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Manuscript No.: amt-2021-334 

Title: Regularized inversion of aerosol hygroscopic growth factor probability density function: Application to humidity-

controlled fast integrated mobility spectrometer measurements 

 

We thank the anonymous referees for their valuable and constructive comments/suggestions on our manuscript. We have 5 

revised the manuscript accordingly and please find our point-to-point responses below. 

 

Comments by Anonymous Referee #1: 

General Comments: 

The authors test of different inversion methods for aerosol hygroscopicity measurements with a specific focus on the 10 

humidity-controlled fast integrated mobility spectrometer. The manuscript is very well written, and concise. As inversion 

techniques other than least-square approaches have recently gained some attention in the community again (Petters, 2021; 

Sipkens et al., 2020a, 2020b; Stolzenburg et al., 2022), this manuscript certainly is another interesting approach focusing on 

an important problem, the retrieval of the GF-PDF. However, with respect to the above-mentioned literature, I have the 

feeling that the authors need to add additional work to their manuscript, such that it significantly adds to the body of 15 

knowledge and I can recommend publication in Atmos. Meas. Tech. I give my detailed suggestions below. 

 

Responses: We thank the reviewer for the constructive comments and suggestions. Point-to-point responses to comments 

and questions are detailed below. Following the reviewer’s suggestions, we examined the impact of additional Gaussian 

noises on the performance of inversion methods. The inversion methods were also tested with different forward and inverse 20 

models (i.e., assuming that the calibration of the FIMS/DMA is not perfect). We also applied the inversion algorithms to 

ambient measurement data and compared the performances. The new results and discussions are now included in the revised 

manuscript.  

 

Detailed Comments: 25 

1) The authors need to challenge their inversion technique with more difficult data. Using the same forward and inverse 

model is considered to be not sufficient in testing an inversion approach, leading to unrealistically good outputs (e.g. Colton 

and Kress, 2013). The authors need to run tests on their inversion where the forward and inverse model are different (i.e. 

assuming that the calibration of the FIMS is not perfect) and where statistics other than the counting error influence the 

result and their actual distribution can only be guessed (e.g. the standard deviation of an additional Gaussian error is 30 

different in forward and inverse model). Both cases are closer to real measurements and this would demonstrate the 

performance of the inversion algorithms under more challenging conditions. 

Responses: The forward model and inverse model are not exactly identical. First, in the forward calculation, the HFIMS 

measurement Ri (i.e., the convolution of the GF-PDF, the DMA transfer function, and the WFIMS transfer function) is 
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integrated using Eq. (4) with a much higher resolution of 𝑔 (i.e., 120 bins over 0.8 - 2.0) while the inverse model casts the 35 

HFIMS kernel into a matrix with only 20 bins of 𝑔. In addition, the synthetic HFIMS measurements include noise due to 

counting statistics based on Poisson distribution.  

Following the reviewer’s suggestion, we also challenged our algorithm with different forward and inverse models to 

simulate the scenarios when DMA or WFIMS is not perfectly calibrated. The particle sizes measured by DMA and WFIMS 

are determined by the voltage and sheath flow, which can be calibrated straightforwardly. Therefore, the nonideality in DMA 40 

and WFIMS performance likely manifests in the deviation of instrument mobility resolution from the theoretical value. To 

test the performance of inversion algorithms for such scenarios when the transfer function of DMA or WFIMS is not fully 

calibrated, we generate the synthetic HFIMS measurements by perturbing DMA or WFIMS mobility resolution (i.e., RDMA or 

RWFIMS), while maintaining the theoretical RDMA or RWFIMS in the inverse model. The mobility resolution is perturbed by 

varying the ratio of sheath to aerosol flow for DMA or WFIMS (RQ=Qsh/Qa) in the derivation of the transfer function. The 45 

default flow rate ratio for DMA and WFIMS are 10 and 50, respectively. Figures 1 and 2 show the inversion results when 

DMA RQ in the forward model is varied from 8 to 12 while WFIMS RQ is maintained at the actual value of 50 and when 

DMA RQ is maintained at 10 while WFIMS RQ is varied from 40 to 60. The results are based on inversions of 500 sets of 

synthetic HFIMS measurements (with the noise of counting statistics included) using Twomey’s method. The average 

residual (𝜒2), the GF-PDF error (𝛾2), and the smoothness (𝜉), all showed very minor variation with DMA or WFIMS RQ 50 

used in the forward model, suggesting negligible impacts on Twomey inversion results due to imperfect calibration of DMA 

and WFIMS resolution. A possible explanation is that typical GF-PDFs of ambient aerosol particles are relatively broad such 

that the inverted GF-PDF is insensitive to DMA and WFIMS resolution. The impact of RQ on other nonparametric methods 

was also investigated and found negligible.  

