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Abstract. The one-dimensional ocean wave spectra (1D spectra) describing the total energy of the ocean waves are vital for 

providing ocean surface roughness information in remote sensing simulations. Most existing wave spectrum models deviate 

from real ocean surface descriptions due to limitations of observation methods and approximation in theories applied to 

generating them. In this research, the widely applied Goda and Elfouhaily spectra in their 1-D form are compared with the 15 

remote sensing products from the Surface Waves Investigation and Monitoring instrument (SWIM) on-board the China France 

Oceanography Satellite (CFOSAT). Differences between models and the measurements are addressed, and the causes are 

analysed before concluded in terms of sea states. Then, a Combined spectrum (C spectrum) considering varied sea states is 

proposed as a closer model to the observations of the real sea, where parameterization of the spectral peak enhancement factor 

(γ) is achieved by the inverse wave age and wave steepness for multiple sea states. Then the specific values of the all-state sea 20 

are obtained from SWIM observations. The validation of the C spectrum is achieved by comparisons with SWIM 

measurements not utilized during the model establishment, and with buoy measurements. The difference index (DI) and the 

R-squared (R2), are calculated for evaluation of the results, indicating that the C spectrum demonstrates closer fitting to the 

SWIM and buoy measurements than both Goda and Elfouhaily spectra. The DI and R2 for the C spectrum are compared to the 

Goda spectrum, which is closer to SWIM measurements than E spectrum. Results suggest the C spectrum is suitable for 25 

providing information required for remote sensing applications.  

1 Introduction 

The one-dimension wave spectra describe the energy distributions of the ocean waves over a certain range of wavenumbers or 

frequencies and are useful for simulation of the ocean surface roughness. The development of wave spectra dates back to 1952, 

when the Neumann spectrum was proposed based on theories and measurements in a simple form (Neumann, 1953), which 30 

was applied by other follow-on spectra, such as Pierson Moskowitz (PM) spectrum (Pierson Jr. and Moskowitz, 1964), and 

Joint North Sea Wave Observation Project (JONSWAP) spectrum (Hasselmann et al., 1973). Later in the 1990s, two of the 
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spectra well applied today were proposed, one is the Goda spectrum modified from the JONSWAP spectrum by including the 

significant wave height and spectral peak period as variables (Goda, 1983). It was modified for describing the extreme waves 

at first and found later good in depicting the swells (Lucas and Guedes Soares, 2015), However, the spectral peak enhancement 35 

factor γ is taken as a constant with the value of 3.3, without further parameterization. Another is the Elfouhaily spectrum, 

which is an omnidirectional wave number range wind-wave spectrum using wind speed, inverse wave age, and wind fetch as 

the main variables. It has been well applied for research on electromagnetic wave scattering characteristics of rough sea 

surfaces (Elfouhaily et al., 1997). However, the value of the spectral peak enhancement factor γ is also fixed, at 1.7. 

Meanwhile, some ocean wave spectra have been improved. One of the well-known is the Hwang spectrum parameterizing the 40 

wind input source function, with later improvement on the approximation of the wavenumber for the upper limit of the 

spectrum based on geophysical model equation analysis(Hwang, 2011). This spectrum is applied in research on radar 

observation (Hwang et al., 2013; Hwang and Fois, 2015b, a). In 2018, modifications are made to the widely acquainted  spectra 

of the Karaev spectrum, by exploring the dependence of the boundary wave number in a spectral model of swells and wind 

waves(Ryabkova et al., 2019). Among the spectra, the Goda and Elfouhaily spectra are widely known and applied in off-shore 45 

engineering and wave induced roughness calculation for scattering and radiation simulation(goda)(SSA). In this research, the 

expression of these two spectrum are applied. 

Meanwhile, the successful launch of the Ku-band radar in multiple incidence angles from nadir to 10°: the Surface Waves 

Investigation and Monitoring instrument (SWIM) on board the China France Oceanography Satellite (CFOSAT) has achieved 

a better and continuous ocean wave observations on a large spatial scale since 2018 for wavelengths between 30 and 500 m 50 

(Hauser et al., 2017). Before that, the Synthetic Aperture Radar (SAR) could also observe waves, but only for wavelengths 

larger than 200 m (Alpers et al., 1981). Moreover, altimeters can obtain ocean wave information by measuring the sea surface 

height and significant wave height from the sea wave echoes, but lack other accurate descriptions of the spectral details. The 

Infrared Atmospheric Sounder Interferometer (IASI) has also been applied to obtain the probability density function of the 

wave slope in accordance with Cox and Munk’s theory (Cox and Munk, 1954) and successfully obtained a series of 55 

measurements of the real sea surface. However, the interactions between the individual wave numbers are not specified, and 

are not globally available (Guérin et al., 2023).  

When Comparing the Goda and Elfouhaily spectra with SWIM measurements in varied sea states, on one hand, the Goda 

spectrum fits well with SWIM measurements for swell dominant sea state, but the “tail” for wavenumber larger than 𝑘𝑝 of the 

Goda curvature spectrum is lower than the SWIM measurements. The difference gradually increases with the increased 60 

wavenumbers. On the other, the Elfouhaily spectrum can represent the wind-wave well and the “tail” in its curvature spectrum 

demonstrates the same trend with the SWIM measurements (Wang et al., 2023).  

Then in this research, based on the two widely applied spectra, a Combined spectrum (C spectrum) is derived for a better 

description of the state-varied sea. The swell and wind wave terms are integrated while the sea-state is considered in a relevant 

variance—spectral peak enhancement factorγ, instead of the fixed values in the two spectra, and is parameterized from the 65 
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SWIM observations. Validation of the C spectrum against the SWIM product not applied in the fitting process, in addition to 

validations from buoy observations. Results indicate that the C spectrum model can provide a better description of the sea 

surface. 

