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Abstract. By now, a series of advanced wave-optical approaches tortieegsing of Radio Occultation (RO) observations
are widely used. In particular, the Canonical Transform)(@€thod and its further developments need to be mentiortesl. T
latter include the Full Spectrum Inversion (FSI) metho@, geometric-optical Phase Matching (PM) method, and thergén
approach based on the Fourier Integral Operators (FIO=),raferred to as the CT type 2 (CT2) method. The general idea
of these methods is the application of a canonical transtbahchanges the coordinates in the phase space from time and
Doppler frequency to impact parameter and bending anglethigospherically symmetric atmosphere, the impact pammet
being invariant for each ray, is a unique coordinate of tlygmanifold. Therefore, the derivative of the phase of theeniéid

in the transformed space is directly linked to the bendingjeras a single-valued function of the impact parameteweyer,

in the presence of horizontal gradients, this approach noayvork. Here we introduce a further generalization of the CT
methods in order to reduce the errors due to horizontal gnasli \We describe, in particular, the modified CT2 methoatizh
CT2A, which complements the former with one more affine tiams: a new coordinate that is a linear combination of the
impact parameter and bending angle. The linear combinatefficient is a tunable parameter. We derive the explicinidas

for the CT2A and develop the updated numerical algorithnn.tésting the method, we performed statistical analysesdas
on RO retrievals from data acquired by Constellation Obegr8ystem for Meteorology, lonosphere, and Climate (COSMI
and collocated analysis profiles of European Centre for MadRange Weather Forecasts (ECMWF). We demonstrate that
it is possible to find a reasonably optimal value of the nevahle CT2A parameter that minimizes the root mean square
difference between the RO-retrieved and the ECMWEF refriigtin the lower troposphere and allows the practical redion

of the improved capability to cope with horizontal gradgeand serve as basis of a new quality-control procedure.

1 Introduction

The first step in the development of wave optical (WO) appndacthe processing of radio occultation (RO) observations
was made by Melbourne et al. (1994), who used the thin scneprogimation for the atmosphere combined with the Back
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Propagation (BP) technique. This approach was furtherldpgd under the name of Fresnel Inversion by Mortensen aredjHa
(1998). Although the accuracy of this approximation in loweposphere was insufficient for the practical appligatits basic
idea was correct. It consisted in the reduction of the infteeof the diffraction by using the BP, which made the inversio
results independent from the observation distance ancetaththe resolution restriction due to the Fresnel zone size

Later works (Gorbunov et al., 1996a; Karayel and Hinson,71%®orbunov and Gurvich, 1998a, b) developed a different
understanding of the BP technique. The BP wave field evaliatsome plane was not considered as the actual wave field, but
as a representation of the original field observed at the LarthEorbit (LEO): in this representation, the effects ofrdi€tion
and multipath propagation were significantly reduced. ;Tinisa straightforward way, allowed evaluation of the gearnet
optical (GO) bending angle profile, which was inverted in ftemework of the standard GO scheme (Ware et al., 1996;
Kursinski et al., 1997).

The further development of the WO approach based on theseptaion view relied upon the concept of the Canonical
Transform (CT) originating from the classical mechanicsn@d, 1978; Goldstein et al., 2014), generalized for thargum
mechanics by Fock (1978), mathematically substantiatdegmyov (1985); Egorov and Shubin (1993). Further on thiceph
obtained an extensive mathematical development (Tre@824l b; Hérmander, 1985a, b). The correspondence betlveen t
guantum and classical mechanics is the same as the link &etive wave optics and geometrical optics.

In both cases, there is a strict mathematical representé@jicantum mechanics or wave optics) and its asymptotidisalu
(classical mechanics or geometrical optics). While thewgiah of de Broglie waves of probability or electromagnetaves is
described by the Hamilton operator, the evolution of rayslassical trajectories of particles is described by Hamilystem,
where the Hamilton operator is obtained by the substituta@momentum operator instead of classical momentum. Aecor
ingly, for the classical problem the phase space is intreduthe dimension of which equals doubled geometric dinoensi
because to each geometrical coordinate we can conjugateittesponding momentum. For the wave problems momentum is
understood as the ray direction vector.

The canonical transforms arise, when we consider the cfake transforms of the phase space that conserve the cahonic
form of the Hamilton dynamical system. It was first demortstiteby Fock (1978) that these transforms have a very simple
implementation in the quantum mechanics: they corresporthéar transforms of the wave function. The kernel of this
transform is derived in classical terms, but, still, it déses a short-wave asymptotic solution of the wave probl&his
idea was later mathematically developed first by Egorov $)9Bgorov and Shubin (1993) and then by Treves (1982a, b);
Hormander (1985a, b).

