
General comment by the authors: Due to extensive restructuring of the
manuscript the version with track changes included may not be particularly
useful for the re-review.

Review #1: ‘Truth and Uncertainty at the Crossroads’ by
Antonio Possolo

Comment: Recommendation
The article’s Abstract sums up the central claims accurately that
the authors develop and substantiate in their narrative, including
what I believe to be the correct conclusion that the “error” and “un-
certainty” concepts are not fundamentally different, and may be re-
garded as alternative and complementary interpretations of the doubt
about the true value of the measurand that remains after measure-
ment.
However, my reading of the Guide to the Expression of Uncertainty
in Measurement (GUM) [Joint Committee for Guides in Metrology
(JCGM), 2008] suggests less polarizing views about this issue than
the views that the authors of the article under review derive from
the same Guide.
Their take on things brings to mind the acerbic discussion of essen-
tially the same issues that took place in meetings of the ISO/TAG-
4 Working Group 3, around 1986-87 [Collé, 1987a,b] [Schumacher,
1987].
The article should be published after it will have been shortened and
more sharply focused to convey its message most effectively, and af-
ter improvements will have been made to deficient passages that are
discussed under Specific Comments.

Reply: The authors thank the reviewer for this insightful and thorough review
of their manuscript.

Action: See below, under specific comments.

Comment: The Technical Corrections offer an assortment of sugges-
tions concerning English usage that the authors should consider.

Reply: The authors appreciate these corrections.

Action: See below for details.

Comment: General Comments
Acknowledgment should be made of an understanding of the rela-
tion between measurement uncertainty and measurement error that
predates the GUM, and that the authors of the article under review
likely will find agreeable: “The uncertainty of a reported value is
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meant to be a credible estimate of the likely limits to its actual error,
i.e., the magnitude and sign of its deviation from the truth” [Eisen-
hart and Collé, 1980]. Churchill Eisenhart was my most illustrious
predecessor at NIST, and Ronald Collé, a distinguished and esteemed
NIST colleague, served as convener of the working group (ISO-TAG-
4/WG3) that laid the groundwork for the creation of the GUM [Collé
and Karp, 1987].
A discussion whose tenor places the “error approach” on Mars and
the “uncertainty approach” on Venus sounds more like the discussions
that inflamed the metrological community thirty-five years ago, than
a useful discussion that we can engage in today with the benefit of the
experience accumulated in these many intervening years [Eisenhart
and Collé, 1980] [Collé, 1987a] [Colclough, 1987] [Schumacher, 1987].
The viewpoint that the authors of the article under review wish to
convey, can be conveyed quite simply also by means of an allegory:
measurement errors are the “carriers” of measurement uncertainty,
in a sense analogous to how photons are the “carriers” of light waves
and, more generally, of the electromagnetic force.
Accepting such dualism between errors and uncertainty facilitates
the scientific discourse without excluding individual or cultural pref-
erences, and tones down the drama that has been unfolding in the
literature and that, at times, this article also exacerbates unnecessar-
ily.

Reply: Agreed.

Action: Relevant parts of the paper were reorganized and rewritten. Care has
been taken not to give the impression of a split of the community in two blocs
in hostile opposition. Relevant references have been included.

Comment: The 26 pages of text of the article under review arguably
are overkill to convey this simple, conciliatory message: what they do
prompt is a review almost as long as the article itself, thus making
this review much too long by any standard.
In fact, the key message of the article will be delivered more ef-
fectively, and the article will have greater impact, if the article is
shortened and its arguments are streamlined.
The article’s length can be reduced at least by deleting those portions
that distract more than they add insight: for example, the digressions
in section 2 and in subsections 5.2 and 5.3.

Reply: We agree to shorten/rewrite particularly Section 2. We are not re-
ally convinced that Sections 5.2 and 5.3 are disgressions. The impossibility to
evaluate errors/uncertainties in the nonlinear case without approximate knowl-
edge of the true value and the inadequacy to conceive the measured value as
the most probable value without consideration of the a priori probability seem
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essential to us. Instead we shortened the paper by reorganizing it in a way
that repetition could better be avoided. Further, we have deleted the Section
on Bayesianism versus non-Bayesianism, because the current version of GUM
is not fully Bayesian, and this Section was thus connected only loosely to the
main topic of the paper.

Action: The paper has been substantially reorganized and shortened.

Comment: The authors may wish to extend their criticism to the
International Vocabulary of Metrology (VIM) [Joint Committee for
Guides in Metrology, 2012], whose Introduction states: “The change
in the treatment of measurement uncertainty from an Error Approach
(sometimes called Traditional Approach or True Value Approach) to
an Uncertainty Approach necessitated reconsideration of some of the
related concepts appearing in the second edition of the VIM.”

Reply: Agreed.

Action: Added before the criticism is formulated: “The International Vocabu-
lary of Metrology document (BIPM, 2012) points in the same direction”

Comment: The authors also seem to be unaware of the critical eval-
uation of the GUM that Gleser [1998] published shortly after the
original, 1993 edition of the GUM was corrected and reprinted, in
1995 [BIPM et al., 1995]. References to suitable portions of this
evaluation will add value to the article under review, and will also
facilitate shortening it.

Reply: Yes, indeed. We were unaware of this review.

Action: Reference to Gleser (1998) has been made.

Comment: The article is very repetitive in the multiple instances
where it rehashes the relations between the concepts of error, un-
certainty, true value, and Bayesianism. Consolidating and refocusing
the fragmentary discussion of these relations would make the article
much easier to read and would enhance the cogency of its arguments.
However, accomplishing this would involve a major rewrite.

Reply: Agreed.

Action: The paper has been reorganized, and parts of the article have been
rewritten, in order to avoid repetition and to make the structure of the argu-
ment clearer.

Comment: In its Annex E (E.5.1) the GUM addresses the issue that
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is the main focus of the article under review, when it states that “The
focus of this Guide is on the measurement result and its evaluated un-
certainty rather than on the unknowable quantities “true” value and
error (see Annex D). By taking the operational views that the result
of a measurement is simply the value attributed to the measurand
and that the uncertainty of that result is a measure of the dispersion
of the values that could reasonably be attributed to the measurand,
this Guide in effect uncouples the often confusing connection between
uncertainty and the unknowable quantities “true” value and error.”
The authors of the article under review quite correctly point out that
the uncertainty is neither a property of the measured value nor is it
about the measured value. The uncertainty surrounds or clouds the
true value, and qualifies the state of knowledge that the metrologist
has of the true value. To the extent that the target of measurement
is the true value, the measurement error is meaningful even if not
observable (however, it can be estimated in some cases, as discussed
below in relation with Line 180).

Reply: Fully agreed.

Comment: The suggestion, made in the aforementioned E.5.1, that
“uncertainty,” “error,” and “true value” should be uncoupled from
one another seems at odds with what is actually done in the prac-
tice of measurement science. For example, in relation with certified
reference materials, “NIST asserts that a certified value provides an
estimate of the true value of a defined measurand” [Beauchamp et
al., 2020, 1.2.4].
Therefore, the implied understanding of the scientists developing
these materials is that the uncertainties reported in the corresponding
certificates are informative about the relation between the measured
value and the true value, the difference between the former and the
latter being the measurement error.

Reply: We fully agree.

Action: None, because the Beauchamp-statement seems to address the uncer-
tainty issue only indirectly. Although this quotation could possibly strengthen
our point, its inclusion would imply considerably more text, which we want to
avoid for reasons of brevity.

Comment: Specific Comments
The numbers in boldface refer to line numbers in the version of the
preprint made available for discussion on June 29, 2021.
002 + 245 Here and elsewhere throughout the article, “GUM8”
should be replaced by “GUM” because the GUM and its existing
and planned supplements are being rearranged and renumbered, and
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“GUM8” is already reserved to refer to something other than the
current GUM. For similar reasons, “GUM09” is likely to be mis-
interpreted, and should not be used: in fact, it is not needed at all
because the authors use this acronym only in the very same line (245)
where they introduce it.

Reply: Thank you for bringing this to our attention.

Action: To be able to still distinguish between GUM in general and the 2008
version, and not to clash with the GUM numbering system, we have changed
‘GUM08’ to ‘GUM-2008’. The abbreviation GUM09 is not used any longer.

Comment: Specific Comments
010 the term ‘error’ was used, with some caveats, for designating a statistical
estimate of the expected difference between the measured and the true value of a
measurand
The traditional and still customary meaning of “error” in statistical
models is of a non-observable difference between the observed and
the (generally also non-observable) true value of a quantity [Davison,
2008, Example 1.1].
For example, in the relationship m = µ+ ε between a measured value,
m, and the true value, µ, of the mass of a massive entity, ε is the
error.
The error is generally neither known nor observable, but in many
situations it can be estimated, with ε being commonly used to denote
the estimate (refer to the discussion of Line 180). In the discussion
of Lines 518 + 738 below, it will become clear how useful the explicit
consideration of error can be, by allowing one conceptually to sepa-
rate contributions made by different sources of uncertainty.

Reply: We fully agree.

Action: In the course or rewriting the terminology part, we have made clearer
that in the traditional terminology, the term ‘error’ implies an equivocation.

Comment: 015 stipulated a new terminology, where the term ‘measurement
uncertainty’ is used in situations where one would have said ‘measurement er-
ror’
The word “error” occurs 131 times throughout the GUM, and not
always deprecatingly. For example, in its 2.2.4, the GUM acknowl-
edges that “The definition of uncertainty of measurement [...] is not
inconsistent with other concepts of uncertainty of measurement, such
as a measure of the possible error in the estimated value of the mea-
surand.”

Reply: In the definitions part, GUM defines error as the difference between the
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measured value and the measurand. There is no instance in GUM where they
acknowledge the equivocation that the term ‘error’ can also refer to a statistical
estimate of this difference. On page 5, Note 3, GUM says “In this Guide, great
care is taken to distinguish between the terms “error” and “uncertainty”. They
are not synonyms, but represent completely different concepts; they should not
be confused with one another or misused.” This, we think, justifies our state-
ment.

Action: We have not taken any action in reply to this specific comment, but our
rewriting of the introductory sections in reply to the general comment should
have made our point clearer.

Comment: 025 the error statisticians and the uncertainty statisticians
This classification of statisticians into these two classes is an inven-
tion of the authors that is more reflective of their imagination than
of reality. In fact, the principal participants in the debates that took
place in and around the aforementioned ISO/TAG-4/WG-3 were not
statisticians.

Reply: Agreed.

Action: In the new version of the manuscript, the terms “error statistician”
and “uncertainty statistician” are no longer used.

Comment: Furthermore, the issue of “systematic” versus “random”
errors (which we will discuss below, in relation with Line 597) may
have been even more divisive than the issue of “error” versus “un-
certainty.” Therefore, I urge the authors to devise a different way of
characterizing the two camps they are alluding to here. A reference
to Mayo and Spanos [2011] would be appropriate.

Reply: We use a definition of random vs. systematic errors which is based
fully on observational grounds. This terminology has been agreed by the entire
TUNER consortium. To avoid confusion, we do not want to change the termi-
nology again.

Action: We mention that our random errors correspond to the volatile errors
and that our systematic errors correspond to the persistent errors. However, we
use the terms ‘volatile’ and ‘persistent’ as purely descriptive terms, not as new
technical terms.