2 Method 

2.1 The Goda and Elfouhaily spectrum against the measurements from SWIM 70 

The Goda spectrum (G spectrum) is modified from the JONSWAP spectrum, by including the significant wave height and 

spectral peak period (or spectral peak wavenumber)as inputs, while the spectral peak enhancement factor 𝛾 is set to 3.3. This 

led to a better representation of swells, but the wind speeds affecting the wind-waves, which in a mixing sea state entangles 

the swells are not included as a variable. The G spectrum is described by the following equation (Goda, 1983): 

𝐺(𝑘) =
1

2
𝛼∗𝑘

−3𝐿𝑃𝑀𝐽𝑃 (1) 75 

In Eq. (1), 𝑘 is wavenumber,  𝛼∗ is the swell term (Goda, 1983): 

α*=
0.0624

0.230+0.0336γ-0.185(1.9+γ)-1
𝐻1

3

2𝑘𝑝
2 (2) 

𝛼∗ is the function of spectral peak enhancement factor 𝛾,the significant wave height 𝐻1

3

 and the spectral peak wavenumber 

𝑘𝑝. 𝐿𝑃𝑀 and  𝐽𝑃 in Eq. (1) are respectively the Pierson-Moskowitz shape function, (Pierson Jr. and Moskowitz, 1964) and the 

peak shape factor (Hasselmann et al., 1973), which illustrated in the next section. 80 

Elfouhaily spectrum (E spectrum) was developed based on in-situ measurements and experimental data and covers the full 

wavenumbers range. It introduces an analytical form suitable for modelling electromagnetic wave scattering over sea surfaces 

that aligns with Cox and Munk's theory. The omnidirectional curvature spectrum of long waves is specifically given by the 

following Eq. (3) (Elfouhaily et al., 1997):  

𝑆(𝑘) = 𝑘−3[𝐵𝑙 + 𝐵ℎ] (3) 85 

In Eq. (3), 𝐵𝑙  and 𝐵ℎ  are the low and high wavenumbers curvature spectrum respectively while the latter is not in the 

wavenumber range of SWIM measurements thus not included in this research. 𝐵𝑙  can be expressed as (Elfouhaily et al., 1997): 

𝐵𝑙 =
1

2
𝛼𝑝

𝑐𝑝

𝑐
𝐹𝑝 (4) 

In Eq. (4), 𝛼𝑝 is the Phillips and Kitaigorodskii equilibrium parameter for wind-waves, and is related with inverse wave age 

Ω, which is an important variable describing the sea states and affected by the wind speed at 10-meter-height (𝑢10) as shown 90 

in Eq. (6). 

𝛼𝑝 = 6 × 10−3Ω (5) 
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Ω = 𝑢10√
𝑘𝑝

𝑔
(6) 

For the ratio parameters 
𝑐𝑝

𝑐
 in Eq. (4), 𝑐𝑝 is the phase velocity of the dominant wave, and 𝑐 is the phase velocity. 

The last term in Eq. (4), 𝐹𝑝 is called the long wave side effect function (Elfouhaily et al., 1997), where 𝐿𝑃𝑀 and 𝐽𝑝 are the same 95 

as in Eq. (1). 𝐿𝑖𝑚 in Eq. (7) is a cut-off term in specific wavenumber. The inclusion of this term stoops the growth rate of the 

E spectrum. 

𝐹𝑝 = 𝐿𝑃𝑀𝐽𝑝𝐿𝑖𝑚 (7) 

The SWIM measurements observe the descriptions of real sea that is by nature of different states. It is focusing on longer 

waves in the spectrum, corresponding to wavelength from  31 to 628 m. There is a part of wind dominant range based on 100 

SWIM measurements based on the sea state classification metrics (Hauser et al., 2009; Xu et al., 2022; Hwang, 2009),  the 

swell part (pure swell or swell dominant sea state) reaches up to 84.910% of all,  while the pure wind wave is up to 7.952%, 

which can be classified fully developed, mature, and young wind wave according to the inverse wave age.  

In different sea states, the comparison between the G spectrum and SWIM measurements reveals distinct characteristics. In 

the swell part, the G spectrum closely matches SWIM measurements in the range of 0.01 to 0.04 rad.m-1 (157~628 m), with 105 

lower energy between 0.04 to 0.2 rad.m-1 (31~157 m) (Wang et al., 2023).  For the pure wind wave range, in the fully developed 

sea conditions, the G spectrum exhibits higher energy in the range of 0.03 to 0.06 rad.m-1 (104~209 m), with lower energy 

between 0.06 to 0.2 rad.m-1 (31~105 m). In mature seas, the G spectrum shows higher energy between 0.05 to 0.1 rad.m-1 

(63~126 m), with lower energy between 0.1 to 0.2 rad.m-1 (31~63 m). At the same time, the E spectrum considers the inverse 

wave age in the spectral peak shape function 𝐽p, thus is effective for waves with the inverse wave age Ω greater than 0.84 110 

(Elfouhaily et al., 1997). In comparison with the SWIM measurements, E spectrum exhibits higher energy in the range of 

0.01~0.2 rad.m-1 (31~628 m) in fully developed wind wave and mature wind-wave, while in swell parts for the lower energy 

in the range of 0.01~0.12 rad.m-1 (52~628 m), and it aligns closely with SWIM measurements in the range of 0.12~0.2 rad.m-

1 (31~52 m) (Wang et al., 2023). In all, the SWIM measured spectral width aligns more closely with the G spectrum, while the 

E spectrum exhibits greater variability in spectral width suggests modifications in the E spectrum on its variance of inverse 115 

wave age can fit SWIM observations well. Therefore, in this research, a spectrum model simulating SWIM measurements of 

the natural sea surface is established by combining the corresponding terms in G and E spectra. By inheriting the spectral width 

factor from the G spectrum as one of the shape parameters, while simulating the mixed sea states induced wind energy by the 

lower wavenumber part of the E spectrum, the C spectrum model is hereafter established. 