The application of the CT approach for the RO observatiorgssing was pioneered by Gorbunov (2002), where it was
combined with the BP. The idea of the CT without BP was firstettgyed by Jensen et al. (2003, 2004) and later the general
view at these results in the framework of the CT approach veasldped by Gorbunov and Lauritsen (2004a, b). Finally, it
was recognized that the different methods: CT (GorbunoQ2R0Full-Spectrum Inversion (FSI) (Jensen et al., 200Base
Matching (PM) (Jensen et al., 2004), and CT of the 2nd type2[GGorbunov and Lauritsen, 2004a) were, in fact, different
approximations of the same solution, for which Fourier gn¢éé¢ Operators (FIOs) provided the general transform aggro
(Gorbunov and Lauritsen, 2004a).
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The idea of the CT approach is as follows. Given the obsemator RO complex signad (t) as function of time, which
can be represented through its amplituti¢) and phase (), u(t) = A(t)exp (i¢ (¢)) . It is convenient to use eikonal, or
phase pathl (¢t) = ¢ (t)/k, wherek = 27 /X is the wavenumber, antlis the wavelength. Thus, (¢t) = A (t) exp (ik¥ (1)) ,
andk is the large parameter. The signal is composed of multigbessgnalsu, (t) = A; (¢) exp (ik¥; (t)) corresponding to
interfering rays. For each sub-signal it is possible tadidtrce the instantaneous frequerdy; = ko;. However, instantaneous
frequency cannot be introduced for their composition.

The multipath propagation problem consists in the de-caitipo of the signal equal to the sum or different sub-signial
retrieve the ray structure of the observed field. The satutitthis problem discussed in the aforementioned papersisted
in the transform of the observed wave field) into a different representation. The new coordinates irtrdnesformed space
were the ray impact parametgrand bending angle. The transform(t,o) — (p,€) is canonical (Gorbunov and Lauritsen,
20044a), which allows for writing the corresponding lineeamsform®,, where the subscript 2 indicates that it is a CT of
the 2nd type (Arnold, 1978; Goldstein et al., 2014), that snde original fieldu (¢) to field in the impact parameter rep-
resentationi (p) = o, [« (¥)] (p). The idea of the choice of the ray impact parameter as the nendinate is based on the
fact that in a spherically-symmetric medium, ray impactpaeter is the ray invariant, which is known as Bouger’s lalae T
locally spherically-symmetric medium is the basic appneadion used in the inversion of RO data. For the real atmasphe
with horizontal gradients, the dynamic equationgavas derived by Gorbunov and Kornblueh (2001), who demotestitnat
derivative ofp with respect to the ray arc length is equal to the horizordedmonent of the refractivity gradient in the occulta-
tion plane. Strong horizontal gradients may result in theasion when dependeneép) becomes multi-valued (Healy, 2001,
Gorbunov and Lauritsen, 2009), which was referred to asipact parameter multipath (Zou et al., 2019).

The idea explored in the present manuscript consists inutttleer development of the CT approach by using a generalized
transform with the coordinatg = p+ Be. Unlike the standard CT approach, where the form of the newdinates in the
phase is known in advance, this transform has the tunalkderers that can take into account the statistical impact parameter
multipath effect.

The paper is organized as follows. In Section 2 we discussahenical transform in wave optics and quantum mechanics in
general terms, including brief review of FIOs. Based on tloistext we discuss in Section 3 the application of the CT ogkth
for RO and introduce the particular phase space and thefiepaudice of coordinates as well as the new generalizatioimgd
an affine transform with a tunable parameter for improvedctby@ing capability with horizontal gradients. In Section é w
discuss the practical modifications needed to readily amb/axisting numerical implementations of the CT algorithmad a
present results of our performance evaluation from pracgsgal-observed COSMIC RO data, including how to find an
optimal value of the tunable parameter minimizing the estil errors in the lower troposphere. Section 5 finally pitesithe
summary and main conclusions of the paper.



2 General concept of Canonical Transform in Wave Optics

The Canonical Transforms (CTs) in the classical mechaméa alass of transforms of the coordinates and momentagosns

90 ing the Hamiltonian form of the dynamical equation (Arndl®,78; Goldstein et al., 2014). Fock (1978) introduced tharCT
the quantum mechanics. Note, the first Russian edition ofrttieograph Fock (1978) appeared as early as in 1929. Because
the relation between the classical and quantum mechamicsne side, and the relation between the geometrical and wave
optics, on the other side, are the same, we can immediatply #ye approach introduced by Fock (1978).

We assume that the wave field is can be represented in theastigfiodm:
95 wu(t)=A(t)exp(ik¥ (1)), Q)

wheret is the observation timeJ (¢) is the eikonalk = 27/ is the wavenumbep, is the wavelength4 (¢) is the amplitude.

The timet can be associated with a specific spatial location of thergagen, as it is the case in RO, bu{t) can also be
looked at as a generic signal.

The amplitudeA (¢) and the derivative o (¢) are assumed to be slowly changing within an oscillationqeerin this case,

100 the wave field is termed quasi-monochromatic with an instamplitudeA (¢) and frequency (t) = k¥ (t). Otherwise, more

generally, the field should be equal to a super-position esgmonochromatic components:
u(t) = ZAU) (t)exp (ik’\IJ(j) (t)) , )
J

where the upper index enumerates the components;) (¢) are their amplitudes, anél?) (¢) are their eikonals. Each com-
ponent has its own instant amplitude and frequency.

