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1. INTRODUCTION

In the literature, there are three approaches to
studying the behavior of the estimate obtained for the
radial velocity of turbulent flows based on coherent
optical measurements. These approaches are based on
the local and nonlocal models, as well as on the Gaus�
sian model of the radial�velocity estimate.

The local model is based on the well�known for�
mula that describes the Doppler effect and is used in
solving problems of Doppler anemometry and active
laser interferometry [1, 2]. The formulation of these
problems assumes that the dimensions of the scatter�
ing volume are small and particles in it move with sim�
ilar velocities; i.e., turbulent flow velocities are mea�
sured in a local region. Physically, the locality of mea�
surements is achieved in the case in which the
dimensions of the scattering volume are small com�
pared to the correlation scale of turbulent�flow veloc�
ity fluctuations and, therefore, the velocity is not aver�
aged over the scattering volume.

When sensing turbulent flows in the atmosphere,
the dimensions of the scattering volume can consider�
ably exceed the characteristic scales of the wind�
velocity variation. As a result, the particles in the scat�
tering volume move with different velocities, which
leads to averaging of the velocity over the scattering
volume. When studying such a situation, a nonlocal
model of the estimate for the radial wind velocity is

used that was proposed in [3] for the case of a Doppler
radar. In [4], a similar problem is studied from the
point of view of the influence of scattering volume
dimensions in the case of a Doppler lidar. The main
drawback of the nonlocal model is the absence of the
dependence of the Doppler�velocity estimate on the
signal�to�noise ratio and parameters of the signal
quantization.

The third approach is based on the Gaussian model
of the radial�velocity estimate. It was obtained using
methods of the theory of probability and mathematical
statistics in the analysis of a Gaussian narrow�band
random process. It was formulated first for radar sens�
ing problems [5–7] and reformulated in [8, 9] for
problems of lidar sensing.

It was shown in [10] that a Doppler lidar signal is a
nonstationary non�Gaussian random process in
coherent detection of optical fields scattered by a large
number of particles.

Therefore, the influence of the non�Gaussian sta�
tistics of the signal on the behavior of the radial�veloc�
ity estimate remains open. In this work, based on the
theory of probability and mathematical statistics, an
approach to studying the estimate for the Doppler shift
of a non�Gaussian narrow�band random process is
proposed. Applying this approach to solving problems
of Doppler lidar sensing resulted in a non�Gaussian
model of the estimate for the radial velocity of turbu�
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lent flows. The second part of the work presents main
determinations of the Doppler�shift estimate for the
noise suppression method. In the third part, applying
the perturbation method in the analysis of the estimate
for the Doppler shift of a non�Gaussian signal of a
wind lidar is discussed. The behavior of the estimate of
radial wind velocity in the case of homogeneous and
isotropic turbulence is considered in the fourth part of
this work. Results of numerical simulation are dis�
cussed in the fifth part. In the fifth part, limit cases of
the obtained results are presented; they are also com�
pared with the local, nonlocal, and Gaussian models
of the radial�velocity estimate. In the end, the main
conclusions are presented.

2. ESTIMATE FOR THE DOPPLER SHIFT

The estimate of the Doppler shift is defined as the
first spectral moment

, (1)

where  is the estimate of the spectrum and

 is the normalization coefficient.

The noise�suppression method [5–7] is based on
simple subtraction of noise power spectrum  from
the estimate of power spectrum  of the signal itself.
The expression for the estimate of the spectrum for
this method has the form

, (2)

, (3)

, (4)

where  is the Doppler wind lidar signal,

, , Ts is the quantization interval,

 is the number of quantization intervals,

 is the noise power, and T = MsTs. The

Doppler wind lidar signal is a sum of two statistically
independent parts j(tk) = js(tk) + jn(tk), where js(t) and
jn(t) are the aerosol and noise components of the sig�
nal. The aerosol component of signal js(t) is a non�
Gaussian random process with Gaussian conditional
statistical characteristics and the noise component of
signal jn(t) is a Gaussian white noise [10, 11].
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3. THE PERTURBATION METHOD

The estimate of the Doppler shift is a ratio of two
random values; the application of the perturbation
method for studying this estimate is based on the iter�
ation procedure [5–7]

, (5)

, (6)

where S(f) and  are the power spectrum and normal�
ization coefficient in the zero�order perturbation the�

ory and  and  are perturbing additives in the
first�order perturbation theory.