Comment: 046 according to Bayesian statistics (Bayes, 1763) the measured
value cannot always be interpreted as the most probable value of the measurand
Since one does not need to invoke Bayesian statistics to reach the
same conclusion [Possolo and Iyer, 2017, Page 011301-12], this re-
mark is spurious.
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Reply: Here we have to respectfully disagree. The argument of Possolo and
Iyer, 2017, Page 011301-12 is based on the assumption that the error correla-
tions between multiple measured values are not known or not considered when
a higher-level data product is produced. Under this assumption the conclusion
that the resulting value is not the most probable one is correct. However, von
Clarmann et al. (2020) offer a method to estimate the higher-level data prod-
uct (here: trace gas mixing ratios) under consideration of the full measurement
error covariance matrix. Even if the latter does include all uncertainties and
covariances, and the Possolo an Iyer argument thus does not apply, still the base
rate problem is there, and without consideration of the a priori probabilities the
estimate will not render the most probable mixing ratios but only the most
likely ones. Thus, we do not see what is spurious about the base rate argument.

Comment: 071 Recapitulation of the concept of indirect measure-
ments I believe that this long foray into inverse problems adds noth-
ing of value to the discussion, hence suggest that section 2 be deleted.
The discussion in subsection 6.3, The causal arrow, can easily be refor-
mulated, and in the process also shortened, to drive the same points
across — refer to specific suggestions below, for Line 618.

Reply: We agree in part. This section contained unnecessary formalism and
detail, and it was too long. However, to understand how a measured or esti-
mated value is probabilistically related to the true value, we still think that it
is important to highlight the inverse nature of a measurement process.

Action: This section has been merged with other sections and has been con-
siderably shortened. All unnecessary formalism has been removed.

Comment: 119 ancient researchers realized that measurement results always
have errors
It is all a matter of perspective, of course, but I am of the opinion
that it is unfair to call Gauss or Legendre “ancient.” In the context of
European history, the word is typically reserved for the period end-
ing with the fall of the Western Roman Empire (around 500 CE). In
addition, and in particular concerning Gauss, with whose works I am
more familiar than with Legendre’s, I can only say that it is difficult
for me to imagine a person of more luminous modernity, or with a
better sense for what is relevant in scientific practice (of his time or
contemporary), than Gauss.

Reply: The term ‘ancient’ was by no means meant in any dismissive way. We
realize that it can be understood in this way and replace it.

Action: New wording: “Investigators realized already in the 19th century that
measurement results always have errors.”
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Comment: 149 In the case of ‘error’, its statistical estimate is mostly under-
stood to be a quadratic estimate and thus does not carry any information about
the sign of the error.
The authors may like to replace this awkward sentence with some-
thing along the following lines: “In most cases, errors are not esti-
mated individually. Instead, their typical size is summarized by the
square root of their mean squared value, or by the median of their
absolute value. Such summaries do not preserve information about
the signs of any individual errors.”

Reply: We agree to reword this statement:

Action: New wording: In the case of ‘error’, its statistical estimate is mostly
understood to be the square root of the variance of the probability density func-
tion of the error and thus does not carry any information about the sign of the
error.

Comment: 154 the term ‘error’ has commonly been used to signify a statistical
estimate of the size of the difference between the measured and the true value of
the measurand
This is repetitive of the material around Line 10 that was discussed
above. In both instances, the authors are unnecessarily turning some-
thing simple into something complicated. One thing is the error ε in
the example discussed above, m = µ + ε. Another thing is how this
error may be characterized or quantified.

Reply: Agreed; however, we prefer to leave this part and avoid the repetition
elsewhere in the paper.

Action: The text has been restructured and shortened in order to make the
arguments clearer and to avoid repetition. The new structure is intended to
make our arguments w.r.t. terminological versus structural arguments clearer.

Comment: For example, the possible errors may be characterized by
the probability distribution of ε, like when one says: the signal was
corrupted by white noise with mean 0 and standard deviation σ.
The sizes of possible errors may be summarized by the mean squared
error (MSE) of the estimator of the measurand, which captures the
difference between expected value of the estimator and the true value
of the measurand, as well as dispersion around that expected value.
Other summaries include the standard deviation of the error distri-
bution, or the now outmoded probable error.
The error may also be characterized indirectly, by an expression
of the uncertainty surrounding the quantity of interest. For ex-
ample, Yoshino et al. [1988] reported the measurement result for
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the absorption cross-section of ozone at 253.65 nm as 1145+7.1
−14410−20

cm2/molecule, which says that the measurement error has an asym-
metric distribution.

Reply: Agreed. Most such cases in our context are caused by the non-linearity
of Beer’s law. Symmetrically distributed errors in the transmission measure-
ments cause an asymmetric distribution of the inferred cross section errors.
This highlights how important the non-linearity issue actually can be.

Action: Added: “Nonlinear error propagation may in some cases make asym-
metric error estimates adequate.”

Comment: 180 Since the true value is not known, the actual difference between
the measured or estimated value and the true value of the measurand cannot be
calculated.
The authors quite correctly point out that this argument lacks co-
gency. In fact, more can be said further to dismiss this claim as
being no more than a myth. Consider the simplest of cases of statis-
tical estimation, where one has replicated determinations of the same
quantity, r1, . . . , rm, which are then combined to obtain an estimate
t = T (r1, . . . , rm) of a quantity τ . The estimate t could be as simple
as the average or the median of the replicates, or it could be their
coefficient of variation (standard deviation divided by the average).
It is then possible, using the statistical jackknife [Mosteller and Tukey,
1977, Chapter 8] or the statistical bootstrap [Efron and Tibshirani,
1993], to estimate not only the standard deviation of t (based on this
single set of replicates ri), but also both the sign and the magnitude
of the error t− τ .

Reply: We are happy that we agree on this important point. With respect to
the example presented in the review, however, GUM defenders would probably
object that these methods provide a handle on the random part of the error but
not on what they call “systematic” effects.

Action: None, for the sake of brevity.

Comment: 200 + 364 our reading is that an error distribution is understood
as a distribution whose spread is the estimated statistical error and whose expec-
tation value is the true value, while an uncertainty distribution is understood as
a distribution whose spread is the estimated uncertainty and whose expectation
value is the measured or estimated value / The error distribution must not be
conceived as a probability density distribution of a value to be the true value
In the simple model for a measured mass, m = µ + ε, the “error dis-
tribution” generally refers to the probability distribution of ε, hence
the expected value of the “error distribution” will not be µ, which
denotes the true value of the measurand. Instead, this expected value
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will be the bias, which is the persistent offset of m from µ. (Refer to
the discussion of Line 597, where I explain why I prefer “persistent”
to “systematic,” and “volatile” to “random.”)
Neither “error distribution” nor “uncertainty distribution” are men-
tioned in the GUM. While the GUM offers considerable guidance
about the assignment of distributions to input quantities, xj, in its
first 69 pages (out of a total of 120) all that it provides about the
probability distribution of the output quantity, y, is an approxima-
tion to its standard deviation, in Equations (10) and (13).
Furthermore, the GUM seems to be more concerned with evaluat-
ing u(y) than with estimating the measurand optimally, because the
“substitution” estimate of the measurand, which is obtained by sub-
stituting the xj by their best estimates in y = f(x1, . . . , xn), generally
will not yield the best estimate of the measurand in the sense of min-
imizing mean squared error, mean absolute error, or other similar
criteria [Possolo and Iyer, 2017, Page 011301-12].
In the course of those initial 69 pages, the GUM touches upon the
topic of the distribution of y tangentially – for example when it dis-
cusses expanded uncertainty, coverage factors, and coverage interval
–, but only in its Annex G (beginning on Page 70) does the GUM
venture into a discussion of how to characterize the probability dis-
tribution of y. Annex G invokes the Central Limit Theorem based
on a first-order Taylor approximation of the measurement function
f in y = f(x1, . . . , xn), to claim that y’s distribution may be taken as
being approximately Gaussian. This argument can, on occasion, be
spectacularly inaccurate [Possolo, 2015, Example E11].
Since u(y) typically is based on finitely many degrees of freedom, the
GUM argues (using a slightly different notation) that (y − ν)/u(y),
where ν denotes y’s true value, should have a Student’s t distribution
approximately, wherefrom coverage intervals then issue readily, thus
achieving the goal, stated in its clause 0.5, of providing “an interval
about the measurement result that may be expected to encompass a
large fraction of the distribution of values that could reasonably be
attributed to the quantity subject to measurement.”
The meaning of this distribution that the GUM, by hook or by crook
assigns to y, and, even more importantly, the meaning of the distribu-
tions derived for y by application of the Monte Carlo method, and of
the coverage intervals based on them, should be the more appropriate
and productive targets for critical review, similarly to what Stoudt
et al. [2021] have done.

Reply: The example discussed by [Possolo and Iyer, 2017, Page 011301-12]
inquires into a case where a higher level data product (here: the area of a
rectancle) is calculated from the direct measurements of the lengths of the ver-
tices. Possolo and Iyer demonstrate that the most probable area cannot be
determined without knowledge of the error correlation of the length measure-
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ments of both vertices. Von Clarmann et al. (2020) concede that retrieved
values of atmospheric state variables are not optimal as long as the measure-
ment error covariance matrix includes only measurement noise but not the other
error sources, mapped into the measurement space. The problem mentioned by
Possolo and Iyer falls in this category of problems. In the paper under review,
we indeed forgot to consider this problem. But independent from this, our ar-
gument invoking the base rate still holds.
Gaussian error propagation (extended to consider covariances) holds, regard-
less of the error distributions of the ingoing quantities, as long as the function
through which the errors are propagated is sufficiently linear. In particular, it
is not required that the errors of the ingoing quantities follow a Gaussian distri-
bution. Monte Carlo methods are needed either if the function is too nonlinear
for Gaussian error propagation (we tackle this issue in old Section 5.3, new Sec-
tion 3.3), if more information than only the expectation value and the variance
shall be inferred (beyond the scope of our paper) or if the measurement error
covariance matrix used for the inversion does not include all error components.
In the latter case MC methods can be used to correct the result, but that is
somewhat beyond the issue of error estimation. However, MC methods do not
solve the problem of the base rate fallacy.

Action:. Added “[...yield the probability distribution of any value to be the
true value.] This holds even if the error distribution is extended to include also
systematic effects, and if all error correlations are adequately taken into account
in the case of multi-dimensional measurements.”

Comment: 213 Frequentist statistics, we understand, is a concept where the
term ‘probability’ is defined via the limit of frequencies for a sample size ap-
proaching infinity. This definition is untenable because it involves a circularity
The authors oversimplify and are unacceptably dismissive. If the
Frequentist interpretation of probability were this “obviously” defec-
tive, then none of John Venn, Richard von Mises, Andrey Nikolaevich
Kolmogorov, Jerzy Neyman or Jack Kiefer – all intellectual giants in
their own right – would have embraced it.
I suggest that the authors avoid embarrassment by considering the
excellent overview of the interpretations of probability compiled by
Hájek [2007].