105 When discussing the CTs, it is necessary to bear in mind that afidhe relations have an asymptotic nature, wlegethe
large parameter (ox is the small parameter). The reason is as follows. Given uneagents of wave field, each monochromatic
component can be interpreted in terms of wave fronts anddefiised in terms of instant tones of the signal. At the obdEmwa
point at time moment, each component has a single ray, and its direction is linkekle normalized frequenay(t) = W ()
through the geometry of the observation trajectory.

110 Therefore, for a specific class of signals, including gquasirochromatic ones and their superposition, it is posdible
introduce a phase spa¢g o). Although the original signal is 1-D, this space is 2-D, ahd structure of the signal can be
described in terms of the functien(t) which can be both single-valued for quasi-monochromagjnads, or multi-valued for
their superpositions.

Consider RO observations. The original signal correspdads range of rays starting at the transmitter and the phase

115 spaceo (t) is a very smooth continuous line. As the signal propagatesigh the atmosphere its structure gets more and
more complicated. Still, in the phase space its topologtraicture remains the same: it is always a single continlinas
although it may not be single-valued with respect to timeshich corresponds to multipath propagation (Gorbuno@220
Gorbunov and Lauritsen, 2004a). Such a line representagigimal structure is referred to as the ray manifold (Miginilo et al.,
1990).
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The outstanding and, still, simple idea of Fock (1978) wa the classical CTs correspond to linear integral trans$or
of the wave field with oscillating kernels. This class of sotms was later named Fourier Integral Operators (FIOp(&g
1985; Egorov and Shubin, 1993; Treves, 1982a, b; Hormafa88Ba, b). The general form of such an operator first disdusse
by Fock (1978) has the following form:

ip) = =5 [ axt)exp (kS (p.0) u(t)de = B2 u(0) (1), @

wherep is a new coordinate in the mapped space. We use notétioand, accordinglya, and.S,, because this type of
operators was referred to as the FIO of the second type (@ovband Lauritsen, 2004a), while the FIO of the first type & th
composition of a Fourier transform and a second-type FI@{&g 1985; Egorov and Shubin, 1993). This type of operators
is linked to the corresponding type of the CT generating fiond/Arnold, 1978; Goldstein et al., 2014). Note, histatig FIO
of the second type appeared first, but in mathematical workas FIO of the first type that were discussed first.

Considering nowu (t) as a quasi-monochromatic signal, we can derive the asyimdtotn of transform (3) using the
stationary phase principle:

i) =~ e [ o2(pt) AW exp (IK(S2 (p,1) + U (1)) dt = @ u(t) 3). @)
The stationary phase poitit(p) of this integral satisfies the equation:

) .

552 (p,t)+ W (t)=0. %)

Accordingly, the transformed field, under the assumptiantine Eq. (5) has a single solutian(p), is also quasi-monochromatic
and can be written as follows:

il(p) = A" (p)exp (lk‘I’ (p)) = A’ (p)exp (ik (S2 (p,ts (p)) + ¥ (s (p)))) - (6)
Its instantaneous frequency equals:

/

Ep) =T (p) = % (S2(puts () + U (£ (p))) =

0 0 . s
= w0+ (G0 ri0) G-
t=t.(p
0
= 87])52 (pvts (p))v (7)

by virtue of Eq. (5). Recalling thal (t) = o, which is the original momentum, we have the following riglatbetween the
canonical coordinateg, o) and(p,£), in the original and mapped spaces:

05, 055

o7 gy o ®)

which can be expressed in terms of the differentig]:

dSs = Edp — odt. )
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Figure 1. Radio occultation observation geometry with relevant geometrical vasiaiécated (for description see Sect. 3.1)

And, vice versa, the requirement that the right-hand paEdn (9) should be equal to a full differentidl; of a function
Sy (p,t) is a necessary and sufficient condition for the transf@rm) — (p, o) to be canonical (Arnold, 1978; Goldstein et al.,
2014). The functiorb (p,t) is then termed the generating function of the canonicabkfram.

In terms of FIO,S: (p,t) is referred to as its phase function, amg(p,t) is its amplitude function. The phase function,
which specifies the canonical transform, is of primary int@oce, while the amplitude function is derived using thergyne
conservation (Gorbunov and Lauritsen, 2004a). We seeftivey;, that using the classical, or geometric optical cpts;et is
possible to write down the asymptotic form of the quantumyave optical operator implementing the transformatiorhef t
original signal into a different representation. If theusture of the original signal is represented as a ray mahifolhe phase
plane, such a transform is applied to the coordinates insiigge. In particular, it may be possible to find such a coatdin
system, where the ray manifold geometry will be exceptigraimple.

3 The Canonical Transform method for RO and its generalizaton

Here we discuss the application of the CT technique for tladyais of RO observations (Fig. 1) by first reviewing the eliéint
existing variants (3.1) and then introducing the new gdire@ CT method (3.2) and an application-relevant formarafor
readily updating existing algorithms (3.3).