2.2 The C spectrum 120 

In the mixed sea state, the swell and wind-wave discriminating wave number can be vague, while the real sea surface integrates 

the features of both swell and wind-wave spectra. Following the previous section, the C spectrum is established from the G 

and E spectra to simulate SWIM measurements. The form of the G spectrum is applied as the basic expression of the C 
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spectrum following the measuring wavenumber range of SWIM. Following the right side of the spectral peak wavenumber 𝑘𝑝 

of the G spectrum, the term 
𝑐p

𝑐
 in Eq. (4) of the E spectrum is introduced to adjust the slope of spectra to fit the SWIM 125 

measurements, and the term 𝐿𝑖𝑚 in Eq. (7) with inverse wave age Ω simulate the relation of sea state variance due to wind 

speed modelled in 𝑢10 in the lower wavenumbers, and are included in the C spectrum model. Effectively on the shape of the 

spectrum, the inclusion of this term avoids the spectrum “tail” being too large thus to be diverted from the measurements. Then 

specifically, the C spectrum is modelled as: 

𝑆(𝑘) = 2𝜋2𝛼𝑘−3𝐿𝑃𝑀𝐽𝑃
𝑐𝑝

𝑐
𝐿𝑖𝑚 (8) 130 

𝛼 =
0.0624

0.230 + 0.0336𝛾 − 0.185(1.9 + 𝛾)−1
𝛿2 (9) 

𝛿 =

𝐻1
3

𝜆𝑝

= 

𝐻1
3
𝑘𝑝

2𝜋
(10) 

In Eq. (8), 𝛼 is inherited from the G spectrum in the form considering the wave steepness 𝛿 expressed in Eq. (10), related with 

the significant wave height 𝐻1

3

  and spectral peak wavenumber 𝑘𝑝. 𝛼 is important for swell components, and 𝛾 in 𝛼 affects the 

shape of the spectrum peak. 𝐿𝑃𝑀 is the same as in the G and  E spectra and expressed as follows and 𝑘p is the input which can 135 

be obtained from the dominant wavelength 𝜆𝑝 observed by SWIM as shown in Eq. (12). 

𝐿𝑃𝑀 = exp [−
5

4
(
𝑘p

𝑘
)

2

] (11) 

𝑘𝑝 =
2𝜋

𝜆𝑝

(12) 

𝐽𝑃 in Eq. (8) is a peak shape factor and has the same form with the G and E spectra, which describes the inverted transfer of 

wave energy to larger scales from smaller scales caused by the nonlinear effects near the spectral peak, that was proposed by 140 

Hasselman in the JONSWAP spectrum (Hasselmann et al., 1973): 

𝐽𝑃 = 𝛾

exp

[
 
 
 
 
 

−

(√
𝑘p

𝑘
−1)

2

2𝜎2

]
 
 
 
 
 

(13)

 

𝛾 is the key factor in describing the spectral peak. Here for G spectrum, 𝛾 is set as a constant value: 3.3, and for E spectrum, 

𝛾 in 𝐽𝑝 is related to inverse wave age as follows (Elfouhaily et al., 1997) in Eq. (14): 

Υ𝐸 = {
1.7                      0.84 < Ω < 1
1.7 + 6 log(Ω)       1 < Ω < 5

(14) 145 

For G spectrum, 𝜎 is set to 0.07 on the left side of the peak and 0.09 on the right side of the peak as expressed in Eq. (15). For 

E spectrum, 𝜎 is also expressed as a function of the inverse wave age 𝛺 (Elfouhaily et al., 1997), which is set as in Eq. (16): 

𝜎𝐺 = {
𝜎𝐺𝑎 = 0.07 𝑘 ≤ 𝑘p

𝜎𝐺𝑏 = 0.09 𝑘 > 𝑘p
(15) 
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𝜎𝐸 = 0.08(1 + 4𝛺−3) (16) 

𝑐𝑝

𝑐
 is an adjustment to the exponent position of 𝑘 proposed by Donelan and Pierson Spectrum (Donelan et al., 1985).  150 

𝑐𝑝

𝑐
= √

𝑘

𝑘𝑝

(17) 

𝐿𝑖𝑚 in Eq. (18) is the same as in Eq. (7), and is a cut-off limiting the energy of the spectrum in wave numbers smaller than 10 

times of 𝑘𝑝. It is related to the inverse wave age Ω , to explain the nonlinear interactions between different wave components 

(Elfouhaily et al., 1997). The inclusions of the 
𝑐𝑝

𝑐
 and 𝐿𝑖𝑚 adjust the growth rate of the curve in the spectral tail: 

𝐿𝑖𝑚 = exp{−
Ω

√10
[√

𝑘

𝑘𝑝
− 1]} (18) 155 

Furthermore, in Eq. (9), 𝛾 for C spectrum can be obtained from the SWIM observations, and reflects the sharpness of the 

spectral peak and is an indication of the concentration level of wave energy, and is generally used as an empirical parameter. 

As noted in previous content, in the Goda and the JONSWAP spectra, the parameter is set to 3.3(Hasselmann et al., 1973). In 

1977~1980,  𝛾 was related to the dimensionless wind fetch based on the nearshore observations (Mitsuyasu, 1977; Mitsuyasu 

et al., 1980). In 1985, 𝛾 was further related to the wave development in addition to the dimensionless wind fetch based on 160 

limited buoys observation (Karaev et al., 2008). When the wind fetch can also be related to the inverse wave age in the E 

spectrum (Elfouhaily et al., 1997). At the same time, the wave steepness 𝛿 is related with significant wave height and is 

important in characterizing the swell. Following that development, in this research, the inverse wave age Ω  and wave steepness 

𝛿 are applied in modelling 𝛾. At the same time, to fit the SWIM observations, the objective condition is set as the spectral peak 

from the C spectrum equals the measured peak value:  165 

𝑆𝑚𝑎𝑥 = 𝑆(𝑘𝑝) (19) 

Then the spectral value corresponding to the spectral peak wavenumber can be calculated according to the C spectrum value 

at 𝑘𝑝: 

𝑆(𝑘𝑝) =
1

2

5𝛾

(1.15 + 0.1688𝛾 −
0.925

1.909 + 𝛾
)

𝐻1
3

2

16𝑘𝑝

𝑒−1.25 (20) 

From Eq. (19) and Eq. (20), providing the significant wave height 𝐻1

3

, 𝑘𝑝 and 𝑆(𝑘𝑝), the spectral enhancement factor 𝛾 can be 170 

obtained. 𝑆(𝑘𝑝) is the corresponding value of the C spectrum model at spectral peak wavenumber 𝑘𝑝. And according to the 

objective expressed in Eq. (19), 𝑆𝑚𝑎𝑥 is the maximum value of the measured data. 
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2.3 The evaluation indices 

In this research, the C spectrum is evaluated from the Difference index (DI) and the R-squared (𝑅2), expressed in Eq. (21) and 

(23) respectively. In Eq. (21), 𝑆(𝑘𝑖) represents the spectral model value, and the 𝑆̂(𝑘𝑖) corresponds to the SWIM measurements, 175 

and 𝑚0 denotes the 0th-order momentum of the wave spectrum given by Eq. (22). The DI offers a comprehensive evaluation 

of the distinction between the spectral models and SWIM measurements in total energy, and a lower DI value indicates a 

smaller discrepancy between the model and measurements, thus a more precise fit.  