Reply: If this argument was conclusive, then we should either believe in the
ether theory or we should deny Lorentz and Poincaré the status of an intel-
lectual giant. Scientific knowledge is approximately accumulative, and thus it
is not astonishing that later generations know more than earlier generations.
Stegmüller’s argument runs as follows: Hypothetical frequentism (i.e. frequen-
tism involving an infinite reference class; this seems necessary to be able to
extend the probability concept to probability density functions of continuous
random variables) rely on the large number theorem. Both the weak and the
strong version of the large number theorem involve probabilities. Thus the def-
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inition is circular or involves an infinite regress. We do not see any flaw in his
argument, and this argument is refuted neither by Hájek [2007] nor by any other
literature of our knowledge.
It is important to note that the distinction between frequentism and other con-
ceptions of probability such as subjective probability is about how the term
‘probability’ is defined, and not about the methods used. Methods still can
work well, even if the definition of the underlying key term is flawed.

Action: As a compromise, we have replaced “is untenable” with “challenged”.

Comment: 265 The values the rational agent believes to be true are sufficient
in this case, because the error distribution does not tell us anything about the
truth anyway but only about the agent’s believe of what truth is.
The simplest measurement error model mentioned above, m = µ + ε,
is meaningful under essentially all paradigms of statistical inference.
In neither the classical (Frequentist) nor in the Bayesian approaches
does the probability distribution of ε convey any information about
µ, other than in special cases: for example, when the variance of ε
depends on µ.
Both approaches involve assigning a probability distribution to ε,
which then determines the likelihood function. The Bayesian ap-
proach involves also assignments of probability distributions to µ and
to any parameters in the distribution of ε whose values are unknown.
The marginal distribution of m typically will differ in the classical
and Bayesian approaches even when the same choice is made for the
distribution of ε.

Reply: Agreed for the mathematical part but we are afraid that our original
text did not make clear the point we intended to make. Thus we reword our
statement for clarity.

Action: Reworded: “In GUM the error concept is discarded because the capa-
bility of conducting an error estimate allegedly depends on the knowledge of the
true value. However, once having invoked the concept of subjective probability,
no objective knowledge of the unknowable true value is needed any longer. The
subjectivist can work with the value they believes to be true. This solves the
alleged problem of the error concept, namely, that the true value is unknown.”

Comment: 317 Monte Carlo uncertainty estimation, however, is in its heart
a frequentist method, because it estimates the uncertainty from the frequency
distribution of the Monte Carlo samples.
The authors are quite wrong on this one.
Of course, the extent of how wrong depends on what they mean by
“Monte Carlo uncertainty estimation.” I assume that they mean
it in the sense and context in which it was introduced into uncer-
tainty analysis by Morgan and Henrion [1992], subsequently having
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been incorporated into the GUM Supplement 1 [Joint Committee for
Guides in Metrology, 2008]. In such sense and context, the Monte
Carlo method is purely mathematical, and non-denominational (nei-
ther Frequentist nor Bayesian), and solves the following problem:
given a random vector X whose probability distribution has been
fully specified, and a real-valued, measurable function f defined on
the range of X, determine the probability distribution of Y = f(X).
The Monte Carlo method solves this problem using numerical meth-
ods and sampling driven by pseudo-random numbers. It solves it in
the sense that it can produce the value of Pr(Y ∈ B) to within any
specified accuracy, for any measurable subset B in the range of Y .
The fact that its accuracy is guaranteed by the Law of Large Num-
bers does not make it Frequentist because the Law of Large Numbers
is neither Frequentist nor Bayesian. The Law of Large Numbers is a
mathematical result about sums of random variables based on Kol-
mogorov’s axioms for probability measures [Kolmogorov, 1933]. If
the authors’ views on the Monte Carlo method were correct, then
Markov Chain Monte Carlo sampling, which is the workhorse of con-
temporary Bayesian inference, would be “in its heart a frequentist
method” too!

Reply: We still think that, by employing samples, MC methods do use the
frequentist toolbox. A Monte Carlo sample is a sample where values considered
as more probable occur more frequently. But since we think that the use of
the frequentist toolbox does not make a subjectivist a frequentist, and since
this statement is not needed to support our stance, we decided to withdraw our
argument on MC methods.

Action: Argument deleted.

Comment: 318 it is astonishing why GUM08, if representing a Bayesian con-
cept, does not in the first place require to apply the Bayes theorem
The authors should reference Gleser [1998] who points out the mixed-
bag of viewpoints coexisting in the GUM. Clearly the authors are well
entitled to feel astonishment at the GUM not using Bayes rule at all,
especially considering the whirlwind of claims about the GUM and
its Supplements being Bayesian.
However, in fairness to the GUM, such whirlwind has been more of
an afterthought than a consequence of the GUM itself. First, the
word “Bayes” is nowhere to be found in the GUM, and the word
“Bayesian” occurs exactly once: n the title of reference [14], on Page
115.
Only in Annex E (E.3.5) does the GUM venture into this controver-
sial territory when it says “In contrast to this frequency-based point
of view of probability, an equally valid viewpoint is that probability
is a measure of the degree of belief that an event will occur.” And
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then it adds: “Recommendation INC-1 (1980) upon which this Guide
rests implicitly adopts such a viewpoint of probability.”
The expression “degree of belief” occurs exactly once in the main
body of the GUM (3.3.5), where it says: “Thus a Type A standard
uncertainty is obtained from a probability density function (C.2.5)
derived from an observed frequency distribution (C.2.18), while a
Type B standard uncertainty is obtained from an assumed probabil-
ity density function based on the degree of belief that an event will
occur [often called subjective probabil- ity (C.2.1)]. Both approaches
employ recognized interpretations of probability.
The same expression occurs in Annex C, and again in Annex E, where
E.3.6 comes the closest to advocacy by enumerating “three distinct
advantages to adopting an interpretation of probability based on de-
gree of belief.” Therefore, and on the whole, the GUM is far more
discreetly or ambiguously Bayesian than it has more recently been
heralded to be (surprisingly, mostly by “born again,” self-declared
Bayesians).
The GUM’s alleged Bayesianism in fact reduces to (i) entertaining
(subjective) probability distributions for input quantities that are
elicited from experts, and (ii) regarding the probability distribution
of the measurand as quantification of degrees of belief about the true
value of the measurand, even though it is not a Bayesian posterior
distribution [Gleser, 1998, 2.2].

Reply: We do not claim that GUM is Bayesian. However, we recognize that
there exist readings of GUM that see it as Bayesian. We do not say that we are
astonished that the Bayes theorem plays no role in GUM but we say we should
be astonished that the Bayes theorem plays no role in GUM if GUM really was
Bayesian. Our argument follows the form of a reduction to the absurd: As a
working hypothesis we assume that GUM is Bayesian, we then find that this
assumptions lead to inconsistencies, and finally we conclude that the purported
Bayesian turn cannot explain the difference between the error concept and the
uncertainty concept.

Action: We have reworded the related text to make the argument clearer, and
to make it more obvious that our argument form is a reductio ad absurdum.

Comment: 343 This suggests that the uncertainty is an attribute of the true
value while the error is associated with a measurement or an estimate. Because
of the measurement error there is an uncertainty as to what the true value is.
The uncertainty thus describes the degree of ignorance about the true value while
the estimated error describes to which degree the measurement is thought to de-
viate from the true value
The authors are quite right. Please consider the following rewrite,
which, although allegorical, I believe further enhances the expression
of the authors‘ sentiment – also compare with Possolo [2015, Note 3.2,
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Page 16]: This suggests that measurement uncertainty surrounds the
true value of the measurand like a fog that obfuscates it, while mea-
surement error is both the source of that fog and part and parcel
of the measured value. Measurement uncertainty thus describes the
doubt about the true value of the measurand, while measurement er-
ror quantifies the extent to which the measured value deviates from
the true value.

Reply: Agreed.

Action: Footnote added.

Comment: 379 The weight of Thomas Bayes or the body height of David
Hume at a certain time are well-defined quantities although we have no chance
to measure them today
I suggest that, for the sake of propriety and good taste, the authors
abstain from referring to properties of the bodies of Thomas Bayes
and David Hume, refined and excellent gentlemen both, long de-
ceased, and use instead properties of other notable material entities
that are no longer amenable to measurement, like the Colossus of
Rhodes or the Lighthouse of Alexandria.

Reply: Agreed.

Action: Changed as suggested; footnote added with reference to the originator
of this idea for this illustrative example.

Comment: 411 5.2 Likelihood, probability, and the base rate fallacy
I believe that this subsection is a digression from the main topic that
would best be deleted. A shorter, better focused article will have
greater impact than one with multiple digressions that are largely
off-topic.

Reply: Since we conceive measurements (and their analysis) as estimation of
the true value involving an inverse process, we think that this argument is quite
essential. We do, however, agree that this section was too long, and that the
original structure of the paper did not make our argument sufficiently clear.

Action: This concern has been considered when the manuscript was reorga-
nized.

Comment: 481 5.3 Nonlinearity issues
The same suggestion as for subsection 5.2, for the same reasons.

Reply: The denial of the approximate knowledge of the true value poses serious
problems particular in the case of non-linearity. In linear cases the statistical er-
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ror can be estimated without knowledge of the true value because the Jacobian
does not depend on the measurand. This is not the case if there is non-linearity.
We do not think that this is a disgression or off-topic, but a serious challenge
to an uncertainty concept that pretends to be able to avoid the concept of the
true value.

Comment: 518 + 738 5.4 Incompleteness of the error budget
This is an important issue that the authors should address in greater
generality than in the context of inverse problems. The following ex-
ample captures the key issues clearly and simply. The authors allude
to the same ideas in Line 738.
The values measured in inter-laboratory studies are often modeled as
mj = µ+ λj + εj for j = 1, . . . , n, where µ denotes the true value of the
quantity of interest, and the λj and the εj are errors of different kinds:
the former express laboratory effects [Toman and Possolo, 2009a,b,
2010], which in many cases will be persistent effects attributable to
differences between measurement methods or between forms of cali-
bration; the latter are laboratory-specific measurement errors quan-
tified in the uncertainties reported by the participants.
The reality of the λj (that is, that they cannot all be zero) becomes
apparent only when the measurement results are put on the table
and inter-compared.
If the measured values are significantly more dispersed than the as-
sociated, reported uncertainties intimate that they should be, then
this is an indication that there is some dark uncertainty [Thompson
and Ellison, 2011] afoot that was not captured in the individual un-
certainty budgets.
This dark uncertainty is “carried” (in the sense in which this term
was used in the General Comments) by the λj. Refer to Koepke et
al. [2017] and to Possolo et al. [2021] for more extended discussions
of this concept.

Reply: The rationale behind limiting our discussion to inverse problems is that
this manuscript has been written for an AMT special issue that deals exclusively
with error reporting in remote sensing contexts. There are certainly many peo-
ple who are better qualified than we are to discuss these issues in the context
of general metrology. We see it as our task to scrutinize the applicability and
usefulness of the BIPM guidelines to remote sensing of the atmosphere.
By the way: Those passages in our manuscript where the incompleteness of the
error budget is discussed do not refer explicitly to inverse problems.

Comment: 548 We have mentioned above that the uncertainty concept depends
on the acceptance of the subjective probability in the sense of degree of rational
belief. Without that, an error budget including systematic effects would make
no sense because systematic effects cannot easily be conceived as probabilistic in
a frequentist sense; that is to say, the resulting error cannot be conceived as a
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random variable in a frequentist sense.
These statements are inaccurate.
First, the uncertainty concept may be contingent on a Bayesian per-
spective, but this perspective need not be subjective: it can be
a so-called “objective Bayesian” perspective, which Jeffreys [1946],
Bernardo [1979], and Berger [2006], among others, have favored.