3.1 Canonical Transform method in different existing variants

The RO observation geometry is schematically represemtddgure 1. The wave emitted by a transmitter Tx is received
by a receiver Rx on a low-Earth orbit. Transmitter is borneatsatellite belonging to one of the modern Global Navigation
Satellites Systems (GNSS), including GPS, GLONASS, Galic. Due to the movement of the transmitter and receiver, t

ray descends or ascends in the atmosphere, which allowsthatibn of the atmospheric profiles from the bending amgle
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e(p) (Ware et al., 1996; Kursinski et al., 1997). The CT techniguesed for the retrieval of bending angle profile from the
wave field measurements.

The first approach of processing RO data, belonging to thes @& CT, was the Back Propagation (BP) (Gorbunov et al.,
1996a; Karayel and Hinson, 1997; Gorbunov and Gurvich, 4988 In this technique the field was linearly transformebdo

re-calculated to the BP plane locate at coordingie

\/ﬁ/ )exp ( zk|r3( ) —rr(t)|) sing (ig (t),r5 (y) —rr (1) Fr ()] dt, (10)

v5 (y) —rr ()]

where 2-D vector s (y) equals(xs,y), ¢(a,b) is the angle between vectossandb. This transform is preceded by the

stationarization of the transmitting satellite and prajat of the satellite movement to the vertical plane. It igpartant that

the BP field is not the real field in the BP plane, because therB&egure assumes the vacuum propagation. This procedure
results in some representation of the original wave fielthwétduced diffraction effects due to the reduction of theopgation
distance. The new coordinageis more favorable for finding a unique projection of the raynifield that disentangles the
multipath propagation. Still, this coordinate is not thetiehoice.

A much better coordinate for the new representation shogilthé impact parametgr because in a spherically-symmetric
medium it is an invariant for each ray due to the Bouger law, #nus it is unique for each ray. A dynamic equation for the
variation ofp along the ray as a function of the horizontal gradient ofaetivity was obtained by Gorbunov and Kornblueh
(2001). The idea of complementing the BP technique with oneentransform that maps the field to the impact parameter
representation was pioneered by Gorbunov (2002). It waBrgtepplication of the FIO of the first type, which has thenfior

1) =~ 5r [ 1 (0)exp (kS (0)) 2(0)do = 1 [u 0] ), (1)

where the only difference with the second type operatorasittacts upon the Fourier-transformed figéltb). It can be looked

at as the composition of the Fourier transform, which itse second type FIO, and the other second type FIO. Becaese th
Fourier transform is a simple rotation of the phase space/My (¢,0) — (o, —t), the equation for the phase function of the
first type takes the form (Arnold, 1978; Goldstein et al., 201

dSy = &dp + tdo. (12)

Gorbunov (2002) applied this operator to the back-propabeld. To this end, using the normal vectoe (n, \1— 772) to
the straight ray, we express the impact parameter:

p(y,m) = —axn+yv/1 -1 (13)

Now it is necessary to find the canonical transfdw) — (p, ), whose characteristic property in the 2-D case is the censer
vation of the volume element, as follows from Eq. (12):

0fdp 0§0p
an Oy — By dn =1. (14)
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It is enough to consider solutiogs= £(n). Then, from Eq. (14), we readily derive:
()]
on Ay 1—n2
& = arcsing (15)
This results in the solution for the phase and amplitudetfans:

Sy (p,m) = p arcsinn — xm7

2
aQ(p7n>=,/§p—;7 = (1-p?) V4 (16)

This defines the FIO, which is applied to the backpropagataekvieldu s (y) and produces the mapped field

i =4 s (it [€wrap). a7)
The derivativet (p) of its eikonal is algebraically linked to the bending angle:

€(p) = —& (p) — arcsin (”p turyr _p2> , (18)

T

where(zr,yr) = rp is the transmitter position in the occultation plane. Baegihe cross-term iz, which depends both on
p andn, is linear with respect tp, the integration over new coordinage= arcsiny turns it top¢ and, therefore, the operator
is reduced to the Fourier transform in combination with a-lioear change of coordinate. This indicates that this ajoer
allows a fast implementation. A similar idea will be applieelow.

The complicated nature of the BP+CT algorithm stimulatathier studies (Gorbunov and Lauritsen, 2002, 2004b) where
the idea was expressed of applying the FIO directly to thewesl wave field: (¢), without intermediate and numerically
expensive steps like BP. Full-Spectrum Inversion (FSlettgved by Jensen et al. (2003) was the first solution of thge,ty
although with some restrictive assumptions. However, #reegal solution was just one year away: the Phase Matchig (P
was developed by Jensen et al. (2004) and then put into thextaf the CT approach by Gorbunov and Lauritsen (2004a),
who introduced an approach based on the linearized cadrécasform that reduced the FIO to the composition of non-
linear coordinate changes and Fourier transform. Thisriifgn was termed the 2nd type CT, or CT2. An important adwgeta
of the PM and CT2 methods consists in the fact that they opevéh the real transmitter and receiver orbits, without the
stationarization.