𝐷𝐼 =
1

𝑚0

∫ |𝑆(𝑘𝑖) − 𝑆̂(𝑘𝑖)|𝑑𝑘
𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛

(21) 

𝑚0 = ∫ 𝑆̂(𝑘)𝑑𝑘
𝑘𝑚𝑎𝑥

𝑘𝑚𝑖𝑛

(22) 180 

𝑅2 in Eq. (23) is calculated by computing the ratio of 1 minus the sum of squared residuals to the total sum of squares between 

𝑆(𝑘𝑖) and 𝑆̂(𝑘𝑖), which represents model value and SWIM measurements, respectively, and 𝑆̅(𝑘) means the average of the 

model. The 𝑅2 approaching 1 indicates that a smaller sum of squared residuals, and the model value are closer to the SWIM 

measurements. 

𝑅2 = 1 −

∑ (𝑆(𝑘𝑖) − 𝑆̂(𝑘𝑖))
2𝑛

𝑖=1

∑ (𝑆(𝑘𝑖) − 𝑆̅(𝑘))
2𝑛

𝑖=1

(23) 185 

3 Experiments and Results 

3.1 Data Descriptions 

3.1.1 The SWIM wave product 

The in-situ observation in this research is provided by the Surface Waves Investigation and Monitoring carried out by the 

China France Oceanography Satellite. SWIM version OP06 products provide valuable wave spectrum details as well as wave 190 

parameter information in global coverage, with observed wavelengths ranging from 31 to 628 m (corresponding to 

wavenumbers from 0.01 to 0.2 rad.m-1) (Hauser et al., 2017; CNES, 2023). The L2 spectra product is used in this research for 

fitting the γ, while the set not applied in fitting is for evaluation of the C spectrum. The SWIM L2 wave product provides of 

the measured omnidirectional spectrum, 10-meter-height wind speed from European Centre for Medium-Range Weather 

Forecasts (ECMWF), and wave parameters including significant wave height and dominant wavelength. Among them, the 195 

peak wavenumber 𝑘𝑝 is derived from the dominant wavelength while from the wind speed and 𝑘𝑝, the inverse wave age can 

be obtained from the products. The SWIM L2 10 ° beam observations have been validated the best consistency with the mode 

spectrum and buoy observations (Hauser et al., 2021) and are applied for this research.  
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Specifically, the 2021 CFOSAT-SWIM L2 10° global products are used for C spectrum modelling and the 2022 products are 

used for validation. First, the land, rainfall flags, and confidence interval variables are utilized to filter out pure sea surface and 200 

rain-free wave cells (referred to as "box", generally a 70×90 km sized square on the ocean surface).  

To suppress abnormally high values at low wave numbers of SWIM caused by spurious peaks and surfbeat effects (Merle et 

al., 2021; Xu et al., 2022), Data screening was implemented by calculating Δ = 𝑘𝑝 − 𝑘𝑚𝑎𝑥  and setting a reasonable threshold 

to exclude samples with excessing large Δ values.  𝑘𝑝 represents the SWIM-observed peak wavenumber and 𝑘𝑚𝑎𝑥 corresponds 

to the wavenumber of maximum spectral energy.  Since false peak data typically exhibit significant discrepancies between 𝑘𝑝 205 

and 𝑘𝑚𝑎𝑥, whereas valid data should show close agreement between these values, Δ should theoretically be as small as possible. 

As shown in Fig. 1, the frequency histogram in panel A reveals that the data are primarily concentrated below 0.007, and the 

cumulative distribution in panel B demonstrates half of the total samples fall within this range for Δ ≤ 0.07. After balancing 

the trade-off between the sufficiency of retained samples and screening effectiveness, 0.007 was selected as the threshold value. 

Subsequently, according to the histogram of  𝛾, the boxes for 𝛾 ranging from 1 to 12 are selected as the research data that 210 

depicts the sea surface well. In total, 1 251 067 boxes are found as the experiment data in 2021 for modelling, and 1 307 256 

boxes in 2022 are obtained for validation. 

  

Figure 1: The histogram and Cumulative Histogram of 𝚫 

3.1.2 NDBC Buoys 215 

In another validation process, the buoy observations from the National Data Buoy Center (NDBC) are applied as the in-

situ measurements in addition to the SWIM products. The buoy product used in this research is spectral wave density measured 

offshore 100 km in 2022, with 47 frequencies ranging from 0.020 to 0.485 Hz (NDBC Web Data Guide, 2023). The SWIM 

data varies with the wavenumber ranging from 0.01~0.2 rad.m-1, and the buoy frequency spectra is transferred into wavenumber 

spectra and the linear interpolation is applied to them to unify the unit and scale. The time lag between buoy measurements 220 

and the SWIM product applied in the validation is 1 h, and the space interval is 50 km.  In all, 1701 match-pairs of buoys and 

SWIM are obtained from 37 buoy stations. As shown in Fig. 2, the yellow diamond marks are the distributions of those buoy 
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stations. They are mainly distributed between the latitudes of 20 to 60 °N, and the longitudes ranging from 50 °W to 160 °

E.  