Reply: The uncertainty concept explicitly invokes subjective probability (Sect
3.3.5). We think that the uncertainty concept is contingent on the concept
of subjective probability (i.e., a degree of belief concept of probability) but
not necessarily on Bayesianism. While objective probability (both frequentist
probability and Popper’s propensity) is a characteristic of the event (the object),
subjective probability is a characteristic of the knowledge of the agent (the
subject) dealing with this event. Any concept of probability that conceives
errors, uncertainties etc as a degree of ignorance and characterize them with a
degree of belief are thus based on subjective probability, because the ignorance
is a characteristic of the agent (the subject), not of the value (object).
Thus we think that even objective Bayesians employ the concept of subjective
probability. That is to say, also objective Bayesianism depends on a concept of
probability which describes the information (and its uncertainty) an agent (the
‘subject’) has. Thus one could argue that the term “objective Bayesianism” is
a misnomer, or at least is misleading.
Our use of the terms ‘subjective probability’ and our understanding of ‘objective
Bayesianism’ seem to be fully consistent with D. R. White (2016 Metrologia 53
S107) who states: “There are two main branches of Bayesian statistics, objec-
tive and subjective, both of which are founded on three main principles: the use
of subjective probability, the use of Bayes’ theorem to invert conditional proba-
bilities, and the likelihood principle” (his Section 3.2). Thus, the contradiction
between subjective probability and objective Bayesianism is only apparent but
not real. Anyway, since GUM invokes subjective probability but not Bayesian-
ism, the discussion of objective Bayesianism is not relevant to the paper.

Action: (Only indirectly linked to this comment) We have deleted the section
on Bayesianism versus non-Bayesianism.

Comment: Second, the main difficulty facing a Frequentist approach
to the characterization of measurement uncertainty concerns what
the GUM calls Type B evaluations of uncertainty components, not
the recognition of the contributions that persistent (“systematic”)
effects make to said uncertainty.

Reply: We must distinguish between methods that use frequency distribu-
tions as estimators of probability distributions and the way how the concept of
‘probability’ is defined. Type B evaluations work well even for frequency distri-
butions. Take a finite sample of parameters bi, calculate the variance, propagate
the variance through the system using linear theory; and in parallel, propagate
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each parameter bi through the system and calculate the variance in the result
space. If the system is sufficiently linear, both variances will be approximately
the same (and exactly the same in the linear case). We see no difficulty to apply
Type B evaluations to frequency distributions.
The problem solved by GUM by abolishing frequentism and turning towards a
subjective concept of probability is that systematic effects cannot be character-
ized by a probability distribution at all. In a frequentist’s world it would simply
make no sense to assign an error distribution to a systematic effect, because
the systematic effect is only one number. To assign an error distribution to a
systematic effect requires to conceive the error distribution as a characteriza-
tion of the knowledge or belief of the rational agent instead of a frequency of
events. And this is exactly what the subjective concept of probability does. For
a frequentist it is absurd to assign a distribution to a systematic error.

Comment: In fact, the contributions from some persistent effects can
be evaluated by Type A methods (refer to the comments above for
line 180), and the contributions from some volatile (“random”) effects
can be evaluated by Type B methods (for example, the imprecision
of a balance that a laboratory technician has great familiarity with).

Reply: We agree that there is no clear correspondence between Type A vs.
Type B evaluation of uncertainty on the one hand and random vs. systematic
error components on the other hand. TUNER recommends to evaluate all error
components via Type B analysis. This seems necessary to disentangle the dif-
ferent error components (i.e. error from the different sources). For example, the
error due to measurement noise is estimated by propagating known measure-
ment noise through the retrieval. The same holds for, e.g., volatile parameter
uncertainties. Type A evaluation is recommended to test the validity of the
Type B estimates.

Comment: 597 Von Clarmann et al. (2020) explicitly demand that error es-
timates be classified as random or systematic [. . . ] In summary, the denial of
the importance of distinguishing between random errors and systematic errors
does not provide proper guidance, and altogether is a strong misjudgment.
The word “demand” appears to be too strong a descriptor of what von
Clarmann et al. [2020] actually did, which was to “formulate recom-
mendations with respect to the evaluation and reporting of random
errors, systematic errors, and further diagnostic data,” where the
emphasis on “recommendations” is mine.
We need to discuss two separate issues regarding this point: the
first concerns the choice of terms (“systematic” and “random”); the
second concerns whether and when to bundle them all into a single
expression of uncertainty.
Concerning the first issue – the choice of terms:
My dislike of terms like “systematic” and “random” is that they are
metaphysical:
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they speak to the nature of the errors, which is often elusive and may
be shifting.
For example, von Clarmann et al. [2020, R3, Page 4420] recognize
that “depending on the application of the data, the same type of er-
ror can act as random or systematic error,” and many other authors
have acknowledged the same.
“Random,” in particular, is a thorny concept, whose definition seems
to be far from settled [Landsman, 2020] [Eagle, 2016] [Bennett, 2011]
[Gács, 2005].
For these reasons, I recommend descriptive qualifiers instead, for ex-
ample persistent (instead of “systematic”) and volatile (instead of
“random”). They are less committal and afford greater flexibility, in
particular to address cases where a volatile error becomes persistent,
or vice versa. Writing almost thirty-five years ago, Collé [1987a], sum-
marized the two approaches to measurement uncertainty that were
then dominant as follows: The “classical” approach is based on a cen-
tral distinction between so-called random and systematic uncertain-
ties. The uncertainties are presumably classified by the underlying
physical error type [. . . ] and the approach demands that the different
uncertainty types be combined by different methods. Causing even
further confusion, the uncertainties in these classical treatments are
said to depend on one’s “perspective” and hey possess chameleon-
like properties, and may change from one type to another. In con-
trast, the “romantic” approach dispenses with the underlying error
distinction, and classifies the uncertainties only on the basis of how
the uncertainty estimates were made. All uncertainty components
in this approach can be combined by the same general propagation
formulae. The romantic approach underlies the BIPM/CIPM Rec-
ommendation.

Reply: We agree to replace “demand” with “recommend”. We are reluctant
to change terminology in favor of ‘volatile’ and ‘persistent’ errors because this
would lead to inconsistent terminology within the AMT special issue this paper
is written for. However the connotation of our terms ‘random errors’ and ‘sys-
tematic’ errors, as defined in von Clarmann et al. (2020) matches that of the
‘volatile’ and ‘persistent’ errors of Possolo. There, systematic errors are defined
as bias-generating errors while random errors are defined as variance-generating
errors. They can be distinguished fully on observational grounds.

Action: “demand” replaced with “recommend”. Further we have added the
following footnote: “In this context it is important to note that, in contrast to
some older conceptions, von Clarmann et al. (2020) define ‘systematic errors’
as bias-generating errors and ‘random errors’ as variance-generating errors. To
avoid confusion with the older conceptions, one can use instead the descriptive
terms ‘persistent’ and ‘volatile’ errors as suggested by Possolo (2021). This is
not done here to maintain consistency with von Clarmann et al. (2020).

19



Comment: Concerning the second issue – the bundling of contribu-
tions from all sources of uncertainty:
While agreeing with the romantic approach in principle, I believe that
it is advisable to consider how uncertainty evaluations will be used,
before deciding whether to combine contributions from all sources of
uncertainty into a single evaluation, or not. This is a more nuanced,
less extreme approach than either of the two approaches aforemen-
tioned.
Consider an inter-laboratory study where several laboratories mea-
sure the same quantity independently of one another, or a meta-
analysis of results from preexisting studies that were carried out and
published independently of one another.
Suppose that the purpose is to blend the corresponding estimates into
a consensus value: for example, as was done for the ozone absorption
cross-section at 253.65 nm [Hodges et al., 2019].
Typically, the consensus value will be some form of weighted aver-
age. There- fore, the errors behind the uncertainties reported by the
participants will “average out” in the process to some extent. This
may be fine, or it may be inappropriate. Such “averaging out” will
be fine if laboratory-specific persistent errors lead to estimates that
are high for some laboratories and low for other laboratories, with
the true value lying somewhere in the middle. But such “averaging
out” will be inappropriate if a common bias, unbeknownst to all, af-
fects all results similarly. Reporting separately the evaluation of the
contributions made by persistent effects, and by volatile effects, as is
commonly done in astrophysics and in particle physics, will then be
an appropriate, prudent way to report uncertainty intended for use
by a downstream user.
The need for such discretion, and the role that considerations of
fitness-for-purpose of uncertainty evaluations should play in deciding
what to do and when, is mentioned already in the pre-GUM litera-
ture [Ku, 1980].

Reply: We fully agree that the choice if errors of different type shall be bun-
dled or not depends on the application. However, we still uphold our criticism
that the denial of the importance of distinguishing between random errors and
systematic errors does not provide proper guidance, and altogether is a strong
misjudgment. The data provider does, in general, not know what the data user
will do with the data, and since the data user may use the data for a purpose
where it is essential to distinguish between systematic and random errors, the
information which error component contributes to which category must be pro-
vided.

Action: Added: “[...is a strong misjudgment]. The data users must be pro-
vided with all information required to taylor the relevant error budget to the
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given application of the data.”

Comment: 618 6.3 The causal arrow – [. . . ] We think that it is essential to
appreciate the inverse nature of the problem, and this is much easier if the mea-
surement equation describes the forward problem and thus does not suggest an
unambiguous determination of the measurand from the measured quantity.
The measurement model in the GUM is only one of many kinds of
measurement models to which the principles for uncertainty evalua-
tion that are enunciated in the GUM apply. The GUM-6 [Joint Com-
mittee for Guides in Metrology, 2020], published recently, describes
several other kinds of measurement models, including statistical mea-
surement models.
Rodgers [2000, 2.3.2] explains how Bayesian statistical models can be
used in general to solve inverse problems, and Ganesan et al. [2014]
describe an application of hierarchical Bayesian methods to atmo-
spheric trace gas inversions.
The Bayesian approach can be fruitful in such settings because the
prior distribution acts as a regularization prescription.
Possolo [2015] gives examples of measurements involving models that
are quite different from the conventional measurement model in the
GUM. In particular, Examples E7 (Thermistor Calibration), E17
(Gas Analysis), and E32 (Load Cell Calibration) concern calibrations
that are structurally similar to the thermometer example that the
authors mention in Line 109.
Using x1, . . . , xn and y with the same roles that the GUM gives them, a
statistical forward model can be formulated simply by saying x1, . . . , xn ∼
Ly, which is shorthand for “the joint probability distribution of (the
random variables whose realized values are) the observable inputs
x1, . . . , xn has y as a parameter and likelihood function Ly.
A Bayesian formulation will then add y ∼ P , where P is the prior
distribution of y, and application of Bayes’s rule produces a solution
for the inverse problem in the form of the posterior distribution, Q,
of y ∼ Qx1, . . . , xn . Compare this formulation with the treatment of
calibration via conventional regularization in Hagwood [1992].