For a signal with non�Gaussian statistics, the
choice of the zero�order perturbation theory is non�
trivial. It was shown in [12] that choosing absolute val�
ues of the average power spectrum and average nor�
malization coefficient, which are absolute statistical
characteristics, as the zero approximation leads to
nonuniform approximation of perturbation�theory
series. As a result of such a choice, the variance of
Doppler�shift fluctuations increases without bound
for small dimensions of the scattering volume, which
contradicts the physical sense.

By renormalizing perturbation�theory series [12],
one can avoid problems that are connected with non�
uniform approximation and give a correct physical
interpretation of the obtained results. In this work, the
choice of the zero�order perturbation theory is justi�
fied based on the analysis of statistical characteristics
of a Doppler lidar signal.

In [10], absolute and conditional statistical proper�
ties of a pulse Doppler lidar signal in a turbulent atmo�
sphere were studied. The coordinates of particles at the
initial time instant, as well as their velocities and num�
ber, were assumed to be random parameters. Absolute
statistical characteristics were determined by averag�
ing over all random parameters: position of particles in
the scattering volume, velocity, and number of parti�
cles. Conditional statistical characteristics are a result
of averaging the quantities over all random parameters
but fluctuations of the turbulent�flow velocity.

Analysis of the statistical characteristics demon�
strated [10] that a Doppler lidar signal upon coherent
detection of optical fields scattered by a large number
of particles is a nonstationary non�Gaussian random
process with Gaussian conditional statistical charac�
teristics. This behavior of the conditional statistics
means that we can use perturbation�theory methods
that were developed for a Gaussian random process in
[5–7] if the conditional statistical characteristics are
chosen as the zero approximation. Therefore, the zero
order of the iteration procedure for the considered
nonstationary non�Gaussian random process has the
form

, , (7)
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where  is the operator of averaging over all random
parameters except for wind velocity fluctuations.

It is seen from expression (7) that spectrum 
and normalization coefficient S0 are, on the one hand,
conditional statistical characteristics describing statis�

tical properties of  and  and, on the other hand,
quantities that depend on the turbulent�flow velocity
in a complicated fashion; passing to the average spec�
trum and average normalization coefficient requires
additional averaging over fluctuations of the turbulent�

flow velocity. Thus, the quantities  and

 can be interpreted as partially averaged ran�
dom values, which subsequently gives us grounds to
call them a partially averaged spectrum and partially
averaged normalization coefficient.

Using main principles of [5–7] on constructing the
iteration procedure and formulas (1) and (5)–(7), one
can show that the expression for the estimate of the
shift of the Doppler wind lidar signal in the first order
perturbation theory has the form

(8)

where

and

are the zero and first orders of the perturbation theory,
respectively.

In [5–7], where the case of the Gaussian statistics
was considered, a second�order correlation function
of the Gaussian useful signal was used. In this study, in
contrast to [5–7], the analysis of the estimate for the
shift of a Doppler wind lidar signal (8) is based on the
conditional correlation second�order useful signal
function obtained in [10],

(9)

where S is the signal power, 2τ0 is the pulse duration,

 is the normalized Doppler lidar pattern,
 is the average radial wind velocity,

 are fluctuations of the radial wind velocity,

 and .
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Direct calculations of quantity fd using formula (9)
lead to the following expression for the zero�order per�
turbation theory:

(10)

where

(11)

is the function that defines the shape of the scattering
volume.

It is seen from expressions (8) and (10) that the
estimate of the Doppler shift is a sum of the regular
component and two conditional fluctuation compo�
nents:

, (12)

where

is the regular component,

is the conditional non�Gaussian fluctuation compo�
nent, and

is the conditional Gaussian fluctuation component.

In view of the absence of a consistent theory, one
can state that the definitions are insufficient for
describing non�Gaussian random processes. In our
case, the new concepts used for describing the esti�
mate for the Doppler shift of a non�Gaussian narrow�
band random process and requiring a special explana�
tion include the “conditional Gaussian fluctuation
component” and “conditional Non�Gaussian fluctu�
ation component.”

Introducing new concepts into scientific use must
reflect features of the Doppler wind lidar signal’s sta�
tistics j(t) and specificity of the application of the
involved methods. The main feature of statistics j(t) is
that conditional statistical characteristics play a cen�
tral role when applying the used methods. Since the
origin of quantities  and  is the result of condi�
tional, not absolute, statistical characteristics of the
signal j(t), it is natural to refer to them as conditional
fluctuation components of the estimate of the Doppler
shift.
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Iteration procedure (8) was constructed using the
results of [5–7]; therefore, the general forms of
expressions for the first�order perturbation theory,

coincide both in the case of analysis of Gaussian sig�
nals and in studying non�Gaussian ones. There is a
difference only in the determination of fluctuations of

spectrum : in the first case, the spectrum of a
Gaussian narrow�band random process is used; in the
second case, the spectrum of a non�Gaussian narrow�
band random process is used. Therefore, the term
“conditional Gaussian fluctuation component”
should be introduced for scientific use with emphasis
of the fact that iteration procedure (8) is constructed
using the theoretical approach [5–7] developed for a
narrow�band random signal with a Gaussian statistics.