 225 

Figure 2: The distribution of selected buoy stations 

3.2 The retrieval of parameter γ 

To establish the function of 𝛾 from 𝛿 and Ω, the data is divided into multiple grids. Since the curve shapes of 𝛾 against Ω for 

each 𝛿 closely resembles trigonometric functions, the Fourier series is chosen to fit 𝛾 with Ω in each 𝛿 interval. Considering 

the range of 𝛿 observed by SWIM for the optimal fitting order, the SWIM boxes are divided into two parts according to 𝛿. For  230 

𝛿  ranges from 0.004 to 0.0115, the 𝑅2 of the second-order Fourier function fitting for 𝛾 with the inverse wave age Ω are almost 

all greater than 0.8. For the remaining of 𝛿 range between 0.0115 and 0.0295, the most  𝑅2  from the third-order Fourier 

function fitting for 𝛾 with the inverse wave age Ω is above 0.85.  

（1） The fitting results when 𝛿  is between 0.004~0.0115 

The fitting results are as shown in Eq. (24): 235 

𝛾 =
𝑎0

2
+ ∑ 𝑎𝑛 𝑐𝑜𝑠 𝑛𝜋𝛺1

𝑛=1 (24)

The coefficients 𝑎0，𝑎1 are fitted with wave steepness based on the appropriate functional form, and the relationship between 

the coefficients and the wave steepness are as follows: 

𝑎0 = 0.003 ∗ 𝛿−1.156 (25) 

𝑎1 = 1.274 𝑙𝑛 𝛿 + 9.536 (26) 240 

Fig.3 depicts the fitting curves of 𝑎0, and 𝑎1 with the wave steepness 𝛿. The relationship between 𝑎0 and the wave steepness 

follows a power function, with a goodness of fit of 0.830. The relationship between 𝑎1 and the wave steepness 𝛿 follows a 

logarithmic function, with a goodness of fit of 0.885.  
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Figure 3: The fitness of 𝒂𝟎, 𝒂𝟏with the wave steepness 245 

（2） The fitting results when 𝛿 is between 0.0115~0.0295 

For the wave steepness range of 0.0115 to 0.0295, inverse wave age and 𝛾 were fitted using a third-order Fourier series. The 

final fitting results are as shown in Eq. (27): 

𝛾 =
𝑎0

2
+ ∑ 𝑎𝑛 𝑐𝑜𝑠 𝑛𝜋𝛺

2

𝑛=1

(27) 

The fitting relationships between 𝑎0, 𝑎1, 𝑎2, and wave steepness are as follows: 250 

𝑎0 = 3.132𝑒(12.273𝛿) (28) 

𝑎1 = −0.365 𝑙𝑛 𝛿 − 1.21 (29) 

𝑎2 = −0.093 𝑙𝑛 𝛿 − 0.442 (30) 

In Fig 4, the fitting curves of 𝑎0, 𝑎1, 𝑎2, and wave steepness are displayed. The relationship between 𝑎0 and wave steepness 

follows an exponential function, with a high R2 of up to 0.949. The relationship between 𝑎1 and wave steepness conforms to 255 

a logarithmic relationship, with a R2 as high as 0.918. For 𝑎2 and wave steepness, a logarithmic fitting approach is adopted, 

resulting in an R2 of 0.635. 

 

Figure 4: The fitness of 𝒂𝟎 , 𝒂𝟏 , 𝒂𝟐 with wave steepness 
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3.3 The established C spectrum 260 

The C spectrum takes the spectral peak wavenumber 𝑘𝑝, the 10-meiter-height wind speed 𝑢10, and the significant wave height 

𝐻1

3

 as variables. 𝑘𝑝 is the derived from the SWIM measurements. The inverse wave age Ω can be then be calculated from 𝑘𝑝 

and 𝑢10, and the wave steepness 𝛿 can be obtained with 𝑘𝑝 and 𝐻1

3

. Fig. 5-6 depict the curve change of the C spectrum with 

different three input variable combinations. 

Fig. 5 (a)~(c) depict respectively the C spectrum in wave height spectrum, wave slope spectrum, and wave curvature spectrum 265 

at a spectral peak wavenumber 𝑘𝑝= 0.048 rad.m-1 and a wind speed 𝑢10 of 10 m.s-1 under different significant wave heights 𝐻1

3

. 

In Fig.5, the 𝑘𝑝 and 𝑢10 are fixed for the 𝐻1

3

 is variable from the spectrum. 𝛿 ranges from 0.008 to 0.069, with the wave age 

Ω fixed at 0.699. With increasing 𝐻1

3

, the 𝛿 also increases, and the area under the spectral lines increases. In (a) and (b), the 

trend of change is almost identical to the G spectrum, with the spectral peak in the C spectrum slightly smaller than that in the 

G spectrum. In (c), the values of the C spectrum on the right side of the spectral peak gradually increase, contrasting with the 270 

trend in the G spectrum where the curve gradually flattens (Wang et al., 2023). The curve is more sensitive to changes in 𝐻1

3

 

than to variations in 𝑢10 and 𝑘𝑝. 

 

Figure 5: The C spectrum at different 𝑯𝟏

𝟑

, when 𝒌𝐩 is 0.048 rad.m-1 and 𝒖𝟏𝟎 is 10 m.s-1, (a) is Combined height spectrum, (b) is 

Combined slope, (c) is Combined curvature. δ is wave steepness, and Ω is inverse wave age. 275 

Fig. 6 (a)~(c) also illustrate the C spectrum in height spectrum, slope spectrum, and curvature spectrum, but for different 𝑘p 

at  𝐻1
3

 of 3 m and 𝑢10 of 10 m.s-1. Since the 𝑘p varies, both the 𝛿 and the Ω change accordingly, with their ranges being 0.016 

to 0.034 for the 𝛿 and 0.319 to 1.463 for the Ω from this setting. As the 𝑘p increases, the 𝛿 increases, and the Ω decreases. And 

as the 𝑘p increases, the spectral peak shifts to the right. In (b), as the 𝑘p increases, the area under the curve gradually decreases, 

indicating a transition from swell-dominated to wind wave-dominated sea states. 280 
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Figure 6: The C spectrum at different 𝒌𝐩, when 𝑯𝟏

𝟑

 is 3 m and 𝒖𝟏𝟎 is 10 m.s-1, (a) is Combined height spectrum, (b) is Combined 

slope, (c) is Combined curvature 

Fig. 7 (a)~(c) are also the C spectrum in height, slope, and curvature spectrum, now for different 𝑢10 at the 𝐻1
3

 of 3 m and the 

𝑘p of 0.048 rad.m-1. When now 𝐻1
3

 and 𝑘p are fixed, the δ is a fixed value, as in the legend, while the Ω varies. As the 𝑢10 285 

increases, the Ω gradually increases. The parts affected by 𝑢10 are mainly located to the right of the 𝑘p and at the spectral peak. 