Reply: Our point is that for a given measurand and a given realization of the
measurement error, the measured signal is, putting quantum effects aside, which
can be embraced by the measurement error, unambiguously determined. Con-
versely, for a given measured signal, the most likely or most probable value of
the measurand is not unambiguously determined. Since traditionally a mathe-
matical function (which is the theoretical core of the measurement model) maps
an independent variable x unambiguously to a dependent variable y, while the
opposite direction may be ambiguous, we find the GUM (2008) notation counter-
intuitive.

Action: We have inserted: “Many conceptions exist of measurement mod-
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els, which relate the measured value to the true value, and depending on the
context, one can be more adequate than another (Possolo, 2015). GUM recom-
mends a model that conceives the estimate of the true value of the measurand
as a function of the measured value. Since in remote sensing of the atmosphere
multiple atmospheric states can cause the same set of measurements, and the
measurement function thus would be ambiguous, we prefer a different concept,
as outlined in the following. Further, we have deleted the section on Bayesian-
ism.

Comment: 662 paradoxes shatter the bedrocks of Bayesian philosophy, namely
the likelihood principle that says that all relevant evidence about an unknown
quantity obtained from an experiment is contained in the likelihood. Others ac-
cept the theoretical validity of the Bayes theorem but challenge its applicability
in real life because of the unknown and unknowable prior probabilities.
The paradoxes alluded to often relate more to the adoption of so-
called “non- informative” prior distributions than to the acceptance
of the likelihood principle, as Cox [2006] points out, in a contribution
referenced by White [2016].
All theories of inference have given rise to paradoxes, and neverthe-
less most often they produce valid and practically useful inferences.
Regarding the likelihood principle in particular, at least one well-
known “paradox” has been dismissed as a false alarm [Goldstein and
Howard, 1991].
In any case, White [2016] does not come even close to suggesting that
such paradoxes “shatter the bedrocks of Bayesian philosophy,” in par-
ticular as applied in measurement science. I know for a fact that Rod
White does not object to the use of Bayesian methods when these
are warranted and there is genuine prior information that should be
taken into account.
The objection, which is also raised by Bayesians [O’Hagan, 2006], is
to the systematic reliance on “non-informative” prior distributions
just for the sake of going through the motions of the Bayesian ma-
chinery or to pay lip service to scientific objectivity.
The Bayesian approach to problems of statistical inference is a choice
among many that can be made, similarly to how some people choose
to drink lemonade and others bourbon. Different approaches to sta-
tistical inference (be they frequentist, fiducial, or Bayesian) all can
claim notable successes in solving problems of practical importance.
Bayesian methods, in particular, can boast a long and varied roster
of accomplishments that prove beyond reasonable doubt that they
are applicable in real life, and that they can be used to solve im-
portant practical problems, and that often they do so better than
non-Bayesian alternatives [O’Hagan, 2008].
A particularly striking, recent accomplishment of Bayesian methods
concerns the use of measurements of ∆14 CO2 , in conjunction with at-
mospheric transport models, to demonstrate that several bottom-up
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approaches to the estimation of national inventories likely underesti-
mate U.S. fossil fuel CO2 emissions [Basu et al., 2020].
This study, which is based on methodological advances published in
this very journal [Basu et al., 2016], includes rigorous, model-based
uncertainty evaluations, and also serves to show that the GUM and
its supplements have much catching-up to do if they will ever come
to play a role in addressing momentous issues like the measurement
of greenhouse gas emissions. The suggestion that Bayesian methods
are questionable because prior distributions are “unknown and un-
knowable” reveals a misconception about prior distributions: they
are meant to encapsulate the knowledge that someone has about the
quantity of interest, prior to performing an experiment that generates
fresh information about it. Therefore, proper, informative, subjective
prior distributions are known to who formulates them, by construc-
tion.
Of course, the Bayesian can be much mistaken and construct a prior
distribution that reflects an erroneous conception of reality, in which
case the “knowledge” that the prior encapsulates is false knowledge
and its use will lead the inference astray. However, Bayesian methods
cannot be blamed for delusions any more than Newton’s laws can be
blamed for accidental falls.

Reply: We do not deny the benefits provided by the Bayesian toolbox but we
reported related critical issues. The aim was to provide an argument why we
consider it as inadequate to commit the community to a full-blown Bayesian
philosophy. The context of this argument are the question (a) if the “Bayesian
turn” can explain the alleged difference between the error concept and the un-
certainty concept, and (b), if so, if it is adequate to anchor Bayesianism in a
normative document. Our reply to both these questions is negative. However,
since the current version of GUM is not fully Bayesian, we now consider the
section on Bayesianism as irrelevant for the title topic.

Action: The section on Bayesianism has been deleted.

Comment: 674 the Bayesian philosophy relies on a couple of unwarranted
assumptions, e.g., the likelihood principle and the indifference principle.
The authors convey a wrong impression on both counts. Adherence
to the likelihood principle is a choice that, in most applications, turns
out to be a better choice than most alternatives. Still, it is only a
choice, among many that can be made. Making such choice is neces-
sary but not sufficient to be Bayesian. Many statisticians, physicists,
chemists, and biologists adhering to the likelihood principle are not
Bayesian.
Neither is adopting an indifference principle (or, more generally, using
an allegedly non-informative prior distribution) necessary to qualify
as being Bayesian.
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In fact, quite the contrary is true: reliance on proper, informative,
and suitably elicited subjective prior distributions, are the hallmarks
of genuine Bayesian practice. But this, too, is only a choice [Robert,
2007].

Reply: We did not want in this paper to argue about which to positions make
a user of the Bayesian toolbox a “real Bayesian” and which of the unwarranted
assumptions belong to the bedrocks of Bayesian philosophy. We also did not
want to judge if Bayesianism is good or bad. Instead, our point was that a
philosophy that is challenged by a non-negligible part of the community shall
not be made generally binding. However, since GUM itself (contrary to some
of its readings) does not promote Bayesianism, we now consider this issue as
irrelevant for the paper.

Action: As said above, the section on Bayesianism has been deleted.

Comment: Technical Corrections
025 Replace comes down to the question if and how with “comes
down to the question of whether, and if so how”

Reply: Agreed.

Action: Changed as suggested.

Comment: 056 Replace Second we assess to which degree with “Sec-
ond, we assess the degree to which”

Reply: Agreed.

Action: Corrected.

Comment: 068 Replace we conclude to which degree with “we conclude
the degree to which”

Reply: Agreed.

Action: Corrected as suggested. In the same spirit we have changed “to which
degree the measurement is thought...” to “the degree to which the measurement
is thought...”

Comment: 128 Replace A rich methodical toolbox with “A rich
methodological toolbox”

Reply: Agreed
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Action: Corrected.

Comment: 180 Replace This argument is often used to dispraise with “This
argument is often used to disparage”

Reply: Agreed but no longer relevant.

Action: None. because in the shortened manuscript this statement does no
longer appear.

Comment: 267 Replace agent’s believe with “agent’s belief”

Reply: Thanks for spotting!

Action: Corrected.

Comment: 364 Replace Quantities of which the value cannot determined
with “Quantities whose values cannot be determined.” This sugges-
tion deliberately ignores the antiquated invective against using the
possessive whose for inanimate objects, consistently with the recom-
mendation in O’Conner [2019, Page 243].

Reply: Agreed; the Copernicus editorial team usually does a great job with
respect to language issues, and we trust that they will remove any language-
related inconsistencies and outdatedness.

Action: Changed as suggested.

Comment: 373 Replace Others have been formulated by us, serving, as argu-
ments of the Devil’s advocate, as working hypotheses in order to moot the error
and uncertainty concepts in the context of indirect measurements with “We
have formulated others as Devil’s advocates, which are intended to
serve as working hypotheses to MOOT the error and uncertainty con-
cepts in the context of indirect measurements,” except that “moot”
needs to be replaced by a word that is suitable for this passage: maybe
“merge” or “reconcile”, depending on what the authors wish to ex-
press.

Reply: Agreed.

Action: The new sentence now reads: “We have formulated others as Devil’s
advocates, which are intended to serve as working hypotheses to critically discuss
the error and uncertainty concepts in the context of indirect measurements.”

Comment: 413 Replace measurements are not in the focus with either
“measurements are not in focus” or “measurements are not the fo-
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cus,” depending on what the authors wish to say exactly.

Reply: Agreed, but obsolete.

Action: None, because this sentence does no longer appear in the revised ver-
sion of the manuscript.

Comment: 420 Replace the probability that a person suffering fever to have
Covid-19 is 50% with “the probability is 50% that a person with fever
has COVID-19”

Reply: Agreed.

Action: Corrected as suggested.

Comment: 429 Replace distribution which is missing with “distribution
that is missing”

Reply: Agreed but obsolete.

Action: None, because this sentence does no longer appear in the revised ver-
sion of the manuscript.

Comment: 470 Replace the aggregation of random uncertainties with “the
aggregation of random uncertainties”

Reply: Agreed, thanks for spotting.

Action: corrected as suggested.

Comment: 612 Replace strong misjudgement with “strong misjudg-
ment” (unless the British spelling be preferred)

Reply: Agreed.

Action: Corrected: “misjudgment”.

Comment: 743 The sentence that includes traditional error analysis can
connotate a statistical quantity is unclear, and should be rewritten, tak-
ing into account the fact that the verb connotate is obsolete and has
been replaced by connote. However, a term more generally familiar
would be preferable, like suggest, possibly.

Reply: Agreed.
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Action: “[...] that the traditional error analysis can deal with a statistical
quantity, and that [...]”

Review #2:

Comment: Summary:
This work presents a thorough, although perhaps at times exhaustive,
discussion on the definitions and distinctions of the terms ‘error’ and
‘uncertainty’ and how their viewpoint, namely that the two are the
same, differs from that put forth in “Evaluation of measurement data
– Guide to the expression of uncertainty in measurement”, issued by
the Joint Committee for Guides in Metrology, colloquially referred to
as GUM. On the whole, the topic of this paper is somewhat subjective
and more a matter of the definition of terminology. While I would, at
first, question its appropriateness for this journal, I think the topic
is useful if not necessary and find that this journal is likely the most
appropriate option for its target audience. I mostly agree with the
authors’ viewpoint and rationale throughout but would argue that it
likely should be reorganized and made more concise.

Reply: The authors thank the reviewer for their open- mindedness with respect
to a topic that is somewhat off the mainstream of the usual AMT articles.

Comment: General Comments:
I find this paper unique amongst all those I have reviewed in the
past in the sense that its premise borders almost on the philosophical
rather than the purely scientific even though most of its arguments
are rooted soundly in established mathematics and statistics. Much
of the paper hinges on the authors’ interpretation of GUM and ad-
dressing what they believe to be logical fallacies and inconsistencies.
However, it is clear from reading both this work and the review of
Referee #1 and his colleagues, which demonstrates an extensive fa-
miliarity with GUM, that there are differing interpretations of GUM.
I must admit that I am only somewhat aware of the content of GUM
and have not read it in its entirety, which unfortunately impedes my
ability to thoroughly evaluate this paper. For this reason, I must de-
fer much of the debate on the meaning / intention of GUM to what
will be subsequent interactions between the authors, Referee #1, and
the editor, but overall this supports an underlying premise of the pa-
per that further clarification of the nomenclature is necessary.

