric observation data and the results obtained using different

instruments.

Techni cal Corrections:

p.l1.,14 using dieewyglt kneigefmitvibd as
p.15, listabsabl e

ResponseDone.

6 | -thh2 a@ppedGcase subscriptions are not ful
7 | .4pkgas8 dh&@ck equation

7, | -t h®e a@.pke§craiset isains are not fully visibl

7 |l .11 the uppercase subscriptions are not

7 | -tllbe eyqppdlOcase subscriptions are not f ul

T T T T O

ResponseWe replaced thsesymbols that may lead to format issues.

p.23, | . T uFil gwreiiCofnossi mMaetri am i ncrease the fi gt
stated concentrations.

ResponseWe moved the particle concentrations to Tabénd removed the legends in Fig. 4(b),
4(c), and 4(d)
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Abstract. Measuring particle size distribution accurately down to approximately 1 nm is needed for studying atmospheric
new paricle formation. The scanning particle size magnifier (PSM) using diethylene glycol as working fluid has been
used for measuring st nm atmospheric aerosol. A proper inversion method is required to recover the particle size
distribution from PSM raw dat&imilar to other aerosol spectrometers and classifiers, PSM inversion dadumdo

a problem described by the Fredholm integral equation of the firstWiadested the performance of #tepwisemethod,

the kernel function method (Lehtipalo et al., 2014),H8A linear inversionmethod (Hagen and Alofs, 1983), and the
expectatioamaximization(EM) algorithm. Thestepwise method and the kernel function method were used in previous
studies on PSMThe H&A method and the expectatiomaximization algorithm were used in data inversion for the
electrical mobility spectrometers and the diffusion batteries (Maher and Laird., 1985), respectively. In addition, Monte
Carlo simulatiorand laboratory experiméswereused to test the accuracy and precision of the particle size distributions
recovered usinfpur inversion methoddhenall of the detected particlese larger than 3 nm, tis¢epvise method may

report false 8b-3 nm particle concentratiobgcause of assuming an infinite resolutiwhile the kernel function method

and the H&A methoaccasionallyreports false 43 nm particles because of using the unstable least square method.
The accuracy and precision of the recovered particle sizébdtidn using the EM algorithm are theestamong the
testedfour inversion methods. Compared to the kernel function method, the H&A method reduces the uncertainty while
keeping a similar computational expense. The measuring uncertainties in the praseimgsmode may contribute to

the uncertainties of the recovered patrticle size distributions. We suggest using the EM algartnieveethe particle

size distributios using the particle number concentrations recordgdthe PSM. Considering the relatly high
computation expenses of the EM algorithm, the H&A method is recommeadedusedor preliminarydataanalysis.

We also gave practical suggestions on PSM operation based on the inversion analysis.



1 Introduction

The particle size magnifier (P9Msing diethylene glycol as working flufifanhanen et al., 20119 widely used in new
particle formation studieKulmala et al., 2012; Kulmala et al., 2013; Kontkanen et al., 2@hd) other ndustrial
applicationg(Nosko et al., 2016; Ahonen et al., 201&X)PSM can report particle size distributions in th8 fim size
range which is a key size region in the nucleation study. Particles in the PSM grow into larger sizes due to the
condensation ofuper saturatediethylene glycol, and these particles after the initial groarh detectedusing a
downstream condensation paicounter (CPC). The PSM detection efficierftye CPC is included if not specially
mentioned)of particles with a certain diameter is a function ofgbper saturatioratio of diethylene glycolincreasing
theflow rate passing through the chamber e@mihg saturated diethylene glyo@pour i.e., the saturator flow ratean
enhancehesuper saturatioratio thustheparticledetection efficiencies hetotal particle number concentration detected
by the PSM varies with the varying saturator floweraand one cadetermine the particle size distribution according to

the observed relationship between the particle number concentration and the saturator flow rate.

A proper inversion method is required to recover the particle sizebdistmusing the recorded relationship between the
particle number concentration and the saturator flow Tdtestepwise method and the kernel function methedre used

in previous studiesor PSM inversion(Lehtipalo et al., 2014)The stepwise method is a onéo-one linear inversion
methodusing the relationship between the 50%afiitsize andhesaturator flow rate, which essentially assuinésite
sizing resolution, i.e., the particles of a specifisize are activated at a certain saturator flow fdtevever, such an
approximation may lead to naregligible errors due to the relatively low resolution of the PENe kernel function
methodaccounts fothe detection efficienccurves andthe particle size distribution is recovered using the megative

least square method.

Although te uncertaintiesof the particle size distribution determined using the P&#b6 discussed recently
(Kangasluoma and Kontkanen, 201thge uncertainties introducetiringthe data inversion have not besrstematically
addressedThere are always measuring uncertainties in practical conditionsptieushould account for the measuring
errors when evaluatindpe perfornance of a data inversion meth@kcause of the relatdly low resolution of the PSM,
the matrix connectinghe particle size distribution and the observed total rarrabncentration is usualily-conditioned
The kernel function methoehay theoretically recover the observed particle size distributiban ttere are no random
errors. Hbwever, it sometimes leads to large uncertaintiesn there are small random errbesause of the instability

of the least square methodaahear collineadata setEllis, 1998)