The variation to the right of the 𝑘p is due to the addition of the Lim term, while the variation of the spectral peak is due to the 

fitting of 𝛾 and sea state variables. In particular, the change in the right side of the height spectrum due to 𝑢10 is relatively 

small. However, in the slope spectrum and curvature spectrum, it can be clearly observed that as the 𝑢10 increases, indicating 

an increase in the Ω, the wave energy reflected by the area under the curve gradually decreases, indicating a transition of sea 290 

state towards 𝑢10. 

 

Figure 7: C spectrum at different wind speed, when significant wave height is 3m and 𝒌𝐩 is 0.048 rad.m-1, (a) is Combined height 

spectrum, (b) is Combined slope, (c) is Combined curvature 

3.4 Evaluation of the established C spectrum 295 

In this section, the evaluation by the DI and 𝑅2 described in Eq. (21) and (23) are achieved. For the wave steepness 𝛿 range of 

evaluation results is 0.0125 to 0.0295 (corresponding to the third-order Fourier expansion of the spectral peak enhancement 

factor 𝛾 in the C spectrum) are provide alone since the evaluation results of the second-order fitting models in the other range 

of 𝛿 are consistent with this part and is not shown. First, 2022 SWIM L2 measurements not involved in fitting 𝛾 is used while 
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for validation involving buoy measurements, the 2022 NDBC measurements are applied. The DI and 𝑅2 of the C, G and E 300 

spectra are calculated in the form of height and curvature. 

3.4.1 The results of evaluation 

A. SWIM measurements as in-situ measurements 

The two-dimensional histogram is applied to visualize the results of the two indices by comprising the C spectrum to the G 

spectrum as in Fig. 8, wherein (a) and (b), the x-axes are DI and 𝑅2 of G height spectrum, and the y-axes are DI and 𝑅2 of the 305 

C height spectrum. As shown in (c) and (d), the comparison in DI and 𝑅2 of the C and the G curvature spectra. The blue line 

is generated by setting 𝑦 = 𝑥, and the red line is a linear fitting of the data.  

From Fig. 8 (a) and (c), DI of the most data points lie below the y < x, and the dominant proportion is shown in Table 1.  The 

data of C spectrum primarily cluster in the yellow area, where the DI are less than 0.3. Fig. 8 (b) and (d) are comparisons of 

𝑅2 , and the most 𝑅2  in the C spectrum are higher than those in the G spectrum. Moreover, the 𝑅2  of the C spectrum is 310 

predominantly distributed above 0.8. It is evident that the C spectrum is better than those of the G spectrum in fitting SWIM 

measurements 

 

Figure 8: Validation of DI and R2 Metrics from C and E Spectra with SWIM in 2022, (a), (c), is DI of height and curvature 

spectrum, (b), (d) is R2 of height and curvature spectrum 315 
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Fig. 9 is the comparison of the E spectrum with the C spectrum, which has the same setting with Fig. 8. According to the two 

DI comparison results on the left as shown in Fig. 9, both the C height and curvature spectra exhibit absolute advantages in 

DI, and data primarily concentrated in the y < 0.4 interval. As for the two 𝑅2 comparison results on the right, the C height and 

curvature spectra show dominance ratios shown in Table 1 with data mainly concentrated in the y > 0.7 interval. This indicates 

that compared to the E spectrum, the C spectrum shows better conformity with SWIM-measured data. 320 

 

Figure 9:  Validation of DI and R2 Metrics from C and E Spectra with SWIM in 2022, (a), (c), is DI of height and curvature 

spectrum, (b), (d) is R2 of height and curvature spectrum. 

The value of the two indices of two spectra against SWIM measurements are specified below the Table 1. The DI approaching 

0 indicates the better fitting. The proportion of curvature and height spectrum in DI about the C spectrum better than the G 325 

spectrum is 82.9% and 78.0%, which means the C spectrum fits more the SWIM measurements. The 𝑅2 of the C height 

curvature spectra exceed the G spectrum by 99.3%, and 91.8%. The DI and R2 proportion of the C spectrum better than the E 

spectrum in fitting SWIM measurements are above 90%. Then conclusion can be drawn that the C spectrum has better indices 

with SWIM measurements than the G spectrum and E spectrum respectively, thus baring features of the ocean surface closer 

to the real scenes for remote sensing observations. 330 

Table. 1. The comparison of the three spectra in fitting SWIM measurements 
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  Percentage of 

the C spectrum better than the G spectrum 

Percentage of 

the C spectrum better than the E spectrum  

DI of curvature 0.829 0.918 

DI of height 0.780 0.993 

Table. 1. The the comparison of the three spectra in fitting SWIM measurements (continued) 

𝑅2  of curvature 0.851 0.962 

𝑅2 of height 0.909 0.983 

B. NDBC buoys measurements as in-situ references 

To verify the performance of the C spectrum compared with G and E spectra on the real sea state, the 2022 NDBC buoys wave 

spectra data after spatial-temporal matching is as in-situ measurements in the second evaluation reference. The criteria for 335 

selecting data and the legend of Fig 11-12 are consistent with the 3.3.1 about SWIM as in-situ measurements Sect.  