Reply: We do agree that some of our interpretations are subjective, but since
GUM is in some places somewhat ambiguous and leaves room for interpretation,
this subjectivity seems unavoidable to us.

Comment: The authors go into detail in Sections 3 and 4 of what
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they interpret GUM is saying on the meanings of error and uncer-
tainty. However, at the end of Section 4 (paragraph starting at Line
338) the authors more clearly state what error and uncertainty are,
though it is not clear if this is the authors’ interpretation of what
they believe GUM is actually saying (as opposed to what the authors
interpret GUM intends to say) or if it is what the authors believe.
If the former, it should be better clarified. If the latter, this seems
rather subjective (as opposed to definitive) because to attribute any
meaning to either of these words will always be a matter of opinion,
even if a strict definition is likely necessary. If the authors wish to
firmly establish their own definitions of error and uncertainty, then
they must make this a clearer priority of this paper. Another alter-
native is that might be a good topic for a companion paper.

Reply: The paragraph starting with line 338 (in the original manuscript) de-
scribes hoe the terms ‘error’ and ‘uncertainty’ were understood in the pre-GUM
language. Some confusion is generated by bringing this point not until here. In
the restructured manuscript, we redistribute our arguments into a terminolog-
ical section and a conceptual section. We start the subsection on terminology
with the connotation of these terms in common language. Restructuring and
rewriting hopefully has made this issue clearer in the revised version.

Action: The manuscript has been restructured and partly rewritten as de-
scribed above.

Comment: While Sections 5.2 and 5.3 are interesting, they do not ap-
pear to be necessary to make the authors’ main arguments pointing
out the inconsistencies in GUM. However, as mentioned previously,
if the authors wish to firmly establish their own definitions of error
and uncertainty, particularly as they apply to remote sensing and in-
version schemes, then these sections become more useful.

Reply: Section 5.2: In the restructured version of the manuscript, we make
more clearly that we conceive measurement (along with its evaluation) as an
inverse process, and we put all the relevant arguments, which were distributed
over the paper in the original manuscript, in one subsection. We trust that this
action has made our point clearer, and that it is now more obvious, why the
base-rate-fallacy issue is relevant.
Section 5.3: If the relation between the value of the measurand and the mea-
sured signal is nonlinear, the error in the estimate of the true value depends on
the true value. We still think that this is a serious challenge for the claim that
uncertainties can be estimated without referring to the true value. Our rewrit-
ing of Section 5.2 should have paved the way towards a better understanding of
the relevance of (old) Section 5.3.

Action: The manuscript was restructured and partly rewritten.
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Comment: Normally I would avoid addressing the content of an-
other referee’s review, but given the extensive nature of the review
it seems appropriate to avoid being repetitive and ease the subse-
quent burden on the authors to respond. Additionally, while I have
some opinions on the philosophical debates on frequentists versus
Bayesians and other topics within this work, it does not appear that
my opinions on the matter are as strongly held as written in either
the paper or the review so I will abstain so as not to add complication
to the review process. However, I would like to chime in on the is-
sue of “systematic” versus “random” uncertainties. I understand the
Referee’s point-of-view regarding the nomenclature (i.e., preferring
“persistent” and “volatile”), and while technically more accurate it
might be simpler and more relatable to the general reader to stick
with the more familiar terms. Additionally, I would like to second the
authors’ desire to try to classify uncertainties in this fashion (i.e., the
“classical” approach according to Colle as discussed by Referee #1)
as it is important for the user to know the nature of the associated
uncertainty.

Reply: We agree that the terms “systematic error” and “random error” should
not be superseded by a new terminology.

Action: We stick to the established terminology but we add a descriptive state-
ment that systematic errors are persistent and that random errors are volatile.

Comment: I suppose this is somewhat expected given the nature of
the topic of this work, but in general I find the content to be filled with
jargon and philosophical tangents. I would imagine that the average
reader that may not have an extensive knowledge of statistics might
find this paper to be unapproachable. It would be in the authors’
best interests to cut unnecessary content (e.g., many of the tangents
regarding the comparisons between frequentists and Bayesians out-
side of Section 6.4) to the extent possible to both shorten the paper
and appeal to as wide an audience as possible, particularly if they
choose to further discuss their own preferred definitions of error and
uncertainty.

Reply: We agree that the original version of the paper contained unnecessary
material that made it hard to read.

Action: We have restructured and shortened the paper and have removed un-
necessary formalism.

Review #3:
Comment: Manuscript title: Truth and Uncertainty. A critical dis-
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cussion of the error concept versus the uncertainty concept
In this manuscript the authors present an argument that the the “er-
ror concept” and the framework put forth by the GUM (deemed the
“uncertainty concept”) are the same. The major issue I understand
that the authors take with the GUM is in the recommendation that
uncertainties reported with estimates of measurement need not be
specifically interpreted with respect to errors and “true values.” The
authors refute this claim by seemingly arguing that uncertainties or
“estimated errors” cannot be interpreted without reference to true
values and therefore the concepts must be the same. To be honest,
it was extremely difficult to parse through the unnecessarily lengthy
23 pages of text to come to the understanding that this is (I believe)
the authors main argument, and critically I do not believe this ar-
gument is effectively made. In general the manuscript is too long
with repetitive sections that are often confusing and in some places
contradictory.

Reply: We agree that the structure of the manuscript was not sufficiently clear
and contained unnecessary repetition.

Action: We have restructured and partly rewritten the paper in order to make
the arguments clearer, to avoid repetition, and to shorten the manuscript.

Comment: The message is often lost in unnecessary language argu-
ments between the GUM and the authors’ definition of ‘error’ and in
generally narrow and misconceived discussions about frequentist vs
Bayesian statistical methods.

Reply: We agree that language arguments and conceptual arguments should
not be merged. For the frequentist vs. Bayesian discussion, see below.

Action: The manuscript has been restructured. Terminological issues and con-
ceptual issues are now discussed separately.

Comment: More seriously, the language used in reference to statisti-
cal concepts is imprecise and in some areas completely incorrect. The
authors should define their terms with equations where applicable and
adhere to commonly accepted mathematical/statistical/probabilistic
definitions. In several places the statistical interpretations of their
“error estimates” in relation to “true” values are overly simplified
and likely to be misinterpreted, in particular when models are mis-
specified.

Reply: Often the point is not how quantities are mathematically specified but
how the involved terms are interpreted, i.e., to which entities in te real world
the quantities refer. For example, the variance of a frequentist pdf and the vari-
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ance of a pdf representing personal belief are calculated according to exactly
the same formalism, but they connote an entirely different thing.

Action: During rewriting, we have taken care to use an unambiguous language.

Comment: Rather than focusing on an argument that the uncer-
tainties typically reported under the “error concept” can be also be
interpreted as under the “uncertainty concept”, they seem to miss
the point of GUM (as I interpret GUM, but I would also argue more
broadly the understanding of these concepts in the field of statistics)
that reported uncertainties need not come with inferential statements
about how close estimates are to the true value (e.g. actual errors)
to be useful for comparison to other estimates.

Reply: If the purpose of uncertainty reporting is not to provide an idea how
close the estimate is to the true value, then we do not understand what the
purpose of uncertainty reporting is. And even worse: Then we need a different
concept that provides this. An estimate how close the estimate is to the true
value is exactly what the data user needs.

Comment: Instead the focus seems to be mainly a language argument
that “true value” is the same as “value of the measurand” and so the
concepts must be the same – a not particularly useful argument in
my opinion.

Reply: We disagree. The bulk of our argument is conceptual, not terminolog-
ical.

Action: In the revised version, we separate language arguments and conceptual
arguments. The terminological part is only a small fraction of the paper.

Comment: Without considerable revision and restructuring I do not
believe the manuscript provides a useful contribution to AMT. In fact,
I am concerned that publication in its present form would propagate
dangerous misconceptions about statistical methods and uncertainty
quantification to the community.

Reply: We agree that the original structure did not optimally support our ar-
gument.

Action: The paper has been restructured and partly rewritten.

Comment: In addition, the authors do not provide a concise, under-
standable overview of the “error” and “uncertainty concepts” and
the supposed differences, which narrows the manuscript’s audience
to those who are already well-versed in the GUM and the specific
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error analysis framework the authors consider.

Reply: It is exactly the main problem of GUM that they state that the error
concept and the uncertainty concept are different but fail to clearly specify in
what the difference consists. This is what we criticize. Since GUM is vague
with respect to what the difference is, we posit working hypotheses what the
difference might be.

Action: In the revised version we hope to have made our argument form – to
posit working hypotheses and to refute them – clearer.

Comment: I do agree with the authors that the quantitative meth-
ods laid out under the GUM framework are not inconsistent with the
traditional error analysis framework and, if properly understood, the
interpretations of such quantities under both frameworks are gener-
ally in agreement. It is my belief that a useful manuscript would
argue these points very concisely, showing that the recommenda-
tion in GUM are not inconsistent with traditional methods in the
atmospheric remote sensing community, and would focus more at-
tention on addressing how the GUM principles apply to atmospheric
retrievals and where GUM may fall short.

Reply: Our conclusion is that we do not see relevant differences between the
error concept and the uncertainty concept. Thus, the agreement of the inter-
pretations follows a fortiori. Problem areas where GUM falls short were already
discussed in Section 6 of the original manuscript.

Action: The Section on the applicability of GUM-2008 to remote sensing of
the atmosphere (Section 4 in the revised version) has been partly rewritten, and
has become shorter and more focused in the course of restructuring the paper.

Comment: General comment about “true values” and uncertainties
The authors need to clearly state what they mean by “true value” in
their arguments. Specifically, when discussing true values are they
referring to the truth in terms of reality (if such a quantity exists)...

Reply: Of course we cannot prove the existence of an external truth. However,
the purpose of the entire endeavor of taking measurements is simply to create
a link between our mind and the external reality. If we deny the existence of
an external reality, then we need no measurements. Since the journal AMT has
the term “measurement” in its title, we think that the existence of an external
reality is uncontroversial among the AMT readership. In the spirit of reviewer
#2, who sees the risk that the paper drifts too far towards philosophy, we prefer
not to dwell on this issue in the paper1.

1Strictly speaking, the solipsist denial of external truth would make the reviewing of papers

32



Comment: ... or the true value in terms of the specified statistical
model and resulting theory? The latter are the only “true values”
that have any statistical guarantees in the interpretation of uncer-
tainty estimates and are only equivalent to the true value in reality
if the statistical model perfectly describes the true data generating
process (i.e. is the “correct” model), which we know is unlikely to be
the case particularly in atmospheric remote sensing retrievals.

Reply: Among all concepts of truth (logical truth, analytical truth, factual
truth, see R. Carnap, New York, 1966 ”Philosophical foundations of physics”,
for a deeper discussion on this), only the latter, the factual truth, is relevant.
Among the theories of factual truth, the correspondence theory is the most
intuitive one, and is probably accepted by most empirical scientists. Correspon-
dence theory follows largely the pattern ”The statement ‘snow is white’ is true
if and only if snow is white”. However, we see no conflict of our paper with
the coherence theory of truth. In order to avoid disgressions and to drift away
too far towards philosophical aspects not relevant to the paper, we prefer not
to include in the paper the discussion of different theories of truth.
We think that in the context of measurements it is sufficiently clear that the true
value refers to reality. We are not aware that in the context of measurements
the term “true value” is used for anything else. Values resulting from a specified
statistical model and resulting theory are not usually called true values. The
fact that models usually do not fully represent reality is exactly the reason why
in the TUNER project the need of the consideration of model errors is high-
lighted. Since in our paper the true value bears the attribute “unknowable”,
it should be clear what the connotation of “true value” is in our paper. The
attribute “unknowable” would simply make no sense for any other connotation
of the term “truth”.