The equationmappingthe particle size distributioto the particle number concentratigietectedby the PSM is the
Fredholm integral equation of the first kinghich arisesin manyfields, e.g.,whenstudying themolecular dynamics in
complex systeméSchéafer et al., 199@ndcharacterizinghe transfer function ofreion drift tube(Buckley and kgan,

2017) Various typesof aerosol spectrometers or classifiers, e.g., cascade impambticgl particle spectrometers,
electrical mobility spectrometeranddiffusional barriers, classify particles according to the signals recorded by a number
of channelsThere is ncstrict oneto-one relationship between the particle number concentration in a certain size range
andthe detected signal ia certain channel because of the finite sizing resolutibms.inversion methods used in the
previous aerosol spectrometers can possibly be appléttitesshe PSM inversion problerithe review of the inversion
methods for aerosol spectrometers can be foundandlikar and Ramachandran (199%®nutson (1999) and

Ramachandran and Cooper (2011)

An inversion methodvith less prior information on the particle size distributisrpreferablefor the PSM inversion
problem.It is impossible to obtain a continuous particle size distribution usiingite number of the deteetl signals
withoutany constraints, e.g. kmown analytical expressioto describehe size distributionrSomeinversion methods rely
on a presumed particle size distribution form{ifachs et al., 1962; Raabe, 1978; Ramachandran and Kandlikar, 1996)
or prior information on the detection efficienci@sg., Onischuk et al., 201Hlowever, approximating various shapes
of the observedub-3 nmparticlesize distributions or thBSMdetection efficiency curvassinga specificformulamay
lead to relatively large uncertainti€somemethodsare feasible in certain conditions, howewarmetimeghey are not
convergent omaylead to highfrequency oscillation§Twomey, 1975; Ferri et al., 1988)e to practical random errors.
Some methodase smoothing criterioato deal with thescillationgMarkowski, 1987; Winkimayr et al., 1990)owever,
theyoccasionallyeportanoversmoothedsizedistributionbecause of the relatively lowsalution andimited size bins

of the PSM.The Tikhonovregularsation (Tikhonov, 1963)uses a regulaation parameter to determine the balance of
smoothing and the agreement with tteeordedsignals thus the inverted result made affeceéd by the method to

determine the reguladtion parametefe.g., Wahba, 1977; Hansen, 1992)

Based on the reasons mentiorsdabve we chosethe H&A linear inversionmethod(Hagen and Alofs, 1983nd the
expectatioamaximization algorithm, antkstedhefeasibility to applythese methods the PSM inversion problerihe
H&A method is a linear inversion method usedire distributiormulti-charge correctignwhich hagherelativelylow
computational expens& he expectatioamaximizationalgorithm is an iterative method leas on probability theory
(Dempster et al., 1977and itwas used to reconstruct particle size distributions from diffusion batteryMateer and

Laird, 1985; Wu et al., 1989)



In this study, we tested the performance efdtepwise method, the kernel fiction method, the H&Anethod, and the
expectatioamaximization algorithmn PSM inversionExperimentsandMonte Carlo simulations accounting for random
errorswere used to evaluate the sizing accuracies and the uncertainties of the particle size distribotieredusing
four inversion methods. The influence pdirticleslarger than 3 nm on the reported s2ilbm particle size distributions
wasdiscussedBased on the comparison, the methods with comparatiselyuncertainties and higstabilities were

recommended taddresshe PSM inversion problem.

2 Theory

2.1 PSM meauring theory

A PSM measures the total particle numbanaentration of the activated particldhe sampled aerosol flow is mixed
with ahigh-temperaturdlow containing saturated diethylene glycol coming from the saturator, and then the mixed flow
pasesthrough dow-temperaturgrowth tube. The particles large than a specific diameter can overcome the Kelvin effect
and grow into larger sizes due to the condensatisndr saturatediethylene glycolThe detection efficiency imainly
determined by thparticle diameteand thesaturator flow rate. The chemical compositions and charging state may affect
the detection efficiencigKangasluoma et al., 2013; Kangasluoma et al., 20diGdipad toerrorsin the reported particle

size distributiongKangasluoma and Kontkane217) however, we mainly focus on the inversion method in this study
and assume the detection efficiency is only size degmrad a certain saturator flow rate. Since the temperatures in the
saturator and the growth tube are fixed, a higlaturatoflow rate leads to a highauper saturatioratio of diethylene
glycol in the growth tube hemchigher detection efficiencigbig. 1a).See Section 3.1 for the details on how to obtain
the detection efficiency curve$he detected total particle number concentration varies with the varying saturator flow
rate when the particle size distribution keeypschanged The relationship between thdetectedtotal particle
concentrationR, the saturator flow rats, and the padicle size distributioriunction n, can be expressed in the Fredholm

integral equation of the first kind:

+ o

R=f #(s.d) *n dd ¢ ™

whereR; is thenumber concentratiorecordedat the i" saturator flow rates; d, is the electrical mobility diameter since
thecalibratngparticles are classified according to their electrical mobijtg;the overall detection efficiency determined
by sandd,, including the detection efficiency and the sampling efficiendg;the probability density of particle number
concentration (particle size distributidanctior), d\/dd, and N is theaccumulated numberoncentration of particles

smaller thardy; andUis theerror in therecordedparticle concentration at



There are many potential sources of the efidforinstance the uncertainties in the calibratéetectiorefficiencies the
systematic errors caused by the #deal fitting formula of thedetection efficiency curvesthe CPC counting
uncertainties, the uncertainties in gger saturatiomatio due to fluctuations ithe flow rate and temperature, and the
unstable aerosol source will albntributeto the difference betweehe detected number concentration andekpected

particle concentration assumititgre isno error.