Fig. 10 (a), most DI of the C height spectrum is lower than those of the G height spectrum, but the proportion of superiority is 

not as significant. The C spectrum has a superiority proportion with DI concentrated in the region where y < 0.5.  In Fig. 10 

(b), the 𝑅2 for the C height spectrum is superior and mainly concentrates in the region where y > 0.8. In Fig. 10 (c) and (d), 

the DI and 𝑅2 of the C curvature spectrum still have a superiority. The data are concentrated near x = 0.5, y < 0.4, and near x 340 

= 0.6, y > 0.8. Results indicate the C spectrum has a better fit with NDBC buoy measurements than the G spectrum. The 

superiority proportions in DI and 𝑅2 for the C spectrum are shown in Table 2. 
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Figure 10:  Validation of DI and R2 Metrics from C and G Spectra with buoys, (a), (c) is DI of height and curvature spectrum, (b), 

(d) is R2 of height and curvature spectrum. 345 

Fig. 11(a) compares the DI between the C and E height spectra. The superiority ratio of C height spectrum is 0.830, and the 

DI is mainly concentrated around x=1 and y<0.5. Fig. 11 (b) displays the 𝑅2 of the C height spectrum with a superiority 

proportion. The data are mainly concentrated in the region where y>0.8. Fig. 11 (c) and (d) depict the comparison between the 

C and the E curvature spectrum in terms of DI and 𝑅2. The C curvature spectrum has a superior proportion than the E curvature 

spectrum, with data primarily concentrated in the intervals y < 0.4 and y > 0.8. The concentrated regions on the x-axis 350 

correspond to poorer indicators. Therefore, the C spectrum is closer to NDBC data compared to the E spectrum and exhibits 

better conformity. The superiority proportions of DI and 𝑅2 for the C spectrum compared with the E spectrum are shown in 

Table 2. 
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Figure 11: Validation of DI and R2 Metrics from C and E Spectra with buoys, (a), (c) is DI of height and curvature spectrum, (b), 355 

(d) is R2 of height and curvature spectrum. 

Table 2 illustrates the better performance ratio of the C spectrum compare with G and E spectra. Compared to the G spectrum, 

the C height spectrum has a superior proportion of 71.9% in DI, while the C curvature spectrum has a superior proportion of 

65.6%. The proportion of 𝑅2 superiority for the C height spectrum is 85.6%, while for the C curvature spectrum, it is 63.6%. 

Compared to the E spectrum, the proportions where the C spectrum's DI and 𝑅2 are superior is above 80%. The comparison 360 

of three spectra demonstrates the advantages of the C spectrum in characterizing the measured data, aligning more closely with 

the NDBC measured data, further illustrating that the C spectrum provides a better representation of real sea states compared 

to the G and E spectra. 

Table. 2 The comparison of indices about different spectra with buoys 

 Percentage of 

the C spectrum better than the G spectrum 

Percentage of 

the C spectrum better than the E spectrum 

DI of curvature 0.656 0.855 

DI of height 0.719 0.830 

𝑅2  of curvature 0.636 0.831 
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𝑅2 of height 0.856 0.907 

 365 

3.4.2 The performance in selected cases 

One group of the swell and wind-wave boxes is randomly selected to investigate the representation effects under different sea 

states of three theoretical models: The C spectrum, the E spectrum, the G spectrum, and two measured data sets: SWIM and 

NDBC wave spectrum. The wave steepness of swell is 0.020, corresponding to an inverse wave age of 0.479, respectively. 

The wave steepness for the wind-wave was 0.026, with an inverse wave age of 0.803. 370 

Table. 3 The wave steepness, inverse wave age and indices of boxes 

Wave steepness Inverse wave age DI R2 

0.02 0.479 0.169 0.94 

0.026 0.803 0.119 0.978 

In Fig. 12, the C spectrum shows a good fit with the measured data, especially at the spectral peak and in the spectral tail data 

with wave numbers greater than 0.05 rad.m-1. However, there is a slight discrepancy between 0.03 and 0.06 rad.m-1, where the 

C spectrum is slightly larger than the NDBC data but slightly smaller than the SWIM data. The G spectrum consistently 

exhibits peaks greater than the two sets of measured data. Additionally, the G spectrum curves are slightly smaller than the 375 

measured data for wave numbers greater than 0.03 rad.m-1. The E spectrum hardly represents the measured data at low wave 

numbers, but it closely matches the measured data for wave numbers greater than 0.09 rad.m-1. 

The left panel of Fig. 12 shows an enlarged view of the spectral peaks. The peak of the G height spectrum is close to 120, 

while the peaks for the SWIM and NDBC measured data are less than 100 and 80, respectively. After γ fitting, the C spectrum 

in the form of height spectrum is smaller than 90, and the error between the peak of the C spectrum and the NDBC spectrum 380 

is approximately 5%, while the error with the SWIM spectrum is about 10%. The error between the peak of the G spectrum 

and the NDBC spectrum is about 35%, and approximately 20% with the SWIM spectrum. 
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Figure 12: Comparison of the SWIM, G, E and Combined height spectra when wave steepness is 0.02, and inverse wave age is 

0.479. 385 

In Fig. 13, the SWIM and NDBC measured curvature spectra exhibit differences after 0.09 rad.m-1, with SWIM measurements 

slightly larger than NDBC measurements. The advantage of the C spectrum becomes more evident towards the tail end, 

showing a trend more consistent with the measured data and achieving better numerical fit. Conversely, the trend of the G 

spectrum's tail end grows slowly with smaller numerical values, leading to an increasing gap with the measured data. After 

0.09 rad.m-1, the values and trend of the E spectrum are nearly identical to the measured data, especially aligning closely with 390 

the SWIM data. However, the E spectrum hardly represents the measured data at low wave numbers. 

 

Figure 13: Comparison of the SWIM, G, E and Combined curvature spectra when wave steepness is 0.02, and inverse wave age is 

0.479. 

In Fig. 14, the C spectrum shows good agreement with the measured data, especially in the peak and tail-end data with wave 395 

numbers greater than 0.12 rad.m-1, but there is a slight overestimation of the data between 0.07 and 0.12 rad.m-1. The G spectrum 

underestimates the SWIM measured data slightly after 0.09 rad.m-1, and the data is lower than the NDBC measured data after 

0.06 rad.m-1. The peak position and magnitude of the E spectrum differ significantly from the measured data, with the spectrum 

width wider than the measured data. The right end of the spectrum curve exceeds the measured data, indicating a poor 

representation of the wind-wave sea state by the E spectrum. 400 

On the left panel of Fig. 14 is an enlarged view of the spectrum peaks. The peak of the G spectrum is close to 17.5 exceeding 

the measured data, whereas the measured peak is 12.5. After 𝛾 correction, the peak of the C spectrum is 12.5, and the error 

between the C spectrum and the two measured spectra peaks is negligible, almost zero. However, the error between the G 

spectrum and the two measured spectrum peaks is approximately 50%. 
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 405 

Figure 14: Comparison of the SWIM, G, E and Combined height spectra when wave steepness is 0.026, and inverse wave age is 

0.803. 