In order to arrive at the phase function of the FIO of the 2nmétyconsider the expression for the derivative of the phase o

the observed wave field:

_ N 7
\I’Za(p,y)=p9+l\/r%—p2+f,R\/r%g—pQ, (19)
rr TR
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Using Eqg. (8), we derive the phase function:

Sz(Pvt):_/ <p9+T\/7'%—p2+R\/r%g—p2) dy =
rT TR
" d d
:,/ <pd9+7’T a2 4 drm /,%}p)_
rT TR
:—p¢9—\/r%—pQ—&—parccosﬁ—\/r%—pQ—i—parccosﬁ, (20)
rT TR

whered, rr, andrg are functions of time. We do not reproduce here the derivation of the amplitudetfan as (p,t),
which uses simple geometrical considerations (Gorbundvanritsen, 2004a). This phase function, although progdhe
accurate solution, has a disadvantage: its cross-terrndejeon botlp andt, generally speaking, cannot be decomposed as
91 (p) g2(t), and the FIO cannot be reduced to a Fourier transform in ceitipo with non-linear coordinate changes. This
is only possible in some particular cases, e.g. for circataits, when the phase function equals and usingd as a new
coordinate instead of time reduces the operator to the &owensform. This method was referred to as FSI.

To find an approximate solution that significantly reducesabmputational costs at an expense of an insignificant tieauc
of accuracy, the representation of the approximate impaetrpeter was introduced. The impact paramgtsra function of
t,o: p=p(t,o). We introduce its approximatiop

R o _ 9po
p(t,o)=po(t)+ 5= (0 —00(t)) = f(t) + 50,
B
FO)=p(t) = 5200 (t) =
-1
o (%0 _dre o dre o - (1)
At dt ro\/rL—p2 At rprE—p2 '

whereoy () is a smooth model of normalized Doppler frequengyt) = p(t,00(t)), anddpy /0o = Op/00 | 5=u,(r)- We now
parameterize the trajectory with the coordindte= Y'(¢). For brevity we use the notatian(Y) instead ofu(¢(Y)). For the
coordinateY" and the corresponding momentumve use the following definitions:

-1
dY = (apo) dt= 2% a

oo opy
_ Ipo
Finally, we arrive at the following linear canonical traosh (T,n) — (p,£):
p=f(0)+mn,
§=-T, (23)

The generating function of this canonical transform islgasimputed from the differential equation

dSy = &dp —ndY = =Tdp— (p— f(T)) dT

T
Sy(p,Y) = —pY + / F(xHax'. (24)
0
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For the new coordinat® we have the following relation:

ar—dgg-Yre__po_dro_ b (25)

For circular orbits, this approximation, once again, reguto FSI. To evaluate the bending angle, we use the facttbat t

momentum of the field in the mapped space equadls We also evaluate the accurate impact parameter follows. Given
the dependenc¥(p), it is possible to find the corresponding tin@). Using Eq. (21), we infer:

7)==t (52 )+ out(),
p(p) =p(t(p),o (D)) (26)

Finally, for each impact parametgr we determine the coordinat(p) = —¢ (p) and, therefore, the corresponding moment
of timet =1t (Y (p)), when this ray was observed, the bending angle is then aedlfl]mm the geometrical relation:

e(p) =6t (Y (p))) — arccos P arccos——E . (27)

rr (T (p))) rr(t(T (p)))
This method termed CT2 indicates both a high accuracy ancrioah performance. This discourse leads us to the comiusi
that there is a family of closely related WO methods that ase=d on the same principle. The observed wave field is selj&xct
a linear integral operator with an oscillating kernel tmabsforms the field into a different representation. Thegggntation is
chosen in such a way that the projection of the ray manifottiémew coordinate axis is unique. The operation is alsorezfe
to as unfolding multipath. Finally, such methods as CT, P8, and CT2 involve the evaluation of the same integral fans
under different assumptions and approximations. Therdiffee in the results of the application of these WO methotksis
significant than the difference coming from other parts of d@a processing systems, including cut-off, filtering, godlity
control procedures (Gorbunov et al., 2004, 2011).

3.2 Generalized Canonical Transform method

All the modifications of the CT approach discussed abovedalpon impact parametgras the unique coordinate of the ray
manifold. However, impact parameter is, generally spegkiot invariant for each ray, and its perturbations due tizbatal
gradients may result in breaking the above condition. Totsise consider the ray equations in the Hamilton form. Tree ar
derived from the Hamilton function:

H(x,p) = 3 (07 (1)), (29)

wherep is the momentum, and(r) is the refractivity field. The Hamilton system has the foliog/form:

I'-faiH '7787]—[ ¥ = pr
= Bp’ pP= or = pr,

F=p, p=nVn, ¥=n? (29)

10



275 wherep is the classical momentum. Becauge = |[VU| =n, we arrive at the following differential relation betwedmet
parametet- of this system, the ray arc lengthand the eikonal:

dr = §, dV =n ds. (30)
n

Equation (29) has a form that is specific for the Cartesiamdinates. Consider an arbitrary coordinate system withnbgic
tensorg;;: ds* = dx'g;;dz?, wherex" are the components of vectgrand we follow the Einstein tensor notation implying the