As shown in Fig. 1bhe kernel function of the PSNK, is definedas the derivative ahe detection efficiencyg, with
respect to the saturator flow rat,The area of the kernel function is equal to the difference between the detection
efficiencies at the maximum and minimwaturator flow rateddere wedefiner asthe derivative othe detected number
concentrationR, with respect tes. According to Eq. 1, the relationship betweeands is also a Fredholm inggal

equation of the first kind:

+ o

rm:fj K(sm,dp) n dd, ejt, (8)

wherern is ther atthe m" saturator flow ratesm; and €j, is the error inrn. Althoughr is theoretically defined as the

derivative ofR, practically one can only approximateisingthe difference between two adjac&bver the increment

in s and approximaten with the mean value of the two correspondigrhese approximations also contribute to the

uncertaintiese}, in addition to the aforementionedurces for §.

When using a PSM to determine particle size distributions, the PSM recondsyireg total particle concentratioif;,
and thecorrespondingaturator flow rates. The saturator flow rate may vary continuously in the scanning mode or fixed
at different flow rates in the stepping modée particle size distributions are recovered using the recorded relationship

betweerR ands or the relationship between the approximatedndsn.

Thesizingability of the PSM can be described using the size resoliamilar to the definition of the sizing resolution
of a differential mobilityanalysenDMA, Flagan, 1999}o classify particles according to their electrical mobhilitye

define the resolution of a PSM as:

*

Res= s 9)
Ds
whereResis the resolution a'; s" is the peak saturat flow rate of a kernel functiora n dsis the full width at half
maximum of the kernel function peak.relationship between the saturator flow rate and the electrical mobility diameter
is definedto straightforwardy relate theresolutionandthe particle diameterThe peak saturator flowate s’ is defined

as he corresponding saturator flow rate tbé particle diameterThis definition issimilar to but different from the



definition usingthe saturator flow ratet the half maximum detection efficienay Lehtipalo et al. (2014andin the
commercialized PSMThe sizing resolution of a PSM can be estimated according to the relationship beanddp as

shown in Fig. 2However, the resolution alone is not sufficient to indicate the possible reported size range when the PSM
is measuringnonodispersgarticles because the kernel functi@me asymmetric and thversion methodilso affect
thereconstructed peaks.n®shouldespeciallykeep in mindthat thePSM does not measure particle diaméiecause

the relationship betweesandd, is only a definition rather tharan intrinsic correlationA PSM onlyrecord thevarying

particle ©ncentrationagainstthe varying saturator flow rat€as indicated in Eg| 1 and 2) One can only obtairhe

particle diameteyvia properdata inversion.
2.2 The stepwise method

The resolution of the PSM is assed infinite in thestepwisanethod. Thughe integral equation relatimgandr collapse

into aoneto-one corresponding relationsHipehtipalo et al., 2014)

— 2(R+1' R) . 1
K h(smax’ di)+ /(snax’ q+1) q - d+l

whereny, is the particle size distributidanction (dN/ddp) atdm; dm, di, anddi.1 are the corresponding hatfaximum cut

n (10

off diameters oy, s, ands.1, respectively; andm, is the mean value of ands.1. The relationship between particle
diameter and the saturator flow rate is determined usinggttueator flow rate at the fiamaximum detection efficiency
(Lehtipalo et al., 2014)'he stepwi® method does not magnify the relative error in measurement since it istecone
inversion method. However, the inted results using thetepwisemethod are perhaps nowgligibly affected bythe

relatively low resolutioaof the PSM.
2.3 Thekernel function method

The kernel function method assumntbatthe particle size distribution can be approximated using several particle size
bins and the detection efficiencies of particles in each size bin are the same. The mathematical description of this

appioximationis:
2
r.°a K(sm,dj) n 3dbJ 1dl, (11)
j=
whered, is the representing particle diameter of each size i the number off;; nj is the particle size distribution

function (dN/ddy) atd;; gu; is the length of each size biand| is the number oR. Thesymbolofd i s t o emphasi



Eqg. 5 is an approximation even if them@no measuringerrors becausdt approximagsthe integral with dinite discrete

sum andestimatesm usingthe recoreédR.. Using a matrix, Eq. 5 can be rewritten as:
r(|-1)310 G(| 'YE Q,,,J It1 12

where G = K(s,q) @ 13

The subscriptions the uppercasef Eq. 6indicatethe dimensions of the matrix and the vectombile the sibscriptions
in the lowercase dEq. 7representhecorresponding elemerithe particle size distributiois obtainedvia solving Eg. 6

usingthe nonnegative least square method.
2.4 The Hagen & Alofsmethod

The H&A methodHagen and Alofs, 1983yas proposed to deal with the mwdtiargingcorrectionproblem when using
aDMA. It canalso be used to solveedPSM inversion problem. Similar to the kernel function method, a discrete sum is

used to approximate the integral:
o
R=&n(s.d) °p DI (19
j=1

R., =P, O, (15)