Quantity  depends on

fluctuations of radial wind velocity . Accord�
ing to results of [10], non�Gaussian properties of sig�
nal j(t) are caused by correlation of turbulent fluctua�
tions of the wind�velocity field within the scattering
volume the dimensions of which are determined by the
function w(R). Therefore, the fluctuation component
of the Doppler shift of partially averaged spectrum 
is connected with the non�Gaussian statistics of signal
j(t) and it can be referred to as a “conditional non�
Gaussian fluctuation component.”

4. HOMOGENEOUS AND ISOTROPIC 
TURBULENCE

In problems of Doppler sensing of wind velocity, it
is convenient to characterize the estimate of Doppler

shift  by the quantity

,

which has the meaning of an estimate for the radial
wind velocity. For a homogeneous and isotropic turbu�
lence [13, 14], the wind�velocity field is a homoge�
neous field with smoothly varying average characteris�
tics; i.e.,

,

therefore, the expression for the estimate of the radial
wind velocity can be written in the form

, (13)

where  is the difference between the

estimate for the radial wind velocity and its true value
and R0 is the distance from the center of the scattering
volume. It is seen that the estimate of the radial wind
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velocity for a homogeneous and isotropic turbulence is
approximately equal to its average true value,

, (14)

and the variance

(15)

describes the deviation of the estimate  from the true

value ur. The physical meaning of variance  is that

the standard deviation  characterizes the
statistical uncertainty of measurements of the average
radial wind velocity. The variance calculated based on
formulas (10)–(12) and (15) in the case of weak corre�
lation has the form

(16)
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The first summand of the right�hand side of (16) is
the variance of conditional non�Gaussian fluctuations

 and the sum of the second, third,

fourth, and fifth summands is the variance of condi�

tional Gaussian fluctuations . This,

variance  is the sum of two components—variances
of conditional Gaussian and non�Gaussian fluctua�

tions; i.e., .

5. RESULTS OF NUMERICAL SIMULATION
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Fig. 1. Standard deviations  as functions of sensing height z; number of quantization intervals Ms = 16 (solid curve), 32 (dashed
curve), and 64 (dotted curve). UTC = (a) 6, (b) 16, (c) 21, and (d) 23 h; CDT = (a) 0, (b) 10, (c) 15, and (d) 17 h.
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Fig. 2. Standard deviations  as functions of sensing height z; number of quantization intervals Ms = 16 (solid curves), 32
(dashed curves), and 64 (dotted curves). UTC = (a) 6, (b) 16, (c) 21, and (d) 23 h; CDT = (a) 0, (b) 10, (c) 15, and (d) 17 h.
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ary layer and the e–l turbulence model. The turbu�
lence characteristics were calculated for the
CASES'99 site for October 6, 1999 [15]. Figures 1–3
present numerical simulation results for the behavior

of daily variations of the standard deviation

, standard deviation of the conditional non�
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deviation of the conditional Gaussian component

 using models [10] for a lidar with param�
eters λ = 2.0218 τ0 = 0.12 × 10–6 s, S/N � 1, and Ts =
0.02 × 10–6 s. Daily variations of standard deviations
are presented for time instants according to UTC
(Universal Time Coordinated) and CDT (Central
Daylight Time) standards.

As follows from Fig. 1, the statistical uncertainty in
measurements of the average radial wind velocity sig�
nificantly depends on the state of the atmospheric tur�
bulence. With the increase in the turbulence energy
that is observed during daylight hours, standard devia�
tion  considerably increases as compared to dark�
ness hours.

The behaviors of quantities  and  are dif�
ferent at the same time of day. It is seen from Figs. 2
and 3 that the standard deviation of the conditional
Gaussian component increases with an increase in the
turbulence energy. At the same time, the standard
deviation of the conditional Gaussian component
weakly depends on the state of atmospheric turbulence
for the considered values of lidar parameters. For
example, at night, when a weak turbulence is observed,

 is approximately equal to zero and the statistical
uncertainty in measurements of the average radial
wind velocity is determined by the standard deviation
of the conditional Gaussian component . In the
second half of the day, when the turbulence energy
increases,  and  are on the same order of mag�
nitude and their contribution to the statistical uncer�
tainty in measurements of the average radial wind
velocity is similar.