280 summation over each pair of upper and lower indexes of the seame. If we define the momentum by the relagipna- gijij,
the formp dr is invariant, the transform to the new coordina(ps :vi) is canonical, and the canonical form of the Hamilton
system also remains invariant (Arnold, 1978), provided tha Hamilton function is defined as follows:

H(r,p) = (pig7p; —n*(r)), (31)

N | =

whereg® is the matrix inverse tg;;. This results in the following form of the ray equations:

OH — OH on 1 0gki

i — Ay, _ I _ = )
285 @ _8pi_g PirPi = =50 = "o — 9Pk g Pi-

The 2-D approximation (Zou et al., 2002) allows treatingsrag plane curves. Consider polar coordinéte®) with the metric

tensor:
gij = 0 s gij: . (32)

Then we have the following equations:

. rdf
290 pg =120 = nr— = nrsiny,

ds
-
pG_n89>
.. On p?
pr:T:nE—i—r—g. (33)

wherev is the angle between vectorsandr. The angular component of the momentpgncoincides with the ray impact

parametep, which is invariant in a spherically layered medium, butestprbed by the horizontal gradients (Gorbunov et al.,
295 1996b; Gorbunov and Kornblueh, 2001; Healy, 2001; Gorbwara)/Lauritsen, 2009).

The variations of the ray impact parameter, which is no lomgeinvariant coordinate in the ray space, seem to undermine

the elegant idea of the CT approach. Still, the CT method eaagplied using the same formulas, but the coordipatd|

now acquire a different meaning: it will be understood as“#ftective impact parameter”, i.e. the impact parameteicivh

would result in the observed Doppler frequency shift, if #immosphere were spherically layered (Gorbunov et al., 019
300 Accordingly, the evaluated bending angle will also be thi#etive” bending angle. The reason is that for the evatimtf

the real bending angle, understood as the angle betweenytttirections at the transmitter and receiver, two corredpmg

values of the impact parameter are required, which canndebeed from the single variable, the Doppler frequencyisTh
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Figure 2. Impact parameter multipath, old coordinate (impact parameter) lindsnadified coordinate lines.

by itself, is not a significant problem, because the assiioileof bending angle profiles can be based on the effectilteesa
(Gorbunov et al., 2019), provided that the observation atoeicorrectly implements their evaluation.

More importantly, horizontal gradients may result in muttiued ray manifold projections, when using the effectimpact
parametep as the coordinate in the mapped space. This situation itbfimpact parameter multipath” (Zou et al., 2019).
Theoretically, for any ray manifold perturbation there ajs exists an unfolding coordinate transform. This folldwsn the
fact that topologically the ray manifold is always a conting line without self-crossing. However, this coordinagasform
depends on the a priori unknown horizontal gradients ofiivity.

Typical multi-valued bending angle profile (Gorbunov anditiesen, 2009; Zou et al., 2019) is shown in Figure 2. From
numerical simulations, it can be inferred that there is @ kihasymmetry: impact parameter multipath manifestsfiteebktly
in ascending spikes, but hardly in descending spikes. Aliiegly, in order to better unfold multipath, it must be padsito
use another coordinate in such a way that the modified caaellmes are sloped. Therefore, we modify the transformif23

order to use another coordinate:

p =p+pT, (34)
whereg is a tunable parameter and has a dimension of km/rad. Alththegoptimal value of this parameter should be different
for individual events, the aforementioned asymmetry tssuolthe conclusion that the preferred valueSof expected to be
negative. Therefore, it may be possible to find its optiméleahat, in the statistical sense, will minimize errors tluampact

parameter multipath.

12
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The modified canonical transform (23) is written as follows:

P =f(0)+BT+n=f (T)+n,
£=-T. (35)

Using the modified functiorf’ (T) instead of the original one, we will obtain the expressiontfe modified FIOE;’Q. The
advantage of this approach is that it can be implemented lyyasimple modification of the existing CT2 algorithm. Using
the numerical implementation of the modified CT will allow tasstudy its influence upon the RO inversion statistics in the
lower troposphere.

Denote the generalized F@ﬂ)u (p) Consider the wave field in the impact parameter representm(ﬂ;ﬁ/) = %;% (p").
The standard CT algorithm corresponds to the evaluatian@fj) = ®\”u (5) with 8 = 0.

It is possible to arrive at a quantitative estimatesdbased on (Gorbunov and Kornblueh, 2001; Gorbunov and Lsaum;t
2009; Zou et al., 2019). We expect that < dp/de, wheredp is the typical variation of impact parameter due to the rwrial
gradients, ande is the corresponding bending angle variation. Assumingdba: 0.1 km, andde ~ 0.01 rad, we arrive at to
arrive at a first quantitative estimate @t —10 km/rad.