Eq. 9 is the vector form for Eq.8dP is the matrix relating;randR. We use the symbaif = in Eq. 8and Eq. Yather

t h albecadse¢he H&A method requires Amuch larger thah. Oneshouldincreasel if the error in approximating the
integral with the discrete sum is still lardgg¢sually, J is determined a80 times that of considering the compational
expenses. However, Eq.i®elf is not solvable because there are more unknown variables than the equations. Thus,

additional constraintarerequired. The H&A method assumes thayn; can be approximated using i.e.,

n,° f(n. d.), (16)

17

nJ31 ° FJ 3 Q B (17)

wheref is the function relatingy andni (ni is a vector)n; is the particle size distributioiunctionat di; nj is estimated
using more than one singhg andEg. 11is the vector form for EqLO. The determination o is theoreticallyarbitrary
as long as the number dfis the samasthe numbepf R. For the detailso determind, please refer ttlagen and Alofs

(1983)



Similar to the kernel function method, the relationship between the particle size distribdtibiermumber concentration

recorded by the PSMan be described in the vector form:

RI310 I:)I 3 Q I3 n|Q3 QI I: 3” 1 (18)

P andF are determined according to Eq18 and thus) is determined by, f, a d. ®negpardirectly solve Eg. 10
(e.g., via Gaussian eliminatiosinceQ is usually norsingular. However, different from the matrix obtained frobMA ,

the matrix Q in PSM inversion problem is usuallyot a positivedefinite matrix because the detected particle
concentration sometimes decreases with the increasing saturator flow rate due to randoBirapigrsolvingEq. 12
often obtairs negativevalues inparticle size distributions. Thus, the Rpagative least square method is suggested to
determinghe particle size distribution the PSM inversion problerhe H&A methods can also reconstruct the particle
size distribution according to the relationslhigtweenr, and sn. However, using the kernel functions instead of the
detection efficiencies does not necessarily improve the accargegcisiorof theresults. On the contrast, we found that
using the kernel functions usually lead to larger uncertainties than using the detection efficiencies becaes®s the

caused bypproxmating rm.

The H&A method is theoretically more stable than the kernel function method because of the more asswmrgiton
of the true aerosol size distribution. However, the H&A methddptedfor PSM inversion may still report size
distributionswith large uncertainties becauseusingthe least square methothe computational expense of tH&A
methodis similar to that of the kernel function method because thdimaiteng step isto solve the least guare question.

Their low computational expensgg an advantage over other nonlinear inversion methods.
2.5 The expectatiormaximization algorithm

The EM algorithm is a statistical method dealing with inversion problems with unobserved latent variables. A
explanation of the EM algorithm can be foundo and Batzoglou (2008)n the PSM inversion problem, the latent
variable isR;;, defined as the contribution of particles with the diametet td the detected number concentratiBn,
(Maher and Laird, 1985)he algorithm obtamthe recovered particle size distributiasing two stepghe expectation
step and the maximizatiatep. In the expectation step, the valueRgfare estimated according to Bayesian theorem:

nj3/7(§,q) 0

Ri= (19)
an2h(s.q)° @
=

In the maximization step, the particle size distribufiamctionis estimated according to the maximum likelihood:



|
aRr,
n = T o (20)
an(s.d)° o
1=1

The EM algorithm obtains the recovered particle size distribution by repeating the expectation giepnandnization
step untilconvergenceThe convergence can beasured by the likelihood functigMaher and Laird, 1985 hevalues
and the numbeof d; arenot limitedwhen usinghe EM algorithm, and a largdrcan reducéhe errors in approximating
the integralisingthe discrete sunThus, the EM algorithm is able to report particle size distributions with sipeebins

compared to thetepwise method, the kernel function method, and the H&A method.

The EM algorithm is more stable compared to the algorithms based on the least square(Matiherdsnd Laird, 1985)

The convergence of the EM algorithrashbeen prove(Dempster et al., 1977however, the convergence spégdot
mathematically guaranteed. Compared to the kernel function methatieiH&A method, the computational expense

of the EM algorithm is much highdn addition, he EM algorithm is a greedy algorithsnchthat the iteration is easily
trappedn a local optimum. To start the first expectation step, an initial guess of the particle size distribution is required.
We suggetsthe initial guess to ba vectorof all ones Note that he EM algorithm is sensitive the initial guesand
usingarecovered particle size distributiasbtained fromanother methode.g, thestepwise methoddoes nonecessarily

improve thdteration results.

3 Methods

3.1 Experiments

Laboratory experiments using particles with known peak size or size distribution ceaducted to test the inversion
methods(Fig. 3). Sub10 nm tungsten oxide particles were generated using a wire gen@latoeke et al., 2006;
Kangasluoma et al., 2015 the narrow peak measurement, tiegjatively chargegarticles were classified using a
high-resolutionHerrmann DMA.The sizing resolutions of the Herrmann DMA in the experimental conditions were no
smaller than 25(Kangasluoma et al., 2016bJhus, the classified aerosolsitoof the Herrmann DMA can be
approximately regarded as monodispefe relationship between the Herrmann DMA voltage and the classified particle
size was calibrated using standard molecular (e and de la Mora, 2005%) TSI 3068Baerosolelectrometer using

thesame aerosol flow rate with the PSM (8térs per minute, Ipm) was used tereference