Action: To remove all residual ambiguity, we have changed in the introduc-
tion “the true value of the measurand” to “the true value the measurand has
in reality”. For the sake of shortness, we avoid any discussion on what ‘reality’ is.

Comment: As an example, consider maximum likelihood estimation
for atmospheric remote sensing retrievals. Measured radiances y
are assumed to be generated from a true state of the atmosphere
x through a “true” radiative transfer function f , and the true data
generating process may be idealized as

y = f(x, b) + ε

assuming correctly specified Gaussian random errors, ε. In practice,
as the authors point out, f is not fully known and is replaced by a

absurd. If a paper to be reviewed would not be part of the external truth but a product of
the reviewer’s thinking, then it remains unintelligible why the paper needs to be reviewed.
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function F that represents the radiative transfer function to the best
of the scientists knowledge. In this case, the observation equation
used for inference is

y = F (x, b) + ε

and the statistical model is “misspecified” in relation to the true
model. Under both models, the radiances are assumed to be gen-
erated from the specified distribution with unknown true state x0 ,
but crucially these “true values” are not the same under both models!

Reply: Not quite. F and f will not produce the same y, even when applied to
the same x. There is only one true x. Results inferred from y = F (x, b) + ε are
estimates of x but not the true x. The true x is not model dependent.

Comment: The MLE, x̂, has the interpretation of the value of x such
that the model (correct or misspecified) generates radiances most sim-
ilar to what is observed (i.e. given x̂ the observed radiances are most
probable). Assuming regularity conditions hold and reasonably large
sample size, the sampling distribution of x̂ is approximately Gaussian
with mean equal to x0 (under the model) and the standard deviation
represents an estimate of the expected deviation of the estimate from
that true value, x0 . Under the correct model, x0 is interpreted as
the true state of the atmosphere, but under the misspecified model
x0 is the value of x that minimizes the difference between the true
data generating model and the misspecified model. The degree to
which this true value matches the true target depends on the degree
of misspecification which is not known.

Reply: Up to this point we agree.

Comment: Therefore, statements about unknown true values (real-
ity) based on misspecified models (“all models are wrong”) are in-
ferential and conditional on all of the assumptions and uncertainties
in the measurement system. I do not read GUM as dispensing with
the concept of the true value, I understand GUM to recommend that
when reporting uncertainties associated with estimates of a value of
a measurand (GUM agrees “value of a measurand” can be synony-
mous with “true” value of the measurand) it is not necessary to make
inferential statements about actual errors specifically when reported
uncertainties are meant to be used to assess reliability/consistency
with other measurement systems. That is, if I have two different mea-
surement frameworks providing interval (uncertainties) of plausible
values of a measurand, these intervals can be used to compare con-
sistency with each other without needing to know the “true value.”
In this case, it is only necessary to describe uncertainty estimates as
summarizing a range of estimates that would also be plausible for the
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measurand under the measurement system, which is still consistent
with quantities reported under the “error concept.” Consider an un-
certainty (or ‘error’) estimate, σx , related to parameter/measurand
x, e.g. the standard deviation of a sampling distribution of x̂ (fre-
quentist) or the posterior standard deviation of the posterior p(x|y)
(Bayesian).

Reply: The conventional error estimate may also include systematic effects.
Thus, σx is not necessarily the standard deviation of a sampling distribution of
x̂. It has long been recognized that the sample standard deviation covers only
the random part of the total error.

Comment: Under a frequentist approach, σx describes how much the
estimate is expected to vary around its statistical expectation E(x̂)
and represents the spread of values that would also be plausible val-
ues of the estimator if the experiment were to be repeated, given
the same assumptions in the measurement system. Under a Bayesian
paradigm, σx describes variability around the posterior mean and
provides information on the spread of plausible values (estimates) of
the measurand that are also consistent with the scientists’ knowledge
given the observations, assumptions and prior knowledge. Of course,
you can argue that σx also describes the spread of the “error distri-
bution” x̂ − x0 but this doesn’t describe the expected magnitude of
actual errors, the mean of the “error distribution” E(x̂)− x0 , unless
the estimator is unbiased (see related comment about MSE vs vari-
ance below). Given this, I do not understand what the authors’ issue
with this GUM recommendation is, unless they are simply arguing
that “value of a measurand” also means “true value of a measurand”
(that the GUM agrees with) in which case I see this as quibbling
about words and not addressing the larger concept of whether it is
necessary to make inferential statements of the form e.g. “95% con-
fident that the true value is within some interval” when reporting
uncertainties.

Reply: We broadly agree, and the whole dispute seems to be based on the
misunderstanding that we take the sample standard deviation as the estimate
of the total error. Instead, our error estimate is the standard deviation of the
density function representing the estimated total error.
Our main point is, that GUM is not clear about why it is a problem that the
true value of the measurand is unknown and unknowable. Without this piece
of information, however, it is unintelligible what the difference between an es-
timated error and uncertainty is. Many interpretations are possible, yours is
one of them. In the literature we quote, we find some more. We formulate
working hypotheses how the unknownness of the true value might affect er-
ror/uncertainty estimation and discuss them. We still do not see what should
be wrong with this approach.
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Interestingly, GUM explicitly supports level-of-confidence approaches (e.g. p.
viii). Thus the dismissal of these cannot be quoted as a key difference between
the error concept and the uncertainty concept.

Action: Terminological and conceptual issues have been separated in the re-
vised version.

Comment: Additional comments
1. The authors spend several pages (sections) arguing that in addi-
tion to the universally accepted statistical definition of error as the
difference between measured/estimated and the “truth”, a second
definition of the word error be accepted (deemed ‘error’) to refer
to statistical estimate of the expected differences between the ob-
served/estimated and true value. This secondary ‘error’ definition
proves confusing in multiple places as it is unclear to which error
the authors are referring to, be it actual error or ‘error’, thus in-
advertently making an argument for GUM’s choice of separation in
language of uncertainty estimates and actual errors.

Reply: We have provided considerable evidence of the use of the term “error”
as a statistical quantity in the literature. These examples prove that the “statis-
tical definition” is not so universally accepted as the only meaning of the term
“error”. We do agree that the implied equivocation may in some cases cause
confusion.

Action: In the revised version we take care not to use the term ‘error’ without
the attributes ‘estimated’ (for the unsigned statistical estimate) or ‘actual’ (for
the realization of the respective random variable), where relevant. This removes
all ambiguity.

Comment: In general, the arguments about language definitions of
“uncertainty” and “error” could be summarized much more concisely
in about a paragraph, acknowledging that the GUM definition of ‘un-
certainty (of measurement)’ encompasses the same quantities that
have have often been shorthandedly referred to with reference to the
word error as “error estimates”, “error bars”, etc. Therefore, I think
large portions of sections 3 and 4 are repetitive and could be removed.

Reply: We agree that the original version of the paper was repetitive.

Action: Terminological issues have been separated from the conceptional stuff
and the related text has been shortened and partly rewritten.

Comment: 2. Page 1, lines 10-11: I find the definition of ‘error’ as des-
ignating a statistical estimate of the expected difference between the
measured and the true value of a measurand to be not in agreement
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with standard deviations they later reveal are often use as “error es-
timates” in remote sensing retrievals (e.g. section 5.3). The authors
definition is consistent with statistical summaries of error like root
mean squared error (RMSE) which estimates the square root of the
expected squared difference of actual errors, or median absolute dif-
ference the mean of the absolute value of actual errors. The variance
of an estimator is only theoretically equal to the MSE if the estimator
is unbiased, and even in that case the variability is around the true
model parameter of a potentially misspecified model, not necessarily
reality. Any inferential statements about the true value in reality and
distributions of actual errors are conditioned on all assumptions and
uncertainties in the measurement system being reasonably correct.
The authors need to clarify their language in regards to what they
mean by ‘error’, “true values”, and how these definitions apply to
the uncertainty estimates they reference later. Otherwise I am con-
cerned that there is a serious underlying misunderstanding of how to
interpret uncertainties they report.

Reply: When we write ‘standard deviation’ we do not mean a sample stan-
dard deviation. In accordance with GUM we conceive the standard deviation
as a characteristic of a distribution representing subjective probabilities with-
out any link to multiple measurements. These standard deviations can (and
should, if supposed to characterize the total error) – also in agreement with
GUM – also include the effects of the systematic effects and model deficiencies,
as specified, e.g., in von Clarmann et al., Atmos. Meas. Tech., 13, 4393-4436,
https://doi.org/10.5194/amt-13-4393-2020, 2020.
In the criticized Section 5.3, however, the covariance matrices explicitly rep-
resent only isolated components of the total error budget. Thus the criticism
seems not applicable here.

Action: To avoid such kind of misunderstanding, we have added a footnote,
“When we use variances and standard deviations, we do not mean sample vari-
ances and sample standard variations but simply the second central moment of a
distribution or its square root. In accordance with GUM-2008, this distribution
can represent a probability in the sense of personal belief, and thus can include
also systematic effects.”.

Comment: 3. Page 1, lines 10-11: This is also the first place in the
paper where the failure to use consistent mathematical notation is
problematic. Consider the simple statistical model

X = µ+ ε,

where ε is a random variable representing actual measurement error.
What the authors contend is ‘error’ could be written, E(X − ε) where
E() denotes the statistical expectation and µ is the “true value” of the
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measurand. This quantity is equivalent to E(e) and would represent
measurement bias.
Or do they mean this to represent var(ε), that is E(ε − E(ε))2 ? Or
instead do they intend to refer to the same manner of quantities
but with respect to an estimator of µ given a set of observations of
X,x1, . . . , xn, say x̂? The latter would be consistent with what the
authors presents in Section 2, but it would help immensely if the
authors provided some manner of illustrative model, and used it to
clarify their ensuing arguments.

Reply: We refer to neither of the three mentioned quantities. The options
suggested in the review rely on sample standard deviations from multiple mea-
surements. We understand that the estimated error is the square root of the
second moment of a distribution that characterizes the personal belief of an
agent. This is in accordance with GUM.

Action: Part of the problem should have been solved by the footnote men-
tioned above. We further add: “The estimate of the total error includes both
measurement noise and all known components of further errors, random or sys-
tematic, caused by imperfections in the measurement and data analysis system”

Comment: 4. Page 1, lines 14-16: I do not believe GUM presents a
“contrasting” definition of the term error. GUM presents the univer-
sally accepted statistical definition of error, and defines “uncertainty”
to quantify the spread of plausible values given uncertainties in the
system.

Reply: Agreed that ‘contrasting’ is not the adequate term. We disagree that
the GUM definition is universally accepted as the only meaning of the term
‘error’. The literature we quote furnishes evidence of the contrary.

Action: ’Contrasting’ replaced by ’narrower’.

Comment: What do the authors mean here by “measurement error”
that the term “measurement uncertainty” is replacing? V ar(ε)?