3.3 Affine transform for updating existing CT algorithms

Modification of existing numerical algorithms may not be saightforward, as it follows from the above mathematicaisid-
erations. In order to avoid this, it is possible to completh@mnexisting implementation of any WO-based numerical réigm
by an additional affine transform.

We will now derive the transform between(0;p) and (5; ﬁ/). We can write the following transform between these

representations:

p=p
£ =¢, (36)
where¢ is the reference point. This is an affine transform in({€) plane. This suggests the abbreviation CT2A for the new

generalized form, which stands for the CT2 complementeld thi¢ affine transform.
The generating function of transform (36)(15/ ,5) is defined by

ds¥) = ¢dp’ + pde, (37)

which is equivalent to the following system:
5583
ij — S

() ,
e —P= HE(E— ). (39

13
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Figure 3. Statistics for latitude band°-10°. Left: number of data. Middle: RMS relative difference of refractiM@pSMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametet.

From this, we can conclude that

2
5O (5.8) =7 (6 ~&0) - pE- 2 (39)

350 This phase function defines the FIO of the first type:

a(85) = ﬁ Jew (5™ (5.¢)) a€)de =8, [u(v)5) (40)

Finally, we can write the operator relation:

R RIS (41)

which can be used for the modification of the existing versiboperato@éo).
355 The above derivation allows for one more generalization.cafe consides = 5 (€). In this case, the phase function is

derived in a straightforward way:
SO (5.€) =5 (e~ o)~ [ 56) (€~ 0)de. 42)
Using 3(£) = 3 ;&7 results in a simple analytical expression ) with a set of tuning parameteg. In this work, we,
however, use a constafit

360 4 Implementation and numerical performance evaluation

Our implementation of the CT2A algorithm was based on thstig program code with addition of the parametend using
the modified functionf’ (T) as defined by Eg. (35). Practically, this only required maedifon of a few lines in the program
code that implements the CT2 method, as well as the impleatientof one more command line parameter.
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Figure 4. Statistics for latitude banti0°—20°. Left: number of data. Middle: RMS relative difference of refractM@@SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametet.
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Figure 5. Statistics for latitude ban@0°-30°. Left: number of data. Middle: RMS relative difference of refractv@®SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametéet.

In our numerical validation, we retrieved COSMIC refratttivprofiles N, using COSMIC data from the year 2008, 1st
and 15th day of every month, leading to a total of 24 days atahjeiher around 60000 RO events. We used collocated
ECMWEF refractivity profilesNg, i.e., interpolated to the corresponding COSMIC RO eveoation, as the reference. To
this end, we employed ECMWF analyses at 1-degree latitu@dindllongitudinal resolution with 91 vertical level covegin
the altitude range up to about 80 km. The refractivity waduatad from pressure, temperature, and humidity fields. The
tangent point drift was taken into account. We used the RNEgive difference of COSMIC from ECMWR N¢ g, defined

370 as Ne — Ng) /Ng)?), which includes both systematic and random deviations.
((« )/Nk)
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Figure 6. Statistics for latitude ban80°—40°. Left: number of data. Middle: RMS relative difference of refractM@®SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametet.

Altitude, km

Atlitutde, km

Atlitutde, km

e I W

PRI
2000

km/rad with the step of 1.
These results indicate that for latitud®s-30°, for the altitudes 2.5 km, the application of the CT2A altjum together with

our Quality Control (QC) procedure results in the reductbthe RMS relative difference of refractivity profiles COSBA4-
ECMWF AN¢g. The number of data in the altitude range below 3 km that gesQC slightly decreases with increasifg
Above the height of about 0.4 km, increasing valugioeducesA N . Below 0.4 km, there is an optimal value 6fin the
interval from—4 to —9 km/rad, depending on the altitude and latitude. For théuldéis higher thag0°, the application of

CT2A is not expedient.
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Figure 7. Statistics for latitude band0°-50°. Left: number of data. Middle: RMS relative difference of refractv@®SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametéet.

Figure 3 through 11 show the statistical values\oV as function of latitude and parameter We averaged over 10
wide latitude bands including both South and North hemisgheThe parametet changed in the interval from4 to —12
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Figure 8. Statistics for latitude band0°—60°. Left: number of data. Middle: RMS relative difference of refractM@®SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametet.
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Figure 9. Statistics for latitude band0°—70°. Left: number of data. Middle: RMS relative difference of refractM@®SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametéet.

The statistics for differeng, presented in the above Figures, was evaluated indepdyidenthe statistical ensembles were
different. Figure 12 and 13 show the statistics over thesgagacommon fo = 0 and current values gf. The statistical
differences between refractivity retrieved with= 0 and other values of is vanishingly small (never exceeding a level of
0.0005%). Here the reduction &f N¢ g is slightly more than in Figures 3 and 4

This indicates that CT2A acts as a QC procedure not involaimgexternal data and only based on the internal properties
of observed signals. On the average, CT2A provides a highteoft height, which is estimated from the CT amplitude by
correlating it with theg-function Gorbunov et al. (2006). By looking at the ray matdfin the phase space from different

directions it is possible to choose ray manifold pieces,malits structure is most stable.
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Figure 10. Statistics for latitude band0°—80°. Left: number of data. Middle: RMS relative difference of refractv@@SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametet.
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Figure 11. Statistics for latitude ban80°-90°. Left: number of data. Middle: RMS relative difference of refractv@@SMIC-ECMWF
ANc¢g. Right: RMS relative difference of refractivity CT2A—CT2. All are fttions of the parametéet.