 55 

Figure 1. The reconstruction residual, 𝜒2 (a), the GF-PDF error, 𝛾2 (b), and the smoothness, 𝜉 (c) of GF-PDF inverted using Twomey’s 

method as a function of DMA RQ used to calculate DMA transfer function in the forward model (WFIMS RQ maintained at the actual 

value of 50). Actual DMA and WFIMS RQ values of 10 and 50 are used to derive transfer functions in the inverse model (i.e., calculation 

of the inversion matrix). The colors correspond to the pre-defined GF-PDFs with one mode (blue), two modes (orange), and three modes 

(yellow). The results are averages based on the inversion of 500 sets of synthetic HFIMS data for each of three pre-defined GF-PDFs.  60 
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Figure 2. The reconstruction residual, 𝜒2 (a), the GF-PDF error, 𝛾2 (b), and the smoothness, 𝜉 (c) of GF-PDF inverted using Twomey’s 

method as a function of WFIMS RQ used to calculate WFIMS transfer function in the forward model (DMA RQ maintained at the actual 

value of 50). Actual DMA and WFIMS RQ values of 10 and 50 are used to derive transfer functions in the inverse model (i.e., calculation 

of the inversion matrix). The colors correspond to the pre-defined GF-PDFs with one mode (blue), two modes (orange), and three modes 65 

(yellow). The results are averages based on the inversion of 500 sets of synthetic HFIMS data for each of three pre-defined GF-PDFs. 

 

In addition to noise due to counting statistics, we also included additional Gaussian noise (e.g., due to variations of sample 

flow rate) ranging from 1% to 10% in generating the synthetic HFIMS data and examined the impact of the additional noise 

on inverted GF-PDFs. Figure 3 shows that Gaussian noises up to 10% have negligible impact on the reconstruction residual 70 

(𝜒2), the error (𝛾2), and the smoothness (𝜉) of GF-PDFs inverted using Twomey’s method. Similarly, the impact is also 

negligible for GF-PDF inverted using unweighted LSQ and 0th, 1st, and 2nd order Tikhonov regularizations (not shown). The 

negligible impacts indicate that the noise of typical HFIMS measurements is dominated by counting statistics. The above 

results and discussion are detailed in a new section (Section 3.2) titled “Effect of measurement uncertainties” in the revised 

manuscript (line 253-299). 75 

 

Figure 3. Comparison of reconstruction residual, 𝜒2  (a), the GF-PDF error, 𝛾2  (b), and the degree of smoothing, 𝜉  (c) of GF-PDFs 

inverted using Twomey’s methods from synthetic HFIMS data with additional Gaussian noises of different levels (i.e., none, 1%, 5%, and 

10%). Colors correspond to the pre-defined GF-PDFs with one mode (blue), two modes (orange), and three modes (yellow). The results 

are averages based on inversions of 500 sets of synthetic HFIMS data for each of three pre-defined GF-PDFs. 80 
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2) The authors should at least present an application of their algorithms to real measurement data, such that the reader can 

judge how big differences we would expect in the retrieval of the GF-PDF for typical hygroscopicity measurements in the 

ambient air. 

Responses: Following the reviewer’s suggestion, we apply the nonparametric inversion methods to ambient HFIMS 85 

measurements, and the results are compared in Fig. 4. The HFIMS responses reconstructed from GF-PDF inverted using 

unregularized LSQ, Tikhonov, and Twomey’s methods generally match the measurement (black circle) well. The GF-PDF at 

85% RH for ambient 35 nm particles consist of a smaller less-hygroscopic mode and a larger more-hygroscopic mode. As 

expected, the HFIMS response reconstructed from LSQ inverted GF-PDF has the minimum deviation from the actual 

measurement whereas the GF-PDF exhibits more oscillations near the tail of the second mode. These oscillations create a 90 

small third mode that is absent from the smoother GF-PDFs inverted using regularized methods (i.e., Tikhonov and 

Twomey’s methods). GF-PDF inverted using Twomey’s method and 0th Tikhonov clearly distinguish the two growth factor 

modes. In comparison, the two modes become more overlapped in GF-PDF inverted using 1st and 2nd Tikhonov 

regularization, due to additional and possibly excessive regularization. 