Reply: We do agree that the term ‘measurement error’ is misleading because
TUNER is interested in the errors/uncertainties whatsoever of the retrieved
value x̂, while the term ‘measurement error’ can be understood as errors in
the measured signal y. But the mathematical definition does not help us here,
because the quantity V ar(ε) can mean two very different things. Conceived as
sample variance it would include only the random, or volatile, part of the error,
while within the concept of a personal-belief-probability it would include also
the systematic (persistent) parts.

Action: In the introduction, “measurement errors in satellite date” is replaced
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by “errors in estimates of atmospheric state variables retrieved from satellite
measurements”. Due to the restructuring of the manuscript, the statement at
issue has been moved to new Section 2.1, after a statement that the estimate of
the total error includes both measurement noise and all known components of
further errors, random or systematic, caused by uncertainties in the measure-
ment and data analysis system.

Comment: Then, on page 3, lines 75-76, the authors refer to ε as the
actual “measurement error” in the y-domain. Is this the same ref-
erence to measurement error as in line 16 or there is ‘measurement
error’ meant to refer to the variance or standard deviation of the
actual measurement errors (ε), If the latter, this inconsistency makes
more of an argument for GUM’s separation of language definitions of
‘error’ and ‘uncertainty’ than for the authors’ definition.

Reply: In the original version of the paper, ε was consistently used for the
actual error in the y-domain. A problem in the old version was not so much
that there was an ambiguity between error as a statistical description of a ran-
dom variable and error as an actual realization of a random variable. This was
quite clear from the context. Instead, the problem was that we used the term
‘measurement error’ both for the error in the measured signal y and the error
in the inferred state variable x. GUM does not help here, because GUM is
about direct measurements where the x-domain and the y-domain need not to
be distinguished.

Action: On suggestion of Reviewer #1 the formal part (where the epsilons
appeared) has been shortened, and the statements at issue do no longer appear.
Further, we use, wherever relevant, the terms error only with attributes ‘esti-
mated’ or ‘actual’. And we have taken care to reserve the term measurement
errors to general contexts, for direct measurements, or in the case of indirect
measurements in the y-domain but not for errors in estimates resulting from
analyses invoking inversion.

Comment: 5. Page 1, lines 23-24: The authors state, “The claim
is made that the uncertainty concept can be construed without ref-
erence to the unknown and unknowable true value while the error
concept can not.” What specifically is the error concept to which
they are referring?

Reply: This is an excellent question that GUM fails to answer. Our paper is
an endeavour to find out what they mean.

Comment: I read GUM as saying “errors” (as defined as actual mea-
surement errors) cannot be construed without knowledge of the true
value (in the example above, µ), meaning that value of a realization
of the random variable ε in the example above can’t be known be-
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cause µ is unknown, and analogously the resulting difference between
and estimate x̂ and µ. However, the parameters of the distribution
of ε (describing its mean and variance for example) can be discussed,
reasoned about, and even estimated from data with some additional
assumptions. How does the claim in the following sentence (lines 25-
26) follow from this?

Reply: It is trivially true that the actual error cannot be inferred because the
true value is not known. But this is not what conventional error estimation
aimed at. Conventional error estimation has always aimed at providing statis-
tical error estimates. This is why we distinguish in the revised version of the
paper between terminological issues and conceptual issues. The claim in (old)
lines 25-26 is quoted directly from GUM.

Action: Terminological and conceptual issues are now discussed separately.

Comment: 6. Page 2, lines 25-26: The authors state that the dispute
comes down to “the question if and how the error (or uncertainty)
distribution is related to the true value of the measurand.” Again,
here is where imprecise terminology is confusing. By “error distri-
bution” I would assume they mean the distribution of the random
measurement errors ε, but what do they mean by “uncertainty dis-
tribution” (or do they mean that the word “uncertainty” is now a
synonym for “error distribution”)? So the dispute is about the re-
lationship between ε and µ0? How? Or by error distribution do the
mean some distribution of the estimator - the truth, e.g. x̂− µ0?

Reply: Again, the misunderstanding arises because the reviewer conceives ‘dis-
tribution’ in a frequentist sense, as obtained from a sample of multiple mea-
surements. We conceive ‘distribution’ in a wider sense (as GUM does!) as a
probability distribution where the probability represents the degree of belief of
an agent.

Action: The footnote mentioned above should solve this issue.

Comment: 7. Lines 24-27: The distinction between “error” vs “un-
certainty” statisticians is artificial, I am not aware of any such dis-
tinction nor do I believe any such dispute or “rift” along these lines
exists in the statistical community (I am a practicing statistician).
Please cite a reference for the existence of this rift, if you have one.

Reply: As agreed with reviewer #1, we no longer use these terms.

Action: The terms ’error statistician’ and ‘uncertainty statistician’ do no longer
occur in the revised manuscript. We no longer refer to this rift and have toned
down our statements made in this context.
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Comment: 8. Line 128: It has yet to be clearly stated what the au-
thors define to be the debated difference between “error estimation
and uncertainty assessment.” A concise definition of both and the ar-
gued against definitions at the beginning of the paper would greatly
improve the presentation.

Reply: We disagree. The missing definition what error estimation is (in con-
trast to uncertainty estimation) is exactly what we criticize in GUM. Our paper
tries to find out what this difference might be. We find no relevant difference
in the concepts (only in the terminology).

Action: In order to avoid misunderstandings we now state that the total error
includes both measurement noise and all known components of further errors,
random or systematic, caused by uncertainties in the measurement and data
analysis system.

Comment: 9. Line 138-148: I can only assume the second meaning of
the term ‘error’ the authors are referring to are shorthand statements
that have been historically made in the literature such as “the esti-
mated error of quantity of interest is X.” These statements typically
use terms like “estimated error” to represent a quantity like a stan-
dard deviation of a sampling distribution or a posterior standard devi-
ation, and it is assumed that the reader/community understands this
implicit definition (and that is does not provide information about
the actual truth without inference). Again, I do not find the ar-
gument over whether this specific quantity should be referred to as
“uncertainty” or “estimated error” to be particularly compelling, but
rather a discussion of the interpretation of these quantities seems to
be needed.

Reply: We think that our separation of the manuscript in a (shorter) section
on terminological issues and a (longer) one on conceptual aspects solves this
issue. Further, we have made clear that the estimated error, as we use this
term, does not only include the random part of the error that shows up in the
sample standard deviation.

Action: Manuscript reorganized as described above.

Comment: 10. Line 190: I do not see how this is not quibbling
about words. What does referring to “uncertainty” under the GUM
definition as ‘error’ under the error concept provide that the GUM
definition does not? Other than what seems to be a generally misused
definition regarding the “truth” in the authors’ definition of ‘error’.
I think the authors would agree that the two meanings of error set
forth in this manuscript refer to different concepts.
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Reply: We do not see where a misused definition of “truth” comes into play.
The two meanings of error refer to the same concept. The error is a random
variable, and the term ‘error’ is, depending on the context, used for a specific
actual realization as well as for a statistical characterization of its distribution.
There is no concept that tries to estimate the error by subtracting the measure-
ment from the true value.

Action: Terminological issues are now confined to one section, the remainder
of the paper is on conceptual issues.

Comment: 11. Line 199: I cannot find reference to “error distribu-
tion” or “uncertainty distribution” in GUM. The definitions provided
here are consistent with a sampling distribution of an estimator (“er-
ror distribution”) and a posterior distribution (“uncertainty distribu-
tion”). Is this what is intended? If so, please adhere to well-defined
statistical definitions. If not, please clarify.

Reply: In general, we mean with ‘error distribution’ the probability distribu-
tion in terms of degree of belief, as endorsed by GUM on p. 57. However, in
this particular context the term ‘distribution’ is indeed unnecessary.

Action: “...how the error (or uncertainty) distribution is related...” has been
replaced by “how the measured or estimated value along with the estimated
error (or uncertainty) are related ...”

Comment: 12. Lines 233-239: I see no reason why uncertainties re-
ported as in GUM, along with assumptions of the statistical model,
cannot be used for hypothesis testing. In (frequentist) hypothesis
testing an assumption is made about the true state, in which case the
truth is assumed known and inference is made based on how reason-
able this assumption is given the variability (uncertainty) of plausible
estimates under the measurement system. If the assumed value of the
truth is outside what the scientist believes to be plausible based on
their understanding of the measurement system and uncertainties,
then a decision is made that the hypothesized value is unlikely to be
the true value. A Bayesian hypothesis test would argue whether or
not an assumed value or range of values for the parameter are con-
sistent or not with posterior knowledge (uncertainties).

Reply: If the uncertainty does not state a statistical relation between the mea-
sured state and the true state, then it cannot be judged how consistent the
measurement is with the assumption. The wording “what the scientist believes
to be plausible” brings in the concept of the true value through the back door.
And if the uncertainty provides a (statistical, estimated, whatsoever) relation
between the measured value and the true value, what is then the difference be-
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tween the uncertainty concept and the error concept?

Comment: 13. Line 265: Again, what is meant by “error distribu-
tion”?

Reply: The criticized sentence does no longer appear in the revised version.

Comment: 14. Lines 317-318: Monte Carlo uncertainty estimation,
however, is in its heart a frequentist method, because it estimates the
uncertainty from the frequency distribution of the Monte Carlo sam-
ples. This statement is fundamentally false. Monte Carlo methods
are simply methods to solve numerical problems through sampling
and are used in both frequentist and Bayesian statistics.

Reply: Monte Carlo methods realize probability distributions as frequency dis-
tribution and finally interpret resulting frequencies as probabilities. That is all
we intended to say. But since this argument is not necessary for our case, we
have decided to remove it.

Action: This argument has been deleted.

Comment: 15. Section 5.1: The GUM definition of “uncertainty”
does not dispense with reference to the measurand only to its true
value. To this end, GUM is consistent with the authors statement we
conceive the definition of a quantity and the assignment of the value
to a quantity as quite different things. In general this section reads
more as a language ”gotcha” argument against the GUM’s use of the
term operational definition rather than in a useful argument about
the definition of uncertainty, and as such I’d suggest omitting.

Reply: In (old) Section 5.1 (new Section 3) we try to understand why the fact
that the true value of the measurand might cause problems for error estimation.
We find that it is a legitimate question, how and why the unknownness of the
true value might cause problems. The answer is not as trivial as one might
think, because, although according to GUM the only meaning of the term “er-
ror” is the actual difference between the measured value and the true value of
the measurand, the conventional concept of error estimation has never been to
try to calculate this actual difference.

Action: During the restructuring/rewriting we have tried to make our argu-
ment clearer.

Comment: 16. Section 5.2: This section should be omitted. It
presents incomplete and oversimplified interpretations of Bayesian
and frequentist methods that are distracting to the manuscript.
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Reply: This section is not primarily about Bayesian vs. frequentist methods.
The Bayes theorem is accepted both by frequentists and Bayesians and can be
inferred directly from the Kolmogorov axioms, without invoking any particular
interpretation of probability. We find our base-rate-fallacy argument essential.
It is most probably the ONLY cogent argument why error bars around the es-
timated value must not be considered as descriptors of a pdf that tells one the
probability of a given value to be the true value.

Action: The section has been completely reorganized. We have instead deleted
the Section “Bayesian versus non-Bayesian”, because the current GUM is not
clearly Bayesian; only some of its interpretations are.
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