In Fig.15, the SWIM and NDBC measured curvature spectra exhibit differences after 0.05 rad.m-1, but the overall trends of the 

two measured datasets are basically consistent. The C spectrum follows a consistent trend with the measured data, with values 

closely matching. The G spectrum shows slower growth in the tail end, with smaller values, leading to an increasing gap 410 

between the model and the measurements. The E spectrum continuously rises overall, especially at the right end, almost above 

all other curves. In the curvature spectrum, its peak is hardly observed. 

 

Figure 15: Comparison of the SWIM, G, E and Combined curvature spectra when wave steepness is 0.026, and inverse wave age is 

0.803. 415 
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4 Conclusions and discussions 

Most ocean wave spectra are established from limited in-situ observations and thus lack extensive support from large-scale 

measured information. For ocean wave spectra, the peak enhancement factor 𝛾 is often taken as the fixed values in wave 

spectra. With the successful launch of the CFOSAT-SWIM, the larger scales of wave spectra are globally and continuously 

available. 420 

In this research, based on CFOSAT-SWIM L2 data, combined with the structural characteristics and performance of two 

spectra against SWIM-measured real sea states, the swell structure of the G spectrum and the wind-wave structure of the E 

spectrum are integrated with a C spectrum established. Then the peak enhancement factor 𝛾 is fitted by sea state-related 

variables in two different classes divided by wave steepness for the C spectrum in the SWIM measurements. The validation of 

the C spectrum is achieved from SWIM together with NDBC buoys. The DI index and 𝑅2 of the C spectrum, the G spectrum, 425 

and the E spectrum are calculated and compared. Then the indices of the C spectrum with those of the G and E spectra are 

compared to determine the proportion of cases where the C spectrum is superior. 

The conclusion of this research indicates that in the C spectrum, 𝛾 influenced by the sea state is modelled, primarily affected 

by the combined effect of wave steepness and inverse wave age obtained from the significant wave height, wind speed at 10-

meter height, and the spectral peak wavenumber (or dominant wavelength). An expression of the 𝛾 with the wave steepness 430 

and inverse wave age jointly has been established for multiple sea states, and the nonlinear interaction between wind waves 

and swells can be confirmed again. The evaluation indices of the C spectrum model show the superior performance, indicating 

that the C spectrum is closer to the measured data compared to the G and E spectra. This also demonstrates the C spectrum's 

ability to represent real sea states to a certain extent bounded by the measuring range of SWIM product applied in the model 

establishment, where the C spectrum reflects well the energy distribution in wave numbers under measured sea states, thus can 435 

provide ocean surface model for related research and applications.  

In particular, according to R2, the proportion of cases in which the C height spectrum outperforms both the G height spectrum 

and the E height spectrum in fitting the SWIM measurements with ratio of approximately 88.2%, Meanwhile, there are a few 

cases where the G/E height spectrum outperforms the C height spectrum. For those cases, the sea state distribution is discussed 

with references from the metrics mentioned in Section 2.1. Where the sea is identified as swell-dominated mixed when  𝜂′ >440 

 3.64 ×  10 − 3  and Ω < 0.84, and pure wind waves are 𝜂′ ≤ 3.64 ×  10 − 3  and Ω > 0.84. where Ω around 0.84 is 

considered a fully grown wind wave, Ω around 1 is considered a mature wind wave, and 𝛺 around 1.2 is considered a young 

wind wave. The representation of 𝜂′ and 𝛺 is as follows.  

η′ =
η𝑟𝑚𝑠

2 𝑔2

𝑢10
4

(31) 

Ω = 𝑢10√
𝑘𝑝

𝑔
(32) 445 
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where 𝜂′ is the dimensionless parameter of the root mean square of the sea surface displacement  

𝜂rms, ηrms = √𝑚0 =
𝐻

s
1
3

4
. 𝐻

s
1

3

 is the effective wave height, 𝑢10 is the wind speed at 10 m above the sea surface, 𝛺 is the inverse 

wave age, and 𝑘𝑝 is the spectral wave number. The relationship between 𝐻
s
1

3

 and 𝑘𝑝 gives the wave steepness 𝛿 =
𝐻

s
1
3
𝑘p

2𝜋
, and 

in this study the criterion is converted to a relationship with inverse wave age and wave steepness: Criteria when swell are 

dominant: Ω < 0.84 and 𝛿 >
2√3.64×10−3

𝜋
Ω

2
; Criteria when wind waves are dominant: Ω < 0.84 andδ ≤

2√3.64×10−3

π
Ω

2
; 450 

Criteria for wind waves: Ω > 0.84 and 𝛿 ≤
2√3.64×10−3

𝜋
Ω

2
. Fig. 16 illustrates the sea state distribution when the G/E spectrum 

outperforms the proposed C spectrum in (a) and (b), with (c) illustrates when the C spectrum is more consistency with SWIM 

observations. It can be seen that compared to the distribution of sea states dominated by the C spectrum, the regions dominated 

by the G spectrum are mainly located in regions with lower inverse wave ages, corresponding to maturer swell sea states. On 

the other hand, E spectrum is mainly excelled in the two clusters near the parabola, steepness larger than 0.025 while inverse 455 

wave age larger than about 0.8, in accordance to younger some wind-wave dominated mixed sea states and wind-wave sea 

states. 

 

(a)                                                          (b)                                                          (c) 

Figure 16: Sea state distribution using R2 as the index for obtaining: (a) the G spectrum fits better to SWIM than the C spectrum, 460 

(b) the E spectrum is better than the C spectrum, (c) the C spectrum is better than the G spectrum and the E spectrum. 

In this research, the directional variance is not discussed yet, and is our further research based on the established C spectrum, 

when the collocated measured wind will be applied for better characterize the observed scene. 
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