In the wide peak measuremetite particle size distributions classified using a TSI nanoDid&e wider peaks than

those generateid the narrow peak measuremente aerosol and sheath flow rates of the nanoDMA were 2 and 10 Ipm



respectively It should be clarified that the particle size distribution classified using the nanoDMA in the wide peak
measurement were still narrow due to the limitation of the nanoDMPew&r sizing resolution either achieved ay
higher aeroseto-sheath flow ratiavill cause the nanoDMA out of work due to significant turbuledchalf-mini DMA
(Fernandez de la Mora and Kozlowski, 20%8)h calibrated penetration efficiency aaddlownstreanfaraday cage

electromete(FCE)wereused to measure the classified particle size distribuiioparallel

The PSM (Airmodus Al11l) was calibrated using negatively charged tungsten oxide particles beftest thbe
experimental setup for the calibration was the same with that used in the narrow peak meastinermdioence of the

finite resolutionof the Herrmann DMA on the calibrated efficiency curves was negligiltile.saturator flow rate of the

tested P8I varied from 0.05 to 1.3 IpnThis saturator flow rateange iswider than that of a typicaSMto obtain a

complete kernel function curve of 3 nparticles The maximum background noise of the PSM was approximately 1
No./cr?, which was negligible compared to thesualy detected particle concentrat®iThe detection efficiency is
determined as the ratio of the particle number concentrations reported by PSM over the number concentration reported
by the electrometeiThe detection ditiency curves of the PSM were fitted using a function (Ex)j.modified from the

ChapmarRichards growth curvéRichards, 1959vhich fitted better than other tested functions for the tested, PSM

h=a’ gl 40| (5 sw) gel® et ¢ 3% (21)

where smax IS the maximum saturator flow rat@d.3 Ipn); a, b, ¢, andd are the fitting parameterdf not specially
mentioned, the PSMias fixed atl8 different saturator flow rates when measuring the particle size distribirtitims

study. This operation in theteppingmode was to avoid the potential uncertainties introduced in the scanningThede.
stability of the particle size sliribution was monitored using the reference FCE during the relatively long measuring

period.

3.2 Simulation
The performance of the four inversion methods alssstudied using Monte Carlo simulat®fThe detection efficiencies
used in the simulatiamwere determined according to the calibrated efficiencies but slightly adjusted towards smoother

curves.Theuncertaintiesn practicalcalibrationwere neglected in the simulation.

The particle number concentrations detected at different saturator fEswyare simulated using a certairtiatiparticle
size distribution. The random errd}, wasinserted into theiswulated particle concentratipR;.. The mndom errors were
determined experimentallyThe relative random errors were larger than the statistdative errors predicted using

Poisson distributioflida, 2008; Kuang et al., 2012; Kangasluoma Eodtkanen, 2017and independent of the particle



concentrations at a certain instrumental configuration, indicatatgahdom errors wergovernedy the fluctuations of
the source and/or the instrumental paransefe.g., flow rate). We used the mean relative random standard deviation
observed in the experimental tests, 3.7%, as the representativelidhlly. 10 data poirstwere assumed to be collected

at each saturator flow rate. Thus, the random errors @tserto the simulated particle concentrations, i.e., the relative
standard deviations of the mean particles concentrations, were assumed to be 3.2%/ {/10). A relatively large

random error of 10% obtained from the ambient measurements was also Téstelonte Carol simulation was
conducted for 10000 times using each inversion method to estimateciimacy and precision tife recovered particle

size distrbutionindicated bythe mean values anithe standard deviations afivertedresults

4 Results and discussion

4.1 Sizing accuracy

The inversion methodested in this study.e., thestepwi® method, the kernel function method, the H&A method, and

the EMalgorithmare able to estimate the classified particle diameters when the PSM was measuring nearly monodisperse
sub-3 nm patrticles. When the classified particle diameters wereninahd 2.41 nnrespectivelyall of the four inversion

methods can recoveingle peaksround the classified diametfigs 4a, 4b). The size distribution reported by the
stepwi® methodwas the widest because ttepvise method does not account for the resolution of the PSM. Note that

the peak diameters reported by the kernel function method and the H&A method were also affected by the selection of
the particle size bins. The total particle concentrations obtained \@esiom were similar to the number concentration
detected by theeference FCEexceptfor the number concentration of 1.51 nm parselkported by the kernel function

method

None of the four inversion methods could size particles larger than 3 nm laitively good sizing accuracies. When
the classified particle diameter was 3.93 nm, the four inversion methods failed to report narrow pgeakvdiimeters
approximating3.93 nm(Fig. 4c). Thisis because the PSM resolution foarticles larger than 8Bm is low,i.e., the
resolution was-1.0 when measuring the classified 3.93 nm particles (Figr't®y.3.93 nm particles contribute to the
signal for 2.17 nm particles when using the stepwise mdthfaared from Fig. 1 and Fig. 2)Vhen focusing on the sub
3 nm particle size range, tlkernel function method, the H&A method, and the EM algoriteported nearly no sub
3nm particles. However, thetepwise method reported a nemegligible amount of suB nm particles with a total numbe

concentration of 1591 No./cmdue to the low sizing resolution.