 95 

Figure 4. (a) Comparison between the HFIMS measured response (black circle) and the responses (marked lines) reconstructed from GF-

PDF derived using different methods for 35 nm ambient aerosol at 85% RH. (b) Inverted GF-PDFs using different methods.  

 

We also examined the statistics of the reconstruction residual and the smoothness of GF-PDF inverted from 3-day HFIMS 

measurements using the listed nonparametric methods. Among all nonparametric inversion methods, unregularized LSQ 100 

leads to the lowest reconstruction residual but the worst smoothness (Fig. 5). As regularizations are introduced in the 

Tikhonov algorithms, the inverted GF-PDFs become smoother at the expense of increased reconstruction residuals. The 

Tikhonov regularized solutions strongly depend on the regularization parameter 𝜆. In this study, the value of 𝜆 has been 

derived using three approaches, including (1) the L-curve, (2) the Hanke-Raus rule, and (3) comparison of inverted GF-PDF 

with the true solution. Note the 3rd approach (i.e., comparison of inverted GF-PDF with the true solution) is not possible for 105 

ambient measurements. Inversions of synthetic data show that the L-curve approach generally underestimates the 

regularization parameter (Fig. 5 in the manuscript), resulting in insufficiently regularized solutions (Naseri et al., 2021). For 
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the 3-day ambient measurements, when 𝜆 is derived using the L-curve approach, the reconstruction residuals for the GF-PDF 

inverted using Tikhonov algorithms are very close to those of the unregularized LSQ, consistent with underestimated 𝜆 

values (Fig. 5a and d). In contrast, Tikhonov regularizations with 𝜆 value determined using the Hanke-Raus rule tend to 110 

over-smooth solutions due to overestimated 𝜆 values, resulting in significantly increased errors in reconstructed HFIMS 

measurements (Fig. 5b and e). The 3-day ambient measurements are also inverted using Tikhonov algorithms with an 

empirical λ value of 0.03 (Fig. 5c and f), which corresponds to the mean value of optimized λ values (i.e., derived using the 

3rd approach) for the synthetic HFIMS data. The inverted GF-PDF shows improved smoothness compared to the solution 

from the LSQ method, without introducing excessive reconstruction errors. While the empirical 𝜆 value appears to work 115 

quite well for the 3-day measurements, using this fixed regularization parameter may not be appropriate for other ambient 

measurements. For Twomey’s method, both the reconstruction residual and the smoothness are between those based on the 

0th order and 1st order Tikhonov regularizations with the empirical regularization parameter (λ = 0.03), suggesting an 

appropriate trade-off between the GF-PDF smoothness and the fidelity in reproducing the HFIMS measurements. Note that 

the statistics of the GF-PDF error cannot be derived as the actual GF-PDF of ambient aerosols are unknown. As a result, it is 120 

difficult to draw a definite conclusion regarding which method has the best performance in retrieving the GF-PDF based on 

the ambient measurements. The above results and discussion have been added in Section S5 of the revised supplemental 

information.  

 

 125 

Figure 5. Comparison of reconstruction residual, 𝜒2 (a, b, c) and the smoothness, 𝜉 (d, e, f) of GF-PDFs inverted using different methods, 

including LSQ, 0th, 1st, and 2nd order Tikhonov regularizations, and Twomey’s method), based on 3-day HFIMS measurements of ambient 
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35 nm aerosols at five different RH levels (i.e., 20%, 40%, 60%, 75%, and 85%). The Tikhonov regularization parameters are derived 

using the L-curve approach (a, d), the Hanke-Raus rule (b, e), and an empirical value of 0.03 (c, f), respectively. 

 130 

3) Data availability. I think it is nowadays almost standard that the authors publish their code openly along with the 

corresponding manuscript (again referring to Petters, 2021; Sipkens et al., 2020b; Stolzenburg et al., 2022). If the authors 

want to ensure reuse of their methods this is highly encouraged. 

Responses: We have organized our code and uploaded it with the datasets related to this manuscript to a GitHub repository 

(https://github.com/zjs023/Regularized_inversion_HFIMS).  135 

 

4) I understand that the manuscript focuses on the inversion for the FIMS, but this instrument is not available to many 

researchers doing hygroscopicity studies. In my opinion, it would be highly beneficial if the authors could also test their 

inversion on classical TDMA data. 