6. LIMIT CASES OF THE OBTAINED RESULTS

Let us consider three limit cases of formulas (9)–
(12) and (16) and compare them with ground expres�
sions corresponding to the local and nonlocal models,
as well as to the Gaussian model of the radial�velocity
estimate.

The first limit case corresponds to small dimen�
sions of the scattering volume. Let us assume that
these dimensions are much less than the turbulence
scale l, i.e., . We also assume that
the expansion of the perturbation�theory series can
include only the zero order, which means that the con�
ditional Gaussian fluctuations are equal to zero,

. In this case, it follows from formulas (9)–(12)

and (16) that the expressions for  and  take the
form

, (19)

, (20)
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where  are fluctuations of the radial
wind velocity at the point that corresponds to the cen�
ter of the scattering volume and e is the kinetic energy
of turbulence. It is seen that Eq. (19) describes the
Doppler effect and formula (20) is a simple conse�
quence of this effect. Therefore, for small dimensions
of the scattering volume and , formulas (9)–(12)
and (16) pass over into basic equations of the local
model.

In the second case, it is assumed that only the con�
tribution of conditional Gaussian fluctuations is small
( ); then, it follows from (9)–(12) and (16) that

(21)

(22)

It is seen from Eqs. (21) and (22) that these asymp�
totics take into account the averaging of the wind�
velocity field over the space of the scattering volume
and the formulas coincide with formulas of the nonlo�
cal model [3, 4].

When considering the third case, we assume that
the dimensions of the scattering volume are large; i.e.,
they are much larger than turbulence scale l. In this
case, the Doppler lidar signal becomes a Gaussian
narrow�band random process [10] and Eqs. (9)–(13)
and (16) take the form

,  (23)

 (24)

where . Comparison of formula

(23) for large scales of the scattering volume with a
similar expression obtained for a signal with a Gauss�
ian statistics shows that this formula is an alternative
notation of a series of the perturbation theory for the
estimate of the Doppler shift of the signal. The differ�
ence of formula (23) from similar equations [5–9] is
that (23) is based on partially averaged quantities

 and . However, this difference
manifests itself only in an alternative way of construct�
ing the perturbation theory; for a Gaussian statistics of
the signal, it leads to the same results. For example,
expression (24), which is a corollary of formula (23), is
a well�known equation obtained under the assumption
that the statistics of the signal is Gaussian.

Thus, the presented comparisons show that Eqs.
(9)–(13) and (16) in limit cases coincide with investi�
gations results obtained using different theoretical
approaches [3–9].
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7. CONCLUSIONS

Based on the performed study, one can come to the
following conclusions. A theoretical approach to
studying the behavior of the estimate for the radial
velocity of turbulent flows in the atmosphere for
coherent detection of scattered optical radiation was
proposed. The approach is based on a non�Gaussian
model of the estimate for the radial velocity; the model
was obtained in this work based on results of statistical
analysis of a pulse Doppler lidar signal [10]. The esti�
mate of the radial velocity was analyzed using pertur�
bation�theory methods developed in the theory of
probability and mathematical statistics. It was shown
that the estimate of the Doppler shift in the first�order
perturbation theory is a sum of the regular component
and two conditional fluctuation components—Gaus�
sian and non�Gaussian ones. The zero order of the
perturbation theory is determined by a sum of the reg�
ular component and conditional non�Gaussian com�
ponents; the perturbing additive in the first order is a
conditional Gaussian component.

In the case of a homogeneous and isotropic turbu�
lence, the estimate of the radial wind velocity is
approximately equal to its true value. The difference
between the estimate of the radial wind velocity and its
true value is a random value and is determined by the
behavior of conditional Gaussian and non�Gaussian

components. The variance , which is a sum of vari�
ances of conditional Gaussian and non�Gaussian
fluctuations, significantly depends on the state of
atmospheric turbulence and increases with an increase
in the turbulence energy.

The standard deviation of the conditional non�

Gaussian component  increases with an
increase in the turbulence energy, and that of the con�

ditional Gaussian component  weakly
depends on the state of atmospheric turbulence for the
considered values of lidar parameters. Under weak
turbulence,  is approximately equal to zero and

. The contributions of the conditional
Gaussian and non�Gaussian components to  are
similar if the turbulence energy is high.

Comparison of the proposed theoretical approach
with the results of [3–9] shows that basic equations of
the non�Gaussian model coincide with formulas of

the local, nonlocal, and Gaussian models in limit
cases.
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