We further tested the sizing ability of the four inversion methods using the sum of the recorded particle concentrations
when the PSM was measuring 1.51, 2.41, and 3.93 nm pa(faledd). The kernel function method, the H&A method,

and the EM algorithm distinguished the particles with different sizes, and the reconstructed peaks were similar to the
corresponding peaks when the PSM was measuring monodisperse particlésvertesl result using thestepwise

method was also unaffectdry the summation, however, it was difficult to distingutble isolated peaks from the

recovered particle size distributidine to the broaded size distribution

The size distributions of particles largbat 3 nm could not be successfully retrieved via data inversion because of the
low resolutionof PSM for these particle®owever, it helped to recover s@tmm particle size distributionsost of the
reported particle sizes usitige kernel function metid, the H&A method, and the EM algorithwere larger than 3 nm
when the PSM was measuring 3.93 nm particles (Fig. 4c). This estimation of particles larger than 3 nra edativedly
accuratesizing of sub3 nm particle size distributiofFig. 4d) Thus, we recovered the particle size distribution up to 5

nm using different inversion methods but focus only on the3snim size range.

4.2 Uncertaintiesusing different inversion methods

The stepwise method, the kernel function method, and the H&A method may reportsialis® nmparticleswhenthere

are onlyparticles are larger than 3 rimthe input aerosolA particle size distribution with a peak diameter of 5 nm and
nearly no su8 nm particlesvas simulated (Fig. 5aJhe detected particle concentrations were assumed to fluctuate with
a1.2% relativestandard deviatiodue to measuring uncertainti¢sg. 5b) The EM algorithm reported nearly no s8b

nm particles except for the smallest size &i 1.16 nn{Fig. 5¢) The expected values of particle concentrations in the
bins smaller than 3 nm recovered using the H&A method were near zero, however, f@sersphrticle concentrations
were occasionallyreported(Fig. 5d) Compared to the H&A ntbod, the size distribution recovered using the kernel
function method was more unstable, especially in the2sum size rangé-ig. 5e) The simuéted uncertainty is the main
causeof thefalse sub3 nm particle concentrations reported by the H&A metland the kernel function methaod Fig.

5. When assuming that there is no errdhimparticle concentratiatetected by the PSM, the&#A method and the kernel
function methodeport nearly no particles in the sBmm size rangeDifferent from the H&A méhod and the kernel
function method that reported false results dmeheir instability, thestepvise method reported false particle size
distributionswhen assuming there are no uncertainfiég. 5f). This is because tr&epvise method assumes a simple
oneto-one relationship between teaturator flow rate and the recovered particle diameter instead of accounting for the
wide kernel function peak&or sub1.5 nm particles, the nonzero mean particle concentration reported ftgpidse

method is due to the simulated uncertainties.



The false sut8 nm particle concentrations due to improper inversion methods were tested experimentally. Particles larger
than 5 nm were classified using the nanoDMA (f6ig). No suk3 nm particles wre reported using the EM algorithm

and the H&A method. On the contrast, the kernel function method astefhei® method reported approximately 3%10
particles when theotal particle concentration measured using the DMZE system waapproximately2.4x10*. Based

on both the simulating and experimental results,conclude that the PSM may report false-8ubm particle size
distributions when there are actually no -€ubm particledbecause othe uncertainties and tin-ideal data inversin
methods, especially thetepwise method. Note that large particles whose detection efficiencies do not vary with the
saturator flow rate do not lead to a biashe recovered su® nm particle concentrationg/e examind this theoretical
deductionexpeimentally using a PSM to measugeambient particlegxistingin the room airand the recorded particle

concentration did not significantly vary with the saturator flow rate.

The performance of the four inversion methaushe sub3 nm size range under ti@fluences of larger particlesas
tested using a bimodal distributi¢Rig. 7a) Similar particle size distributions are usually observed in the atmospheric
new particle formation even{diang et al., 2011andin flame(Tang et al., 2017)As shown in Fig. 7, the particle size
distribution recovered using the EM algorithndhhe highest accuracy and the smallest uncertainties among the four
method. The recovered particle size distribution usihg EM algorithmhad a slightly different shapeompared tdhe

initial distribution because the resulteretrapped in the local optimum.dwever, the differences between the recovered
and the initial size distributionserethe smallest. The standarddations of the size distribution recovered using the
H&A method and the kernel function methagrerelatively large due to the unstable least square method. Because of a
better assumption of the initial particle size distribution, the H&A method resmltemaller uncertainties compared to
the kernel function method, espdlyian the sub2 nm size range. The size distribution recovered using the EM algorithm
hashigher accuracy and stability comparedbtmth the H&A method and the kernel method because thet@pee

inversion method does not magnify relative errors.

The experimentaksts using bimodal distributions agreed with the simulation results. The particles with a peak diameter
at approximately 2.3m were classified using the nanoDMA. We added the observed number concentration to those
detected in Fig. 6fparticles larger than 5 nn) account for the influence of large particles. Unfiltered room air served

as the makeup flow to provide backgrourattigles. As shown in Fig. 8, all the four inversion methods recovered the
peak around 2.3 nm, while the results reported by the H&A method and the kernel function method were less smooth

comparedd the EM algorithm and thetepwise method.