Responses: While we agree that it would be beneficial, a systematic investigation and comparison of the inversion methods 140 

for TDMA measurement are beyond the scope of this manuscript, and they will be a subject of a future study. Nevertheless, 

we have derived the equations for the inversion of HTDMA data and detailed them in Section S1 of supplementary 

information. Following the reviewer’s suggestion, we have published the code, which could be conveniently modified to 

invert classical TDMA data (i.e., replace the subfunction that calculates the WFIMS transfer function with one for the 

transfer function of the 2nd DMA in a TDMA system.) 145 

 

5) L.153 ff.: Please note that Tikhonov regularization (and LSQ) implicitly assume Gaussian statistics on the measurement 

noise, but that the underlying statistics used to generate the measurement data is of Poisson nature in this manuscript (see 

also comment above on imposing an additional Gaussian uncertainty to challenge the methods under more difficult 

conditions). You can refer to Stolzenburg et al. (2022) here who developed a Poisson approach for regularization. 150 

Responses: We thank the reviewer for the comment. We agree that underlying statistics used to generate the HFIMS 

measurement are of Poisson nature whereas Tikhonov regularization (and LSQ) implicitly assumes Gaussian statistics on the 

measurement noise. For very low count numbers, the counting statistics may not be well approximated by a Gaussian 

distribution. We have clarified this and referenced Stolzenburg et al. (2022) in the revised manuscript (line 157). 

 155 

6) L.159: Please be aware that the matrices described here impose specific boundary conditions (Donatelli and Reichel, 

2014). I assume that Dirichlet boundary conditions have been used. Please specify this, as it is often neglected in inversion 

procedures that the boundary condition is quite important for the shape of the solution. 

Responses: Rectangular regularization matrices were used for the first and second-order Tikhonov regularization inversions 

(Hansen, 1994). We also tried square regularization matrices incorporating the Dirichlet or Neumann boundary conditions. 160 

Figure 6 shows the reconstruction residual, the GF-PDF error, and the degree of smoothing based on the first and second-

https://github.com/zjs023/Regularized_inversion_HFIMS


7 

 

order Tikhonov inversions using a square regularization matrix incorporating the Dirichlet boundary condition. The results 

are very similar to those based on rectangular matrices (Fig. 4 in the manuscript).  

 

Figure 6. Comparison of reconstruction residual, 𝜒2 (a), the GF-PDF error, 𝛾2 (b), the degree of smoothing, 𝜉 (c) inverted with square 165 

regularization matrices incorporating the Dirichlet boundary condition. Colors correspond to the pre-defined GF-PDFs with one mode 

(blue), two modes (orange), and three modes (yellow). 

 

7) L.161 ff.: Which algorithm was used to locate the L-curve corner? 

Responses: In this study, the regularization parameter λ is identified by using the “L_curve” algorithm (a routine of the 170 

regularization tool software package developed by Dr. Hansen, http://people.compute.dtu.dk/pcha/Regutools/index.html) to 

find the corner of the L-curve with the maximum curvature, as detailed in Hansen (1994). We clarified this in the revised 

manuscript (line 165-167). 

 

8) L.242: The discussion about the computing time is difficult, as it crucially relies on the used device. I think it is better to 175 

make Figure 2d with relative computing times. 

Responses: We agree the computing time strongly depends on the device. On the other hand, the implementing time of 

“lsqnonneg” function on our desktop (Intel’s 8th generation processor Core i7-8700) is very close to 1 second, therefore, 

Figure 2d (Fig. 4d in the revised manuscript) essentially presents the relative computer time in reference to the LSQ method. 

We also think it is useful to provide the computing time required on a typical desktop computer. We have clarified this in the 180 

revised manuscript (line 325-328).  

 
8) L.250 ff.: The measure smoothness is defined in Eq. (14) by the 2nd order derivative, so it is not surprising to me, that the 

2nd order Tikhonov regularization achieves the best smoothness measure, as it optimizes for the same quantity.  

Responses: We agree. The 2nd order Tikhonov regularization achieves the best smoothness measure, most likely because its 185 

regularization is based on the same quantity, as demonstrated by applications of the inversions from ambient HFIMS 

measurements (Section S5 in the SI). 
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