5 Summary and conclusions

In this study we discussed the general idea of the Canoni@aistorm (CT) method and provided a new generalization
adding more flexibility for application in RO processing. €£ih classical mechanics (geometrical optics) are impléeaen
in quantum mechanics (wave optics) by linear operators wsttillating kernels. Such operators are referred to asi€our
Integral Operators (FIOs). During the past century, thisrapch acquired a solid theoretical basis. In numerousenadltical
monographs, one finds the advanced theory of FIOs. The tesian this theory is played by the concept of the ray mddifo
and its projections.

In qguantum mechanics and wave optics, FIOs were employethéoquantization procedure, i.e. the construction of the
asymptotic quantum (quasi- or semi-classical) solutiomghe basis of the classical (geometric optical) ones. Tha wof
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Figure 12. Statistics for latitude band°-10° evaluated for subsets common 6= 0 and each other value ¢f. Left: number of data.
Middle: RMS relative difference of refractivity COSMIC-ECMWEN . Right: RMS relative difference of refractivity CT2A-CT2. All

are functions of the parametgr
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Figure 13. Statistics for latitude ban#l0°—20° evaluated for subsets common fér= 0 and each other value @f. Left: number of data.
Middle: RMS relative difference of refractivity COSMIC-ECMWEN . Right: RMS relative difference of refractivity CT2A-CT2. All

are functions of the parametgr

the CT method for processing RO observations is inverseret@nstruction of the geometric optical solution from theve
optical one, which can be referred to as the dequantization.

Although there have been many modifications, like originBlod@mbined with Back Propagation (BP), Full-Spectrum Iaver
sion (FSI), Phase Matching (PM), and CT of type 2 (CT2), there essential difference between these FIO-based methods
The difference consists in the approximation of the phasetfan of the FIO, leading to the corresponding approxinejpee-
sentation of the impact parameter and bending angle, ame isgecific implementation (such as cut-off, filtering, andldy

control procedures). All these methods map the wave fietttihe representation of the impact parametérhis choice of the
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coordinate in the mapped space has its reason: in the caspbédcally-symmetric medium, the impact parameter isgsv
a unique coordinate of the ray manifold.

The implementation of this idea in the real, non-sphenesyimmetric atmosphere, encounters some difficultiest,Hin
the strict sense, there is no such a quantity as the impaaineger as a unique variable any more. But it is still posdible
operate with the effective impact parameter, derived fraspder frequency shift using the same relations as for argqatily-
symmetric medium. This quantity can be implemented in theeokation operator for the variational assimilation of RO
observation, canceling errors due horizontal gradiertsvéver, the above property of the impact parameter, whishpposed
to be a unique coordinate of the ray manifold, does not alalg for the effective value. In some cases, the situatiterred
to as the impact parameter multipath may occur, resultimgtitieval errors in atmospheric profiles derived from RCadat

In order to mitigate this fundamental shortcoming, we idtreed a generalization of the CT approach. We used a gerestali
definition of the coordinate in phase space, defined as arlgwabination of impact parameter and bending angle. Becaus
this can be understood as an affine transform of the phase,apacoined the abbreviation CT2A for the new method. This
transform has a parametgywhich can be tuned to optimize the algorithm performance.

We implemented the CT2A algorithm by modifying our existipggram code for the CT2 method. To evaluation its sta-
tistical performance under real RO observation conditinokiding challenging horizontal gradients in the lowapmsphere,
we processed a large ensemble of COSMIC RO data for the y@8; 26t and 15th day of every month, adding up to a total
of about 60000 RO events. We used the total relative differaerf COSMIC from collocated ECMWF analysis profiles over
the lower troposphere as the metric for this evaluation haduning parameter estimation.

For latitudes0°-30°, for the altitudes between 0.4 and 2.5 km, the applicatiothef CT2A algorithm decreased the
COSMIC-ECMWEF difference metric with increasing parameteFor the altitudes below 0.4 km, the optimal value of pa-
rameters is found to be-4 to —9 km/rad. This was achieved on account of a slight decreaseafumber of data passing the
whole retrieval chain including the QC. This indicates tihat CT2A itself implements of a QC procedure that does natlire/
any external information about the atmospheric refratgtiviut is only based on the analysis of the structure of treenked
signals.

Overall these results suggest that the CT2A method is ngt thieloretically an innovative generalization of the CT/FIO
class of methods but also practically a valuable advancefoeRO processing in that it can improve the capability tpeo

with challenging horizontal gradient conditions in the Ewvtroposphere and serve as basis of a new QC procedure.

Data availability. The COSMIC data used in this study are freely available at CDAAC Web-site.
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