Smoothing thesize distribution recovered using the H&A method and the kernel function miettooigwer size bins

can reduce the uncertainti®é¥e determined the number of the size lihshe recovered distributions according to the
number of the fixed saturator flovates. Too many size bins will lead to relatively large uncertainties, however, the
uncertainties can be reduced by sacrificing the resolution, i.e., reporting the size distribution in fewEhebisize
distributions recovered using the kernel function method were reported in tygidaing (Lehtipalo et al., 2014)This

was achieved by assuming fewer discrete particle diameters in Eqg. 5. Another option is to mergfbimsrinumbers
afterinversion rather than assume fewer bins at the beginning. Note that the H&A method csunmet f@sver discrete

size bins at the beginning. Instead, the H&A method assumes an adequate number of size bins to guarantee a relatively
smooth distributiofEq. 8. As shown in Fig. 9, the standard deviations of the reported size distribution with fewer size
bins were comparatively smaller than the corresponding standard deviations with more ss&h®Wwims Fig. 7. The

H&A method reported size distributions wimaller standard deviations than the kernel function method, and the kernel
function reported in merged size bins had smaller standard deviations than the kernel functiorusieghiedver size

bins atthe beginningThis is because approximating theetnarticle size distribution, which is usually a smooth curve,
with fewer discrete size bins will lead to larger uncertainties. Thus, we supgegingthe recovered particle size

distribution intoa few size bins to reduce the uncertainties when usieg¢iaA method and the kernel function method.

Relatively large uncertainties were found when recoveringlsBibnm particle size distributions. A particle size
distribution with an increasingNidd, as a function of the decreasing particle diameter, which is a typical particle size
distribution observed in the atmospheric new particle formation eyéiatsg et al., 2011)was used to test the four
inversion methodg¢Fig. 10) None of the inversion methods reporeegarticle size distribution witrelatively small
uncertainties comparable to timrerted resukt shownin Fig. 7c, especially in the stbh3 nm size rangeSimilar to the

resuls for particles larger than 3 nm, the low resolution of particles smaller than 1.3 nm (Fig. 2) is possibly the cause of
the large uncertainties. In additidncomplete kernel function peaks atie relatively low detection efficieres of sub

1.3 nm particles may alsmntributeto the uncertainties (Fig. 1).

The performance of the inversion methods under relatively large random errors was also tested. The relative standard
deviation used itheabove simulations, 3.7%, was estimaéedording to laboratory experimeni$e relative standard
deviations of the recorded particle number concentration obtained from the atmospheric measurement were usually
similar to the value obtained ine laboratory indicating the random errors werevgrned by instrumental factors.
However, relatively large uncertainties in the recorded particle number concentrations were sometimes observed due to
the unstable atmospheric aerosol source. Thus, we simulated the performance of the four inversionusiethads

reldive standard deviation of 10%. It should be clarified that the value 10% only charadiegizandom errors of the



CPC since it was estimated using the data when the recorded particle number concentration did not vary with the saturator
flow rate.Compared to the results in Fig.7 simulated using the same aerosol size distribution, the uncertainties in the
recovered particle size distributions using the largéative standard deviation of 10% was larger (Fig. 10). The EM
algorithm still reprted smaller uncertainties compared to the H&A method and the kernel function method. Note the
expected valu®f sub2 nm particle size distributiorecovered using the kernel method vedese to the input size
distribution when the uncertainty was 3.7Fg 7); however, the recovered size distribution in theZuln size range

was nonnegligibly overestimated when the uncertainty was 10% (Fig. 10).

4.3 Uncertainties in the scanning mode

ThePSMinstrumentafactorslimiting the accuracy of thaversionwere alsaested Although using the EM algorithm

and the H&A method can reduce the errors of the recovered size distributions compared toethferkeion method

and thestepwise method, relatively small measuring uncertainties are still tateetrieve a particle size distribution with
relatively high accuracies. The uncertainties in the scanning mode, for example, is oneaiétiialsource of the
measuring uncertainties. The saturator flow rate of a scanning PSM increases linearly withgisgoins studies.
However, the relationship between the particle diameters and the saturator flowat tatekernel functiorpeals is
nonlinear (Fg. 2). The detectioefficienciesof particles larger than 1.6 nwary mainly in the flowrate range from 0.05

to 0.3 Ipmwhile the corresponding scanning time is only 20% of the whole scanning &¥senonlinear relationship

may result in nomegligible uncertainties in the recovered particle size distributions (2g. The EM algorithm
recoveredthesingle peak when using the particle concentratiensrdedn the stepping mode. However, the recovered
particle size distribution using the EM algoritlwas not a single smooth peaken using data recorded in the scanning
mode (Fig 12). This difference can be illustrated using the ravada&he curves of thparticle number concentration
recorded in the stepping mode and the scanning mode are similar to each other and dygydaotto bemooth (Fig
13a).Whenpresentingn the derivate of thearticle number concentratiovith the respect to saturator flow ratewever,

the curve caesponding to the stepping mode appeared to be a single peak while the other curve corresponding to the
scanning mode seemed to be compodeniudtiple single peaks (Fig. B3. Since none of the four inversion methods
tested in this study add smoothing straints when solving the Fredholm integral equation of the first #irglfoughness

in the raw data will lead to split peaks in the recovered particle size distribution unless one report the size distribution

using only a few size bins.



4.4 Implications on using the PSM

According to the discussion above, we provide the following suggestionsing a PSM to detelime particle size

distributions:

(a) PFarticle size rangand siturator flow rate range&€omplete efficiency curves are preferatdedetermine the particle

size distribution in a certain size range. For example, to reduce the uncertainties in the recovered size distriBution of

nm particles, the saturator flow rate in this study was extended from the commonly used 0.1 Ipmpim OvB8Bre the

detection efficiency of 3.11 nm particles was almost zero. The detection efficiency curves of particles larger than the
maximum concerned diameter should also be calibrated to reduce the influence of large particles on the recovered particle
size distribution and total concentratiofhe PSM can theoretically estimate particle size distributions larger than 3 nm

or smaller than 1.3 nm, however, the uncertainties are usually large due to the low resolution and the incomplete detection
efficiencycurves. The particles whose detection efficiency are constant values in the measuring saturator flow rate range
cannot be determined using a PSM and they do not influence the recovered particle size distribdtieins if

concentrations are sable durisgch scanning cycle.

(b) Scanning scheme. The scanning scheme of the saturator floswaggested to benproved toreduce the measuring
uncertainties. The scanning scheme is preferably determined to ensure that the particle diameter corresgmnding to t
saturator flow rate increases linearly wiitime so thathe numbers of the recorded particle numtmercentration aéach

saturator flow rate are the same when the recovered particle size inclieaady. A convex function between the
saturator flowrate and the scanning time, e.g., an exponentially increasing saturator flow rate, is also better than the linear

scanning scheme. Such improvement may require updating both the hardware and the software.

(c) Inversion method. We suggest usihg EM algeithm toaddresshe PSM inversion problem because pheticle size
distributionsrecovered using the EM algorithm have thest accuracy and stability among the four tested methods.
However, considering the relatively high computational expense of thalgdiithm, the H&A method reporting in
merged size binis recommended to be used foeliminary data analysis and for meeting the neefhsf inversion, e.g.,
reattime displayon the instrumental screenhe accuracy of the recovered size distribution is also determined by the
uncertainties in the recordedumber concentrationather than the inversion method alone. The inversion methods
suggested in this study does not necessarily assuaecarateinverted resultwithout properly determined detection

efficiencies and an improved scanning scheme.

(d) Uncertainties irmtmospherieneasuremenOne should be always aware of the potential uncertainties in the recovered

particle size distribution, especially ven conductingatmospheric measurementhe reported suB nm particle



concentrations may be false results due to systematic and randonegpemially vaen using thetepwise method.The
number of the reported size bins should also be carefully linfitedexample, the EM algorithm can theoretically provide

infinite sizebins; howeverwe suggest reducing the reported size bins to datsd fluctuations.

5 Conclusions

We tested thperformance of four inversion methods to recover darsiize distributions from the particle size magnifier

data using Monte Carlo simulation and experiment® four inversion methadare thestepwise method, the kernel
function method, the H&A method, and the EMa@iithm, respectively. Thetepise method may report false stdonm

particle concentrations when there are no-3utm particlesn the input aerosdbecause it does not account for the
influence of particles large than 3 nm. The kernel function method and the H&A method may lead to relatively large
uncertainties in the recovered particle size distribution because of using the unstable least square method, and they
occasionallyeport falsesub-3 nm concentrations due to the large uncertainties. Compared to the kernel function method,
the H&A lead to smaller uncertainties while iraya similar computation expenskhis is becausthatthe H&A method
assumes a near continuous size distrilbutagher than a discrete distribution with limited size bse can reduce the
uncertaintiessia merging the particle size distribution reported by the H&A method into fewer size bins. Among the
tested inversion methods, the EM algorithm has the higleestacy and stabilitAnother advantage of the EM algorithm

over the other three methods is that it does not limit the number of the particle siZzEhkimsstrumental factors also

limit the accuracy and precision of the recovered particle size dittnib The uncertainties of the recovered size
distributions of particle smaller than 1.3 nm or larger than 3may be significantiue tothe incomplete kernel function
curves,the low resolution and/or the low detection efficiency. The measuring umtgssain the scanning mode may

also increase the uncertainties of the recovered size distribution.

Based on thistudy, we suggest that a) the EM algorithrasedto recover the particle size distribution measured by the

PSM and the H&A method can beealdor preliminary data analysis and fiast inversion purposes; b) the hardware and
software of the PSM should be improved to reduce the measuring uncertainties, e.g., via changing the scanning scheme
of the saturator flow rate; @ne should carefully disguish the falsénverted resuf from the true suB nm particle,

especiallyin the sub2 nm size range and/arhen using thatepvise method.

Data availability
The characterizations of the tested PSM are shown in the figlinesMatlabscripts for the inversion methods are

available upon request.
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Figure 1 (a) The fitted detection efficiency curves according to calibration data. (l)stineated kernel function curves according to
the fitted detection efficiencies. The kernel function is equal to the derivative of the detection efficiency with théordspsaturator

flow rate.
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Figure 2 The saturator flow rate at kerrfahction peak and the resolution as functions of the particle diameter. Note that the resolution
is defined using the saturator flow rate, however, the horizontal axis is shown in the particle diameter correspondpeaio the
saturator flow rate for morgtraightforward understanding.
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Figure 4 The recovered particle size distributions using different inversion methods when measomiogjsperse particleECE,

SW, kernel, H&A, and EM are short for the Fdag cage electrometer, tBteise method, the kernel function method, the H&A
method, and the expectatiomaximization algorithm, respectively. The number concentration detegté beference FCE and the

sum of recovered su® nm particle concentration in each size bin are shown in the text. The size distributions in (d) were recovered
using the sum of theecorded number concentratians(a), (b), and (c), i.e., assuming th8N? was measuring 1.51, 2.41, and 3.93

nm particles simultaneouslyhe sub3 nm particle concentrations reported by different inversion methods are summarized in Table
L]



